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PREFACE. 


The  present  work  is  intended  as  a  sequel  to  our  Elementary 
Algebra  for  Schools.  The  first  few  chapters  are  devoted  to 
a  fuller  discussion  of  Ratio,  Proportion,  Variation,  and  the 
Progressions,  which  in  the  former  work  were  treated  in  an 
elementary  manner ;  and  we  have  here  introduced  theorems 
and  examples  which  are  unsuitable  for  a  first  course  of 
reading. 

From  this  point  the  work  covers  ground  for  the  most 
part  new  to  the  student,  and  enters  upon  subjects  of  special 
importance:  these  we  have  endeavoured  to  treat  minutely 
and  thoroughly,  discussing  both  bookwork  and  examples 
with  that  fulness  which  we  have  always  found  necessary  in 
our  experience  aa  teachers. 

It  has  been  our  aim  to  discuss  all  the  essential  parts 
as  completely  as  possible  within  the  limits  of  a  single 
volume,  but  in  a  few  of  the  later  chapters  it  has  been  im- 
possible to  find  room  for  more  than  an  introductory  sketch ; 
in  all  such  cases  our  object  has  been  to  map  out  a  suitable 
first  course  of  reading,  referring  the  student  to  special  treatises 
for  fuller  information. 

In  the  chapter  on  Permutations  and  Combinations  we 
are  much  indebted  to  the  Rev.  W.  A.  Whitworth  for  per- 
mission to  make  use  of  some  of  the  proofs  given  in  his 
Choice  and  Chance.  For  many  years  we  have  used  these 
proofs  in  our  own  teaching,  and  we  are  convinced  that  this 
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part  of  Algebra  is  made  far  more  intelligible  to  the  beginner 
by  a  system  of  common  sense  reasoning  from  first  principles 
than  by  the  proofs  usually  found  in  algebraical  text-books. 

The  discussion  of  Convergency  and  Divergency  of  Series 
always  presents  great  difiiculty  to  the  student  on  his  first 
reading.  The  inherent  difiiculties  of  the  subject  are  no 
doubt  considerable,  and  these  are  increased  by  the  place  it 
has  ordinarily  occupied,  and  by  the  somewhat  inadequate 
treatment  it  has  hitherto  received.  Accordingly  we  have 
placed  this  section  somewhat  later  than  is  usual;  much 
thought  has  been  bestowed  on  its  general  arrangement,  and 
on  the  selection  of  suitable  examples  to  illustrate  the  text ; 
and  we  have  endeavoured  to  make  it  more  interesting  and 
intelligible  by  previously  introducing  a  short  chapter  on 
Limiting  Values  and  Vanishing  Fractions. 

In  the  chapter  on  Summation  of  Series  we  have  laid 
much  stress  on  the  "Method  of  Differences"  and  its  wide  and 
important  applications.  The  basis  of  this  method  is  a  well- 
known  formula  in  the  Calculus  of  Finite  Differences,  which  in 
the  absence  of  a  purely  algebraical  proof  can  hardly  be  con- 
sidered admissible  in  a  treatise  on  Algebra.  The  proof  of  the 
Finite  Difference  formula  which  we  have  given  in  Arts.  395, 
396,  we  believe  to  be  new  and  original,  and  the  development 
of  the  Difference  Method  from  this  formula  has  enabled  us  to 
introduce  many  interesting  types  of  series  which  have  hitherto 
been  relegated  to  a  much  later  stage  in  the  student's  reading. 

We  have  received  able  and  material  assistance  in  the 
chapter  on  Probability  from  the  Rev.  T.  C.  Simmons  of 
Christ's  College,  Brecon,  and  our  warmest  thanks  are  due 
to  him,  both  for  his  aid  in  criticising  and  improving  the 
text,  and  for  placing  at  our  disposal  several  interesting  and 
original  problems. 

It  18  hardly  possible  to  read  any  modem  treatise  on 
Analytical  Oooia  at  Solid  Qeometry  without  some  know- 
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ledge  of  Determinants  and  their  applications.  We  have 
therefore  given  a  brief  elementary  discussion  of  Determi- 
nants in  Chapter  xxxni.,  in  the  hope  that  it  may  provide 
the  student  with  a  useful  introductory  course,  and  prepare 
him  for  a  more  complete  study  of  the  subject. 

The  last  chapter  contains  all  the  most  useful  propositions 
in  the  Theory  of  Equations  suitable  for  a  first  reading.  The 
Theory  of  Equations  follows  so  naturally  on  the  study  of 
Algebra  that  no  apology  is  needed  for  here  introducing  pro- 
positions which  usually  find  place  in  a  separate  treatise.  In 
fact,  a  considerable  part  of  Chapter  xxxv.  may  be  read 
with  advantage  at  a  much  earlier  stage,  and  may  conveniently 
be  studied  before  some  of  the  harder  sections  of  previous 
chapters. 

It  will  be  found  that  each  chapter  is  as  nearly  as  possible 
complete  in  itself,  so  that  the  order  of  their  succession  can 
be  varied  at  the  discretion  of  the  teacher ;  but  it  is  recom- 
mended that  all  sections  marked  with  an  asterisk  should  be 
reserved  for  a  second  reading. 

In  enumerating  the  sources  from  which  we  have  derived 
assistance  in  the  preparation  of  this  work,  there  is  one  book 
to  which  it  is  difficult  to  say  how  far  we  are  indebted. 
Todhunter's  Algebra  for  Schools  and  Colleges  has  been  the 
recognised  English  text-book  for  so  long  that  it  is  hardly 
possible  that  any  one  writing  a  text-book  on  Algebra  at  the 
present  day  should  not  be  largely  influenced  by  it.  At  the 
same  time,  though  for  many  years  Todhunter's  Algebra  has 
been  in  constant  use  among  our  pupils,  we  have  rarely 
adopted  the  order  and  arrangement  there  laid  down;  in 
many  chapters  we  have  found  it  expedient  to  make  frequent 
use  of  alternative  proofs;  and  we  have  always  largely  sup- 
plemented the  text  -by  manuscript  notes.  These  notes, 
which  now  appear  scattered  throughout  the  present  work, 
:  .Ippfd  been  collected  at  different  times  during  the  last  twenty 
«  H.  A.  ^ 
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years,  so  that  it  is  impossible  to  make  definite  acknowledge- 
ment in  every  case  where  assistance  has  been  obtained  from 
other  writers.  But  speaking  generally,  our  acknowledge- 
ments are  chiefly  due  to  the  treatises  of  Schlomilch,  Serret, 
and  Laurent;  and  among  English  writers,  besides  Todhunter's 
Algebra,  we  have  occasionally  consulted  the  works  of  De 
Morgan,  Colenso,  Gross,  and  Chrystal. 

To  the  Rev.  J.  Wolstenholme,  D.Sc,  Professor  of  Mathe- 
matics at  the  Royal  Indian  Engineering  College,  our  thanks 
are  due  for  his  kindness  in  allowing  us  to  select  questions 
from  his  unique  collection  of  problems ;  and  the  consequent 
gain  to  our  later  chapters  we  gratefully  acknowledge. 

It  remains  for  us  to  express  our  thanks  to  our  colleagues 
and  friends  who  have  so  largely  assisted  us  in  reading  and 
correcting  the  proof  sheets ;  in  particular  we  are  indebted  to 
the  Rev.  H.  0.  Watson  of  Clifton  College  for  his  kindness  in 
revising  the  whole  work,  and  for  many  valuable  suggestions 
in  every  part  of  it. 

^""y*  ^^7-  H.  S.  HALL, 

S.  R  KNIGHT. 

PREFACE  TO  THE  THIRD  EDITION. 

In  this  edition  the  text  and  examples  are  substantially 
the  same  as  in  previous  editions,  but  a  few  articles  have 
been  recast,  and  all  the  examples  have  been  verified  again. 
We  have  also  added  a  collection  of  three  hundred  Miscel- 
laneous Examples  which  will  be  found  useful  for  advanced 
students.  These  examples  have  been  selected  mainly  but 
not  exclusively  from  Scholarship  or  Senate  House  papers; 
much  care  has  been  taken  to  illustrate  every  part  of  the 
subject,  and  to  fairly  represent  the  principal  University  and 
Civil  Service  Examinations. 

March,  1889. 
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CHAPTER  I. 

RATIO. 

1.  Definition.  Ratio  is  the  relation  which  one  quantity 
bears  to  another  of  the  scmie  kind,  the  comparison  being  made  by 
considering  what  multiple,  part,  or  parts,  one  quantity  is  of  the 
other. 

The  ratio  of  ^  to  -5  is  usually  written  A  :  B,  The  quantities 
A  and  B  are  called  the  terjns  of  the  ratio.  The  first  term  is 
called  the  antecedent,  the  second  term  the  conseqaent. 

2.  To  find  what  multiple  or  part  A  is  of  B,  we  divide  A 
by  B ;  hence  the  ratio  A  :  B  may  be  measured  by  the  fraction 

A 

-^ ,  and  we  shall  usually  find  it  convenient  to  adopt  this  notation. 

In  order  to  compare  two  quantities  they  must  be  expressed  in 
terms  of  the  same  unit.     Thus  the  ratio  of  £2  to  15«.  is  measured 

by  the  fraction  —^-= —  or  ^r  . 
^  15  3 

Note.    A  ratio  expresses  the  number  of  times  that  one  quantity  con- 
tains another,  and  therefore  every  ratio  is  an  abstract  quantity. 

3.  Since  by  the  laws  of  fractions, 

a  _  ma 

it  follows  that  the  ratio  a  :  6  is  equal  to  the  ratio  ma  :  mb; 
that  is,  the  vcdue  of  a  ratio  remains  wnalt&red  if  the  atUecedent 
and  the  conseqtient  are  multiplied  or  divided  by  the  same  quarUity. 

H,  H.  A.  \ 
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4.  Two  or  more  ratios  may  be  compared  by  reducing  their 

equivalent  fractions  to  a  conmion  denominator.     Thus  suppose 

,         ^^       a     ay         ,  x     bx 
a  :  0  and  x  :  y  are  two  ratios.     Now  r  =  t    »  ai^d  —  =  7-  :  hence 

h      by  y     by' 

the  ratio  a  :  &  is  greater  than,  equal  to,  -or  less  than  the  ratio 

X  :  y  according  as  ay  is  greater  than,  equal  to,  or  less  than  bx, 

5.  The  ratio  of  two  fractions  can  be  expressed  as  a  ratio 

ft      /* 
of  two   integers.      Thus   the   ratio  7-  :  -^   is    measured   by    the 

a 

fraction  » ,   or  ^— ;    and   is   therefore   equivalent    to    the   ratio 
c  be 

d 
ad  :  be, 

6.  If  either,  or  both,  of  the  terms  of  a  ratio  be  a  surd 
quantity,  then  no  two  integers  can  be  found  which  will  exactly 
measure  their  ratio.  Thus  the  ratio  J2  :  1  cannot  be  exactly 
expressed  by  any  two  integers. 

7.  Definition.  If  the  ratio  of  any  two  quantities  can  be 
expressed  exactly  by  the  ratio  of  two  integers,  the  quantities 
are  said  to  be  commeiisurable ;  otherwise,  they  are  said  to  be 
incommensurable. 

Although  we  cannot  find  two  integers  which  will  exactly 
measure  the  ratio  of  two  incommensurable  quantities,  we  can 
always  find  two  integers  whose  ratio  difiers  from  that  required 
by  as  small  a  quantity  as  we  please. 

mu  n/5     2-236067...      ^.^^,- 

Thus  -V  = -A =  -559016... 

4  4 


and  therefore 


J5      559016       J      559017 
4       1000000  1000000 ' 


so  that  the  difference  between  the  ratios  559016  :  1000000  and 
^5  :  4  is  less  than  -000001.  By  carrying  the  decimals  further,  a 
closer  approximation  may  be  arrived  at. 

8.  Definition.  Ratios  are  compounded  by  multiplying  to- 
gether the  fractions  which  denote  them ;  or  by  multiplying  to- 
gether the  antecedents  for  a  new  antecedent,  and  the  consequents 
for  a  new  consequent. 

Example,    Find  the  ratio  compounded  of  the  three  ratios 

2a  :  3Z>,  (Sah  :  ^c^^  c;  a 
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The  required  ratio  =sjrr  x  ^r-,  x  - 

■"5c' 

9.  Definition.  When  the  ratio  a  :  6  is  compounded  with 
itself  the  resulting  ratio  is  a* :  &',  and  is  called  the  duplicate  ratio 
of  a  :  h.     Similarly  a^  :  6*  is  called  the  triplicate  ratio  of  a  :  ft. 

Also  c^  :  h^  is  called  the  subduplicate  ratio  of  a  :  6. 

Examples,    (1)    The  duplicate  ratio  of  2a  :  36  is  4a^  :  96^. 

(2)  The  subduplicate  ratio  of  49  :  25  is  7  :  5. 

(3)  The  tripHcate  ratio  of  2ar :  1  is  8»»  :  1. 

10.  Definition.  A  ratio  is  said  to  be  a  ratio  of  greater 
inequality,  of  less  inequality,  or  of  equality,  according  as  the 
antecedent  is  greater  than,  less  tJian,  or  equal  to  the  consequent. 

11.  A  ratio  of  greater  inequality  is  diminished,  a/ad  a  ratio  of 
less  inequality  is  increased,  by  adding  the  same  quantity  to  both 
its  tertns. 

Let  7^  be  the  ratio,  and  let  =■ be  the  new  ratio  formed  by 

0  0  "i"  X 

adding  x  to  both  its  terms. 

aa  +  xax  —  bx 
b      b  +  x~  b(b+x) 

_x{a-'b) 

~  f{bT^ ' 

and  a  -  6  is  positive  or  negative  according  as  a  is  greater  or 
less  than  b. 

XT  -4?         7.  a     a  +  x 

Hence  it  a>  o,  7  >  -^ ; 

b      b  +  x 

J  '£  z.  a     a-hx 

and  II  a  <o,  7-  <  ^r : 

b      b  +  x 

which  proves  the  proposition. 

Similarly  it  can  be  proved  that  a  ratio  of  greater  inequality 
is  increased,  and  a  ratio  of  less  inequality  is  diminished,  by  taking 
the  same  quantity  from  both  its  terms, 

12.  When  two  or  more  ratios  are  equal  many  useful  pro- 
positions may  be  proved  by  introducing  a  single  symbol  to 
denote  each  of  the  equal  ratios. 
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The  proof  of  the  following  important  theorem  will  illustrate 
the  method  of  procedure. 

■'•'  b     d     f     ' 

1 

earn  of  these  ratios  =  (  ^=— — ^^^     _j^ )  , 

where  p,  q,  r,  n  are  a/ay  quantities  whatever. 

0      a     J 

then  a  =  hk,  c  =  dk,  e  -fky . . . ; 

whence         pa^^pl/'k'^  qc*  =  qd''k*,  re"  =  r/*"A;*, . . . ; 

pa"  +  ^^c"  +  re"  +  . . .     pVl^  +  qd^J^  +  rf*l^  +  . . . 
'  *  /?ft"  +  gc?"+r/*"  +  ...  ^      ^"  +  5^c£"  +  r/*"  +  . . . 

=  A;"; 


/pa"  +  g^c"  +  re"  +  . .  .X*  _  »  _  «  _  c  _ 
\jo6"  +  ^e;"+r/"+.../  ~        6"5"** 


By  giving  different  values  to  jo,  5^,  r,  w  many  particular  cases 
of  this  general  proposition  may  be  deduced;  or  they  may  be 
proved  independently  by  using  the  same  method.     For  instance, 

,     -.,  ..         a  +  c  +  e+... 

each  of  these  ratios  =  = = — -z ; 

b  +  d-h/+  ... 

a  result  of  such  frequent  utility  that  the  following  verbal  equi- 
valent should  be  noticed:  WTien  a  series  of  fractions  are  equcUy 
each  ofthein  is  eqtuil  to  the  sum  of  all  the  numerators  divided  hy  the 
sv/m  of  all  the  denominators, 

€L        C         6 

Example  1.    If  -  =  -  =  - ,  shew  that 

oaf 

a^b  +  2c*e  -  3oey  _  ace 
b*  +  2d'f-Sbp  "^bdf 

Let  «_£-f_i.. 

then  a=bkt  c  =  dkt  e=fk; 
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a%  +  2c«e  -  3agy  _  Mfc»  +  2dyfc»  -  ^P1^ 

Example  2.    If  -  =  ^  =  - ,  prove  tht* 

a?+«       y  +  6       «+c  ""     a?+y+z+a-f  6+c 

Let  -  =  5  =  -=*,  BO  that  x=ak.  y=bk,  z=ck: 
a     b     c  i  V        i  » 

then  a;»+a«^a«A:«+a«^(fc«+l)a. 

a:  +  a        ak+a  h+1     * 

a?+a        y  +  6       z-\-e  h  +  1     "*"     ifc+1     "*"     k-\-l 

_(fc«+l)(a  +  ft+c) 
ifc  +  1 

^A;g(a+6+c)^+(a+6  +  c)'» 
~     Jfc(a+6  +  c)+a+6+c' 

_(Akt  +  A;6+ifcc)°  +  (a  +  &+c)g 

_(ar+y+;g)»+(a+6+c)^ 
""     x+y^z-^-a+h+c 

13.  If  an  equation  is  homogeneous  with  respect  to  certain 
quantities,  we  may  for  these  quantities  substitute  in  the  equation 
any  others  proportional  to  them.     For  instance,  the  equation 

is  homogeneous  in  05,  y,  %.     Let  <i,  ^,  y  be  three  quantities  pro- 
portional to  OS,  y,  z  respectively. 

Put  A;  =  -  =  ^  =  - ,  so  that  x  =  ak,  y  =  fik,  z  =  yk; 
a      p      y 

then  U?pk''  +  maP'yk*  +  n^y%*  =  0, 

that  is,  la'^P  -^  maP'y  +  nP'y'  =  0 ; 

an  equation  of  the   same   form   as  the  original  one,  but  with 
a,  ^,  y  in  the  places  of  x,  y,  z  respectively. 
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14.     The  following  theorem  is  important. 

Q  O  O  51i 

^  V '  >   iT  >   xTi  ""  ?  ^^  Mw^j'ifca^  fractuma,  of  which  the  de- 
b,     b,     b,  b^ 

ruyntinatora  a/re  all  of  tlie  aa/me  sign,  then  the  fraction 

a^  +  a^  +  ag  +  ...  +a,^ 
bj+b,  +  b3+  ...  +bn 

lies  in  magnitude  bettoeen  the  grecttest  a/nd  least  of  them. 

Suppose  that  all  the  denominators  are  positive.    Let  -^  be  the 

r 

least  fraction,  and  denote  it  by  A; ;  then 


""^-k- 

^-k, 

.-.  a^^kb/, 

J  >A;, 

,'.  ttj  >  A;6, ; 

.-.  a,  >  kb^ ; 

and  so  on; 
.'.  by  addition 

a,+a,  +  a3+ +a^>  (6^ +  6^4-63+ +6J^; 

.  •.    .- — 7^ — 7^ J*  >  ^  •    that  IS,  >  7^ . 

^+^+^+  +^  K 

Similarly  we  may  prove  that 

a, +a3  +  a3+ +a«      a. 


<  •=-= 


a 


where  p  is  the  greatest  of  the  given  fractions. 

In  like  manner  the  theorem  may  be  proved  when  all  the 
denominators  are  negative. 

15.  The  ready  application  of  the  general  principle  involved 
in  Art.  12  is  of  such  great  value  in  all  branches  of  mathematics, 
that  the  student  should  be  able  to  use  it  with  some  freedom  in 
any  particular  case  that  may  arise,  without  necessarily  introducing 
an  auxiliary  symbol. 


Example  1.    If 


_      y      __ 


b+c-a     c+a-b     a+b-c  * 


prove  that  ^+y+^  ^  x{y+z)+y{z+x)  +  z{x+y) 

a  +  b  +  c  2{ax  +  by  +  cz) 
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17    1-    *  XI.     •       if     A'  fi^Di  of  numerators 

Kacn  of  the  given  fractions = 5-^ 

sum  of  denominators 

x  +  y  +  z 
^a^i^b+c ^^^' 

Again,  if  we  multiply  both  numerator  and  denominator  of  the  three 
given  fractions  hj  y-\-Zj  z+x,  x-^y  respectively, 

each fracaon= ,      ^<f+^>     ,  = ,      Vf^^)    ,,  = i^L- 

{y  +  z){b+c-a)     (z+x){c  +  a-b)      (x  +  y)  (a  +  b-c) 

sum  of  numerators 


sum  of  denominators 

_  X  {y+z)  +  y  {z+x)  +z  (x  +  y) 
2ax  +  2by  +  2cz 

.*.  from  (1)  and  (2), 

x  +  y  +  z _x{y+2)+y  {z+x)+z(x+y) 
a  +  b  +  c"  2(ax  +  by  +  cz) 

Example  2.    If  x  y  _  z 


(2). 


prove  that 


I  {mb  +  nc  -  la)     m{nc-\-la-mb)     n(la  +  nib-nc)* 
I  m  n 


x{by  +  cz-a^)     y  {cz-\-ax-by)     z{ax  +  by-cz)' 


^  y.  t 

■rrr      ,  ^  "*  ^ 

We  have 


mb  +  nc-la     nc  +  la-mb     la+mb  —  iic 


y+i 

m     n 

iSik 

=two  similar 

expressions ; 

ny-\-mz     Iz+nx 
a      -      b      ' 

c 

Multiply  the  first  of  these  fractions  above  and  below  by  2;,  the  second  by 
y,  and  the  third  by  z;  then 

nxy+mxz  _  lyz+nxy  _  mxz+lyz 
ax 


iy     ~ 

cz 

2lyz 
""  by+cz-a^c 

=  two  similar 

expressions ; 

m 

n 

a;  (6^+cz-aa;)     y{cz  +  ax-by)     z{ax  +  by-czy 
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16.     If  we   have  two  equations  containing  three  unknown 
quantities  in  the  first  degree,  such  as 

rt,a;  +  6jy  +  Cj2j=0 (1), 

.a^x  +  b^  +  c^z  =  0  (2), 

we  cannot  solve  these  completely ;  but  by  writing  them  in  the 
form 

we  can,  by  regarding  -  and  -  as  the   unknowns,  solve  in  the 

z  z 

ordinary  way  and  obtain 


z     afi^  -  ajb^ '         z     afi^  -ajb^  ' 


or,  more  symmetrically, 

X  y 


.(3). 


It  thus  appears  that  when  we  have  two  equations  of  the  type 
represented  by  (1)  and  (2)  we  may  always  by  the  above  formula 
write  down  the  ratios  x  :y  :z  in  terms  of  the  coefficients  of  the 
equations  by  the  following  rule : 

Write  down  the  coefficients  of  x,  y,  z  in  order,  beginning  with 
those  of  y;  and  repeat  these  as  in  the  diagram. 

6,  c^  a,  b, 


K  ^»  »2  ^2 

Multiply  the  coefficients  across  in  the  way  indicated  by  the 
arrows,  remembering  that  in  forming  the  products  any  one 
obtained  by  descending  is  positive,  and  any  one  obtained  by 
ascending  is  negative.     The  three  results 

\^2-K^v  <^A-^2«i»  «A-«A 
are  proportional  to  oj,  y,  z  respectively. 

This  is  called  the  Rule  of  Gross  Multiplication. 
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Example  1.    Find  the  ratios  oix  ly  :z  from  the  equations 

7x=^y  +  8z,    3z=12x  +  lly, 
By  transposition  we  have  Ix-^y-  8^ =0, 

12x+lly-Bz=0. 
Write  down  the  coefficients,  thus 

-4     -8      7     -4 
11     -3    12      11, 
whence  we  obtain  the  products 

(-4)x(-3)-llx(-8),     (-8)xl2-(-3)x7,    7x  ll-12x(-4), 
or  100,     -76,     126; 

X  _    y    _    z 
'''   100"  -75""  126' 

thatia  ^-X-i 

tnatis,  4-33-6' 

Example  2.    Eliminate  x,  y^  z  from  the  equations 

a^x  +  hiy  +  c^z^Q (1), 

a^  +  J)^-\-c^=0 (2), 

a^-^h^  +  c^^O (3). 

From  (2)  and  (3),  by  cross  multiplication, 

X y        _         g         ^ 

denoting  each  of  these  ratios  by  A;,  by  multiplying  up,  substituting  in  (1), 
and  dividing  out  by  A;,  we  obtain 

«!  ( Vs  ~  ^8^2)  +  ^1  fe^a  -  <^8*a)  +  ^1  Mz  -  ^^2) = ^' 
This  relation  is  called  the  eliminant  of  the  given  equations. 

Example  3.    Solve  the  equations 

ax  +  hy  +  cz=0 (1), 

X+  y+  z=iO (2), 

hex  -\-cay  +  ahz  =  (b-'C){c-a)(a-h) (3 ) . 

From  (1)  and  (2),  by  cross  multiplication, 

X  y  z        . 

i =  — ^—  = r  =  A;,  suppose : 

b-c     c-a     a-b      '        *^ 

.*.   x=k(b-c)ty  =  k{c-a),  z  =  k{a-b). 

Substituting  in  (3), 

k  {be {b - c)  +  ca(c - a)  +  ab {a-  b)}  =  {b -c)  (e-a)  {a-b), 

k{-{b-e){e-a){a-b)}  =  (b^e){e-a)(a-b); 

whence  x=c-b,  y^a-e^  z  =  b-'a. 
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17.     If  in  Art  16  we  put  «  =  1,  equations  (1)  and  (2)  become 

a,a3  +  6,y  +  Cj  =  0, 

and  (3)  becomes 

a^        ^        y        ^        1 

Hence  any  two  simultaneous  equations  involving  two  un- 
knowns in  the  first  degree  may  be  solved  by  the  rule  of  cross 
multiplication. 

Example.    Solve         bx-Zy  - 1=0,  a;  +  2y=12. 
By  transposition,  5ar-3y-   1=0, 

a;  +  2y-12=0; 


38  59 

whence  a;=— ,y  =  ;^ 


36+2      -l  +  60'~10  +  3' 

38       _59 
13' ^"13* 


EXAMPLES.    I. 

1.  Find  the  ratio  compounded  of 

(1)  the  ratio  2a  :  36,  and  the  duplicate  ratio  of  96^  :  ah. 

(2)  the  subduplicate  ratio  of  64  :  9,  and  the  ratio  27  :  56. 

(3)  the  duplicate  ratio  of  -j-  :  ^^Tg-  >  and  the  ratio  Zax  :  26y. 

2.  If  ^+ 7  :  2  (a?+ 14)  in  the  duplicate  ratio  of  5  :  8,  find  x, 

3.  Find  two  numbers  in  the  ratio  of  7  :  12  so  that  the  greater 
exceeds  the  less  by  275. 

4.  What  number  must  be  added  to  each  term  of  the  ratio  5  :  37 
to  make  it  equal  to  1  :  3  ? 

5.  If  .r  :  y=3  ;  4,  find  the  ratio  of  Ix-Ay  :  3a? +y. 

6.  If  15  (2a^  -9f)  =  7.vy,  find  the  ratio  oix:  y. 
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7       If  ^  —  ^  —  1 

8.    If  T  =  -  =  ;^ ,  prove  that  -^  is  equal  to 


^/. 


a5+62c2+a3c2 


9.     If  _^_  =  ^^ 


S'+r-^     r+^-^     p+q-r^ 
shew  that  (g'-r)a;+(r-^)y+(p-^)2;=0. 

10.  If  — =^  =- =  - ,  find  the  ratios  ofx:y:z. 

x—z        z        y^  ^ 

11.  If  y+g    ^   g+.y    _   .tr+y 

pb+qc     pc+qa     pa+qb* 

shew  that  2(^+y+g)  ^  (6+c)a?+(c+a)y+(a+6)g 

a  +  6+c  bc+ca+ab 

12.  If  -=f  =  -, 

shewthat    g±^^4±g  +  ^^(^+y+f+("+ft  +  '')^ 


0^ 


-«     J-  2y+2g-.a?_2g  +  2.r-y_2a;+2y-g 


07  v  « 


shew  that  -^ — =  - — ^ ,  = -= —  . 

2b  +  2c-a     2c  +  2a-b     2a+2b-c 

14.  If         {a^-{-l^+<?){x^+y^+z^)^{ax+h/  +  cz)\ 
shewthat  ,x  :  a=y  :  b=z  :  c. 

15.  If  I  {my  +  nz-la;)=m  {nz+lx  -  my)=n  {Ix  +  my  -  7iz\ 

y+z-x     z+x—y     x+y-z 

prove  ^^-^ =— ^- ^  =  —^-^ —  . 

I  m  n 

16.  Shew  that  the  eliminant  of 

ax+cy  +  bz=0,  cx+by+az=0,  bx+ay+cz^O, 
is  a3+6^+c3-3a6c=0. 

17.  Eliminate  Xj  y,  z  from  the  equations 

ax  +  hy+gz=Oy  /uv+by+fz=Oj  (/x+fy  +  cz=0. 
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18.    If  .v=ct/+hZf  y—az+cx,  z=bx+at/, 

a^  y^  z^ 

shew  that -^ —  --  — 


l-a2     1-62     l-c2' 

19.  Given  that  a(7/+z)=Xf  h{z+a;)=^y,  c{x+y)=z^ 
prove  that  6c + ca + a6 + 2a6c = 1. 

Solve  the  following  equations ; 

20.  Zx-Ay+lz=  0,  21.  x+y=^     z, 

2a?--3^-22=  0,  ar-2y+172=     0, 

3x^^yS+2^=.l8,  ^+3y3+2-g3=167. 

22.  7y0-i-agar=4ty,  23.    3^-2-2^2+522=0, 

21^2- 3-2^7 =4j;y,  7a;2_3^2_  i5;j2=o, 

.'P+2y  +  a?=19.  6x-4y+*7z=e. 

24.     If  -/-^A  +  7JrV+T^=0> 

Va-Vo     tjb-^c     ,Jc-tJa 

I        .       m  »*  /N 

+   /,  .    /  +    .    .    >  =0, 


shew  that 


^a+ijh     ijh+jc     Mjc+y/a 

I  m  n 


(a  -  6)  (c  -  \/a&)     (^  -  c)  (a  -  i^hc)     (c  -a){b-  sJog) 

Solve  the  equations : 

25.  cM?+6y+ce;=0, 

hex + cay  +  a60 = 0, 

xyz + a6c  {oi^x + 6^y + c^^) = 0. 

26.  a.v+6y+c0=a2^+6^+c22=O, 
.r+y+0+(6-c)(c-a)  (a-6)=0. 

27.  If  a(y+«)=^,  6(i;+^)=y,  c{x+y)=^z, 

^      _      y^      _      ^2 

a  (1  -  6c) ""  6  (1  -  ca)  "~  c  (1  -  a6)  * 

28.  If    ax  +  hy'\-gz=0^  hx  +  hy+fs=Oj  ffx+fy+cz=Oy 
prove  that 

a;2     _     y2     ^      ^2 


prove  that 


^^^    6c-/2     ca-g^~ah-Ji^' 

(2)     {hc-P){ca-g^){ah-h^)^{fg-ch)(jgh^af){hf--hg), 


CHAPTER  II. 


PROPORTION. 


18.  Definition.  When  two  ratios  are  equal,  the  four 
quantities  composing  them  are  said  to  be  proportionals.     Thus 

if  7-  = ;; ,  then  a,  6,  c,  d  are  proportionals.     This  is  expressed  by 

saying  that  a  is  to  &  as  c  is  to  e;?,  and  the  proportion  is  written 

a  :  b  ::  c  :  d; 
or  a  :  b=^c  :  d. 

The  terms  a  and  d  are  called  the  extremes,  h  and  c  the  ineans, 

19.  If /our  qiuintities  a/re  in  proportion,  the  prodv-ct  of  the 
extremes  is  equal  to  the  product  of  the  means. 

Let  a,  b,  c,  dhe  the  proportionals. 

Then  by  definition  j:~Zf> 

whence  ad  =  be. 

Hence  if  any  three  terms  of  a  proportion  are  given,   the 

ad 
fourth  may  be  found.     Thus  if  a,  c,  d  are  given,  then  b  =  — . 

c 

Conversely,  if  there  are  any  four  quantities,  a,  b,  c,  d,  such 
that  ad  =  be,  then  a,  b,  c,  d  are  proportionals ;  a  and  d  being  the 
extremes,  b  and  c  the  means ;  or  vice  versft. 

20.  Definition.  Quantities  are  said  to  be  in  continued 
proportion  when  the  first  is  to  the  second,  as  the  second  is 
to  the  third,  as  the  third  to  the  fourth;  and  so  on.  Thus 
a,  b,  c,  d, are  in  continued  proportion  when 

bed 
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If  three  quantities  a,  h,  c  are  in  continued  proportion,  then 

a  :  6  =  6  :  c; 

.-.      ac  =  6».  [Art  18.] 

In  this  case  6  is  said  to  be  a  mean  proportional  between  a  and 
c ;  and  c  is  said  to  be  a  third  proportional  to  a  and  6. 

21.  If  three  quaniitiea  are  proportionals  the  first  is  to  the 
third  in  the  duplicate  ratio  of  tli^  first  to  the  second. 

Let  the  three  quantities  be  a,  6,  c ;  then  r  =  -  • 

a     a     h 
Now  =  -  X  - 

c       0       c 

a     a     a* 

that  is,  rt  :  c  =  a*  :  6*. 

It  will  be  seen  that  this  proposition  is  the  same  as  the  definitian 
of  duplicate  ratio  given  in  Euclid,  Book  v. 

22.  If  a  :  6  -  c  :  (Z  and  e  -/=g  :  h,  then  will  ae  :  bf=  eg  :  dh. 


For 

a     c       ji  e      g 

ae     eg 
"  hf^dJh' 

or 

ae  :hf=  eg  \  dh 

CoR. 

If 

a  :  b-c  :  d, 

and 

b  :  x  =  d  :  y, 

then 

a  :x  =  c  :  y. 

This  is  the  theorem  known  as  ex  oequali  in  Geometry. 

23.  If  four  quantities  a,  6,  c,  d  form  a  proportion,  many 
other  proportions  may  be  deduced  by  the  properties  of  fractions. 
The  I'esults  of  these  operations  are  very  useful,  and  some  of 
them  are  often  quoted  by  the  annexed  names  borrowed  from 
Geometry. 
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(1 )     li  a:  b  =  c  :  d,  then  h  :  a-d  :  c. 

For  7-  =  -, :  therefore  1  -r-  r-  =  1  -r-  -  • 
b      d'  ha' 


[Invertendo,^ 


that  is 
or 


b      d 

^^   ^^^  ^^   • 

a     c  ' 
b  :  a  =  d  :  c. 


(2)     If  a  :  b  =  c  :  dj  then  a  :  c  =  b  :  d. 

For  ad  =  bc  :  therefore  -1  =  ~, : 

cd     cd 


[AUemando.^ 


that  is, 
or 


a     b 
c^d' 
a  :  c  =  b  :  d. 


(3)     li  a  :b  =  c  :  d,  then  a  +  b  :  b  =  c  +  d  :  d.     [Componendo.'j 


For  T  =-»i  therefore  =-  + 1  =  ,  +  1 ; 
h      d  0  a 

a  +  b  ^ c  +  d 


that  is 
or 


a  +  b  :  h-c  +  d  :  d. 


(4)     li  a  :  b  =  c  :  r/,  then  a-b  :  b  =  c-d  :  d,        [DiirUlendo.] 


For  T  =  -y'i  therefore  -  —  1  =  -,  -  1 : 
b      d  b  d 

a—b      c—d 


that  is, 
or 


b     ~    d    ' 
a  —  b:b  —  c  —  d:d. 


(5)     Ji  a  :  b  =  c  :  d,  then  a+,b  :a-b  =  c-{-d:c-d 

a+b     c+d 


For  by  (3) 
and  by  (4) 
.'.by  division, 


or 


b  d    ' 

a~b     c—d 
~b~^~d~'' 
a+b     c+d 
a— b      c—d* 
a  +  b  :  a-b  =  c  +  d  :  c  —  d. 


This  proposition  is  usually  quoted  as  Componendo  aiid  Divi- 
dendo. 

Several  other  proportions  may  be  proved  in  a  similar  way. 
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24.  The  results  of  the  preceding  article  are  the  algebraical 
equivalents  of  some  of  the  propositions  in  the  fifth  book  of  Euclid, 
and  the  student  is  advised  to  make  himself  familiar  with  them 
in  their  verbal  form.  For  example,  dividendo  may  be  quoted  as 
follows : 

When  there  are  four  proportumals^  tlis  excess  of  the  first  above 
tJie  second  is  to  the  second^  as  the  excess  of  the  third  above  the 
fourth  is  to  the  fourths 

25.  We  shall  now  compare  the  algebraical  definition  of  pro- 
portion with  that  given  in  Euclid. 

Euclid's  definition  is  as  follows : 

Four  quantities  are  said  to  be  proportionals  when  if  any  equi- 
mulf'iples  wliatever  be  taken  of  the  first  and  third,  and  also  any 
equimultiples  whatever  of  tlie  second  and  fourth,  the  multiple  of 
the  third  is  greater  than,  equal  to,  or  less  than  the  multiple  of  the 
fourth,  according  as  the  multiple  of  the  first  is  greater  than,  equal 
to,  or  less  than  the  multiple  of  the  second. 

In  algebraical  symbols  the  definition  may  be  thus  stated : 
Four  quantities   a,  6,  c,  d  are  in  proportion  when  pc  =  qd 

according  aApa  =  qb,  p  and  q  being  any  positive  integers  wliatever. 

I.  To  deduce  the  geometrical  definition  of  proportion  from 
the  algebraical  definition. 

Since  i  =  j>  ^y  multiplying  both  sides  by -,  we  obtain 

papc 
qb      qd' 

hence,  from  the  properties  of  fractions, 

pc  —  qd  according  as  pa=qb, 

which  proves  the  proposition. 

II.  To  deduce  the  algebraical  definition  of  proportion  from 
the  geometrical  definition. 

Given  that  pc  ■-=  qd  according  as  pa  =  qb,  to  prove 

a     c 
b^d' 
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Cb  C 

If  J-  is  not  equal  to  -3 ,  one   of   them  must  be  the  greater. 

Suppose  T^-j}  then  it  will  be  possible  to  find  some  fraction  - 
which  lies  between  them,  q  and  p  being  positive  integers. 

Hence  ?>? (1), 

op  ^  ' 

and  3<? (2). 

dp  ^  ' 

From  (1)  pa7>  qb ; 

from  (2)  pc<qd; 

and  these  contradict  the  hypothesis. 

Therefore  t  and  ^  are  not  unequal;  that  ^^  t  =  ;),  which  proves 
the  proposition. 

26.  It  should  be  noticed  that  the  geometrical  definition  of  pro- 
portion deals  with  concrete  magnitudes,  such  as  lines  or  areas, 
represented  geometrically  but  not  referred  to  any  common  unit 
of  measurement.  So  that  Euclid's  definition  is  applicable  to  in- 
commensurable as  well  as  to  commensurable  quantities ;  whereas 
the  algebraical  definition,  strictly  speaking,  applies  only  to  com- 
mensurable quantities,  since  it  tacitly  assumes  that  a  is  the  same 
determinate  multiple,  part,  or  parts,  of  b  that  c  is  of  d.  But  the 
proofs  which  have  been  given  for  commensurable  quantities  will 
still  be  true  for  incommensurables,  since  the  ratio  of  two  incom- 
mensurables  can  always  be  made  to  differ  from  the  ratio  of  two 
integers  6y  less  than  any  assignable  quantity.  This  has  been 
shewn  in  Art.  7 ;  it  may  also  be  proved  more  generally  as  in  the 
next  article. 

27.  Suppose  that  a  and  b  are  incommensurable;  divide  b 
into  m  equal  parts  each  equal  to  /3,  so  that  b  =  mfi,  where  m  is  a 
positive  integer.  Also  suppose  P  is  contained  in  a  more  than  n 
times  and  less  than  71+  1  times; 

then  Y  >  — ^  and  <  ^^ ^  , 

0     mp  mp 

that  is,  T  lies  between  —  and : 

0  ni  TTh 

so  that  T  differs  from  —  by  a  quantity  less  than  —  .     And  since  we 
H.  H.  A.  ^ 
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can  choose  fi  (our  unit  of  measurement)  as  small  as  we  please,  971  can 

be  made  as  s^reat  as  we  please.     Hence  —  can  be  made  as  small 

m 

as  we  please,  and  two  integers  n  and  m  can  be  found  whose  ratio 

will  express  that  of  a  and  b  to  any  required  degree  of  accuracy. 

28.  The  propositions  proved  in  Art.  23  are  often  useful  in 
solving  problems.  In  particular,  the  solution  of  certain  equa- 
tions is  greatly  facilitated  by  a  skilful  use  of  the  operations  comr 
ponendo  and  dividendo. 

Example  1. 

If  (2ma  +  6w6  +  37ic+9nd)(27wa-6»ii6-3nc+9nd) 

=  (2rm  -  6m6+ 3nc  -  9nd)  (2nia+ 6»»6  -  3nc  -  9nd), 

prove  that  a,  &,  c,  d  are  proportionals. 

«^   ,  277ia+6mb  +  37tc  +  9w<!_  27mi  + 6wb  -  3wc  -  9nd 

277ia  -  67W&  +  371C  -  97id  ~  2ma-6wi6-3nc  +  9nd' 

.*.  componendo  and  dividendo, 

2  {2ma + 3nc)     2  (2wki  -  3nc) 


Altemando, 


2(6m6  +  9wd)     2  (6wi6  -  97id) ' 
2ma  +  3nc     6wi6  +  9nd 


2ma -  371C  ~  6to6  -  9nd' 
Again,  componendo  and  dividendo, 

ima  _  12m6  ^ 

whence  -  =  ^ » 

c     a 

or  a  :  6=6  :  d. 

Example  2.     Solve  the  equation 

Jx+l  +  Jx^  _  4a;  - 1 

Jx  +  l-JT^"     2 
We  have,  componendo  and  dividendo, 

aJx  +  1      4a;+l 

Ays3i~4a?-3' 

a;  +  l_16a;«+  8j;+1 
''•«-l~16a;2-24a;+9' 
Again,  componendo  and  dividendo, 

2x  _  S2x^  -  16x  + 10 
2  "        32x-8        • 
16x2 -8a; +  5 
••  16x-4      ' 

whence  16x^  -ix  =  16a;2  -  8a;  +  5 ; 

6 

*  t  X  —  .  • 
4 
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EXAMPLES,    n. 

1.  Find  the  fourth  proportional  to  3,  5,  27. 

2.  Find  the  mean  proportional  between 

(1)     6  and  24,  (2)     360a*  and  250a262. 

3.  Find  the  third  proportional  to  -  +  -  and  -  . 

y     X        y 

If  a  :  6=c  :  c?,  prove  that 

4.  a^c^QA?  :  b^d+b€^=-{a+cf  :  {b+d)\ 

5.  pa^ + qh^  :  pa^  —  qh^=pc^  +  qd^  :  pd^  —  qd^. 

6.  a-c  :  6-c^=V^T?  :  ^¥+^. 

7.  ^¥+?  :  ^W+^=^ac  +  ^  :  ^ hd-^-"^ , 

If  a,  6,  c,  d  are  in  continued  proportion,  prove  that 

8.  a  :  h+d^<?  :  (?d+d^, 

9.  2a+3rf  :  3a-4c?=2a3+363  ;  3a3_463. 

10.  {a^+h^+c^){b^+<^+d^)  =  (ab+bc+cd)\ 

11.  If  6  is  a  mean  proportional  between  a  and  c,  prove  that 

12.  If  a  :  6=c  :  c?,  and  e  :  f=ff  :  h,  prove  that 

ae+bf :  ae  —  bf=cg+dh  :  cg  —  dh. 

Solve  the  equations : 

2.r3-3a;2  4.^+1      3a;3-a72+5a?-13 


13. 


14. 


15. 


2a;3_3^_^_l     3a;8-a^2-5a;+13' 

3a;*+^-23?-3_5a;*+23?2-7^+3 
3S*^=r^+2jp+3  ~  5^  -  2^2 + 7^,  _  3  • 

(m+?i)^  — (a-6)     (m+7i)^+a  +  c 


(m-7i):p  — (a+6)     {m  —  n)x+a-c' 

16.  If  a,  &,  c,  c?  are  proportionals,  prove  that 

a+d=b+c+^ — -. 

17.  If  a,  ft,  c,  c?,  e  are  in  continued  proportion,  prove  that 

(a6+6c+cd:+c?e)2=(a2+62+c2+c^2)(62+c2+cP+e2). 


II 
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18.  If  the  work  done  bjr  :r  - 1  men  in  :r + 1  days  is  to  the  work  don« 
by  ^+ 2  men  in  .r  - 1  days  m  the  ratio  of  9  :  10,  find  x, 

19.  Find  four  proportionals  such  that  the  sum  of  the  extremes  ii 
21,  the  sum  of  the  means  19,  and  the  sum  of  the  squares  of  all  fou: 
numbers  is  442. 

20.  Two  casks  A  and  B  were  filled  with  two  kinds  of  sherry,  mixe( 
in  the  cask  A  in  the  ratio  of  2  :  7,  and  in  the  cask  B  in  the  ratio  o 
1  :  5.  What  quantity  must  be  taken  from  each  to  form  a  mixture 
which  shall  consist  of  2  gallons  of  one  kind  and  9  gallons  of  the  other? 

21.  Nine  gallons  are  drawn  from  a  cask  full  of  wine;  it  is  thei 
filled  with  water,  then  nine  gallons  of  the  mixture  are  drawn,  and  th< 
cask  is  again  filled  with  water.  If  the  quantity  of  wine  now  in  the  casl 
be  to  the  quantity  of  water  in  it  as  16  to  9,  how  much  does  the  casl 
hold? 

22.  If  four  positive  quantities  are  in  continued  proportion,  she^ 
that  the  difference  between  the  first  and  last  is  at  least  three  times  a 
great  as  the  difference  between  the  other  two. 

23.  In  England  the  population  increased  15*9  per  cent,  betweei 
1871  and  1881 ;  if  the  town  population  increased  18  per  cent,  and  th< 
country  population  4  per  cent.,  compare  the  town  and  coimtry  popula 
tions  in  1871. 

24.  In  a  certain  coimtry  the  consumption  of  tea  is  five  times  tb 
consumption  of  coffee.  If  a  per  cent,  more  tea  and  h  per  cent,  mor 
coffee  were  consumed,  the  aggregate  amount  consumed  would  be  7c  pe 
cent,  more ;  but  if  h  per  cent,  more  tea  and  a  per  cent,  more  cone 
were  consumed,  the  aggregate  amount  consumed  would  be  3o  per  cent 
more  :  compare  a  ando. 

25.  Brass  is  an  alloy  of  copper  and  zinc;  bronze  is  an  alio; 
containing  80  per  cent,  of  copper,  4  of  zinc,  and  16  of  tin.  A  fuse! 
mass  of  brass  and  bronze  is  found  to  contain  74  per  cent,  of  copper,  li 
of  zinc,  and  10  of  tin  :  find  the  ratio  of  copper  to  zinc  in  the  compositioi 
of  brass. 

26.  A  crew  can  row  a  certain  course  up  stream  in  84  minutes 
they  can  row  the  same  course  down  stream  in  9  minutes  less  thai 
thev  could  row  it  in  still  water :  how  long  would  they  take  to  row  dowi 
with  the  stream? 


I  'I 
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VARIATION. 


29.  Definition.  One  quantity  A  is  said  to  vary  directly 
as  another  B^  when  the  two  quantities  depend  upon  each  other  in 
such  a  manner  that  if  B  is  changed,  A  is  changed  in  tlie  scmie 
ratio. 

Note.  The  word  directly  is  often  omitted,  and  A  is  said  to  vary 
as  J9. 

For  instance:  if  a  train  moving  at  a  uniform  rate  travels 
40  miles  in  60  minutes,  it  will  travel  20  miles  in  30  minutes, 
80  miles  in  120  minutes,  and  so  on;  the  distance  in  each  case 
being  increased  or  diminished  in  the  same  ratio  as  the  time. 
This  is  expressed  by  saying  that  when  the  velocity  is  uniform 
the  distance  is  proportional  to  the  time,  or  the  distance  varies  as 
the  time. 

30.  The  symbol  oc  is  used  to  denote  variation;  so  that 
A  cc  B  ia  read  "A  varies  as  B" 

31.  i/ A  va^ries  as  B,  then  A  is  equal  to  B  multiplied  hy  some 
constant  qucmtity. 

For  suppose  that  a,  a^,  a,,  ttg . . .,  6, 5^,  6^,  63 . . .  are  corresponding 
values  of  A  and  B. 

Then,  by  definition,  — =7-^   — =i->    —  -T  '>  ^^^  ^^  o^> 

«I         ^         »«        K        »3        *8 

.*.  i-i  =  r^  =  r^  =  ...,  each  being  equal  to  7- . 
6,      6,      6,         -  6 

any  value  of  -4  .      ,  ^, 

Hence  7^ -r-. ? t-^  is  always  the  same ; 

the  corresponding  value  oi  B 

A 
that  is,  -^  =  w,  where  m  is  constant. 

B 

.-.  A=mB. 
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If  any  pair  of  corresponding  values  of  A  and  B  are  known, 
the  constant  m  can  be  determined.  For  instance,  if  -4  =  3  when 
j5=12, 

we  have  3  ~nix  12; 


m 


-  1 


4» 


and  A  =  \B, 

32.  Definition.  One  quantity  A  is  said  to  vaxy  inversely 
as  another  B,  when  A  varies  directly  as  the  reciprocal  of  J5. 

Thus  if  A  varies  inversely  as  B,  A  =  ^,  where  m  is  constant. 

The  following  is  an  illustration  of  inverse  variation :  If  6  men 
do  a  certain  work  in  8  hours,  12  men  would  do  the  same  work  in 
4  hours,  2  men  in  24  hours ;  and  so  on.  Thus  it  appears  that 
when  the  number  of  men  is  increased,  the  time  is  proportionately 
decreased;  and  vice-vers^ 

Example  1.  The  cnbe  root  of  x  varies  inversely  as  the  square  of  ^ ;  if 
ar=8  when  y=3,  find  x  when  y  =  14. 

By  supposition  ^x=-^y  where  m  is  constant. 
Putting  «= 8,  y = 3,  we  have      2  =  ^  , 

.'.  w=18, 

and  V«=p? 

3 
hence,  by  putting  y =5 ,  we  obtain  a5=612. 

Example  2.  The  square  of  the  time  of  a  planet's  revolution  varies  as 
the  cube  of  its  distance  from  the  Sun ;  find  the  time  of  Venus*  revolution, 
assuming  the  distances  of  the  Earth  and  Venus  from  the  Sun  to  be  91-|  and 
66  millions  of  miles  respectively. 

Let  P  be  the  periodic  time  measured  in  days,  D  the  distance  in  millions 
of  mUes ;  we  have  P*  a  D*, 

or  P»=A;2)3, 

where  k  is  some  constant. 

For  the  Earth,  365  x  366 = /e  x  OIJ  x  91 J  x  91^, 

4x4x4 


whence  k= 


365 


•••■^='t°'- 
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For  Venns,  ^=^^65^^  x  66  x  66  x  66 ; 

whence  P=4  x  66  x  ^  /^ 

V  365 

=264  X  J'12m,  approximately, 
=264  X -85 
=224-4. 
Hence  the  time  of  revolution  is  nearly  224^  days. 

33.  Definition.  One  quantity  is  said  to  vary  jointly  as  a 
number  of  others,  when  it  varies  directly  as  their  product. 

Thus  A  varies  jointly  as  B  and  (7,  when  A  =  mBG,  For  in- 
stance, the  interest  on  a  sum  of  money  varies  jointly  as  the 
principal,  the  time,  and  the  rate  per  cent. 

34.  Definition.  A  is  said  to  vary  directly  as  B  and  in- 
versely as  C,  when  A  varies  as  ^ . 

35.  If  -^  varies  as  B  when  C  is  constant,  amd  A  varies  as  C 
when  B  is  constant,  then  toill  A  vary  as  BC  wlien  both  B  and  C 
va/ry. 

The  variation  of  A  depends  partly  on  that  of  B  and  partly  on 
that  of  C,  Suppose  these  latter  variations  to  take  place  sepa- 
rately, each  in  its  turn  producing  its  own  effect  on  A ;  also  let 
a,  5,  c  be  certain  simultaneous  values  of  -4,  B,  C. 

1.  Let  G  be  constant  while  B  changes  to  b ;  then  A  must 
undergo  a  partial  change  and  will  assume  some  intermediate  value 
a',  where 

-  =  -      .  .  (1) 

2.  Let  B  be  constant,  that  is,  let  it  retain  its  value  b,  while  G 
changes  to  c ;  then  A  must  complete  its  change  and  pass  from  its 
intermediate  value  a'  to  its  final  value  a,  where 

^'=^ (2). 

a      c  ^  ' 

From  (1)  and  (2)      ^x^'=|x^; 

that  is,  A=T-  '  BC, 

be 

or  A  varies  as  BG, 
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36.  The  following  are  illustrations  of  the  theorem  proved  in 
the  last  article. 

The  amount  of  work  done  by  a  given  number  of  men  varies 
directly  as  the  number  of  days  they  work,  and  the  amount  of 
work  done  in  a  given  time  varies  directly  as  the  number  of  men ; 
therefore  when  the  number  of  days  and  the  number  of  men  are 
both  variable,  the  amount  of  work  will  vary  as  the  product  of 
the  number  of  men  and  the  number  of  days. 

Again,  in  Geometry  the  area  of  a  triangle  varies  directly  as 
its  base  when  the  height  is  constant,  and  directly  as  the  height 
when  the  base  is  constant;  and  when  both  the  height  and  base 
are  variable,  the  area  varies  as  the  product  of  the  numbers 
representing  the  height  and  the  base. 

Example,  The  volume  of  a  right  circnlar  cone  varies  as  the  square  of  the 
radius  of  the  base  when  the  height  is  constant,  and  as  the  height  when  the 
base  is  constant.  If  the  radius  of  the  base  is  7  feet  and  the  height  15  feet, 
the  volume  is  770  cubic  feet ;  find  the  height  of  a  cone  whose  volume  is  132 
cubic  feet  and  which  stands  on  a  base  whose  radius  is  3  feet. 

Let  h  and  r  denote  respectively  the  height  and  radius  of  the  base 
measured  in  feet ;  also  let  V  be  the  volume  in  cubic  feet. 

Then  V^mi^h^  where  m  is  constant. 

By  supposition,  770 = m  x  7^  x  15 ; 

22 
whence  ''*=oi  J 

22 

.*.  by  substituting  F=  132,  r=3,  we  get 

oo 

132=^x9x71; 
21 

whence  ^=14; 

and  therefore  the  height  is  14  feet. 

37.  The  proposition  of  Art.  35  can  easily  be  extended  to  the 
case  in  which  the  variation  of  A  depends  upon  that  of  more  than 
two  variables.  Further,  the  variations  may  be  either  direct  or 
inverse.  The  principle  is  interesting  because  of  its  frequent  oc- 
currence in  Physical  Science.  For  example,  in  the  theory  of 
gases  it  is  found  by  experiment  that  the  pressure  {p)  of  a  gas 
varies  as  the  "absolute  temperature"  {t)  when  its  volume  (v)  is 
constant,  and  that  the  pressure  varies  inversely  as  the  volume 
when  the  temperature  is  constant ;  that  is 

p  oc  t,  when  v  is  constant ; 
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and  pec  -  ,  when  t  is  constant. 

From  these  results  we  should  expect  that,  when  both  t  and  v  are 
variable,  we  should  have  the  formida 

pec  - ,  or pv  =  kty  where  k  is  constant ; 

and  by  actual  experiment  this  is  found  to  be  the  case. 

Example.  The  duration  of  a  railway  jonmey  varies  directly  as  the 
distance  and  inversely  as  the  velocity;  the  velocity  varies  directly  as  the 
sqnare  root  of  the  quantity  of  coal  nsed  per  mile,  and  inversely  as  the 
number  of  carriages  in  the  train.  In  a  journey  of  25  miles  in  half  an  hour 
with  18  carriages  10  cwt.  of  coal  is  required ;  how  much  coal  will  be 
consumed  in  a  journey  of  21  miles  in  28  minutes  with  16  carriages? 

Let  t  be  the  time  expressed  in  hours, 

d  the  distance  in  miles, 

V  the  velocity  in  miles  per  hour, 

q  the  number  of  cwt.  of  coal  used  per  mile, 

c  the  number  of  carriages. 

^   ,  d 

We  have  tec-, 

V 

and  V  a  —  , 

c 

whence  t  a    ,-  , 

or  t=—r-,  where  k  is  constant. 

Substituting  the  values  given,  we  have  (  since  2  —  ke) 

I_fexl8x25x5 

2"    yio    ; 

_  ^.cd 

Hence  ^=-rsr — 5:5 — r  • 

126  X  36  tjq 

Substituting  now  the  values  of  t,  c,  d  given  in  the  second  part  of  the 
question,  we  have 

28 _  Ayi0xl6x21 , 

60~   126x36^3    ' 

^,    .  ,  ,       ^/iOxl6x21      4     ,_ 

*^**^'  ^^^=       75x28       =25n/1Q; 

32 
whence  a 


''-125- 

21 X  32 
Hence  the  quantity  of  coal  is  =  5^^  cwt. 
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EXAMPLES,    m. 

1.  If  X  varies  as  y,  and  a:= 8  when  y = 16,  find  x  when  y  =»  10. 

2.  If  P  varies  inversely  as  §,  and  7^=7  when  §=3,  find  P  when 

3.  If  the  square  of  x  varies  as  the  cube  of  y,  and  :f= 3  when  y =4, 
find  the  value  of  y  when  a?=-7r  . 

3  10 

4.  -4  varies  as  B  and  (7  jointly;  if  il =2  when  5=-  and  C=— -  , 

o  27 

find  Cwhen  ^=64  and  j?=3. 

5.  If  A  varies  as  (7,  and  B  varies  as  (7,  then  A±,B  and  V-^^  will 
each  vary  as  C. 

Q 

6.  If  A  varies  as  BC^  then  ^  varies  inversely  as  -j  . 

2 

7.  P  varies  dhrectly  as  (?  and  inversely  as  R;  also  P=^  when 

o 

§  =?  and  R  =^ :  find  Q  when  P= ViS  and  B=^lE. 

8.  If  ^  varies  as  y,  prove  that  0;*+^*  varies  as  ^  -y*. 

9.  If  y  varies  as  the  sum  of  two  quantities,  of  which  one  varies 
directly  as  x  and  the  other  inversely  as  x ;  and  if  y=6  when  a? =4,  and 
y=3J  when  a?=3;  find  the  equation  between  x  and  y. 

10.  If  y  is  equal  to  the  sum  of  two  quantities  one  of  which  varies 
as  X  directly,  and  the  other  as  a^  inversely;  and  if  y=I9  when  a? =2,  or 
3 ;  find  y  in  terms  of  x, 

11.  If  A  varies  directly  as  the  square  root  of  B  and  inversely  as 
the  cube  of  C,  and  if  il=3  when  i?=266  and  (7=2,  find  B  when  -4=24 

and  0=^ . 

12.  Given  that  x+y  varies  asz+-.  and  that  x-y  varies  as  «-  -  , 
find  the  relation  between  x  and  z,  provided  that  z=2  when  x=Z  and 

y=i. 

13.  If  -4  varies  as  B  and  C  jointly,  while  B  varies  as  2)*,  and  C 
varies  inversely  as  A,  shew  that  ^  varies  as  D. 

14.  If  y  varies  as  the  sum  of  three  quantities  of  which  the  first  is 
constant,  the  second  varies  as  x,  and  the  third  as  a^;  and  if  y=0  when 
x=ly  y=l  when  a?=2,  and  y=4  when  x=3;  find  y  when  x=7. 

15.  When  a  body  falls  from  rest  its  distance  from  the  starting 
point  varies  as  the  square  of  the  time  it  has  been  falling :  if  a  body  falls 
through  402^  feet  in  5  seconds,  how  far  does  it  fall  in  10  seconds  ? 
Also  how  far  does  it  fall  in  the  10"*  second  ? 
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16.  Given  that  the  volume  of  a  sphere  varies  as  the  cube  of  its 
radius,  and  that  when  the  radius  is  3|  feet  the  volume  is  179§  cubic 
feet,  find  the  volume  when  the  radius  is  1  foot  9  inches. 

17.  The  weight  of  a  circular  disc  varies  as  the  square  of  the  radius 
when  the  thickness  remains  the  same ;  it  also  varies  as  the  thickness 
when  the  radius  remains  the  same.  Two  discs  have  their  thicknesses 
in  the  ratio  of  9  :  8 ;  find  the  ratio  of  their  radii  if  the  weight  of  the 
first  is  twice  that  of  the  second. 

18.  At  a  certain  regatta  the  number  of  races  on  each  day  varied 
jointly  as  the  nimiber  of  days  from  the  beginning  and  end  of  the  regatta 
up  to  and  including  the  day  in  question.  On  three  successive  days 
there  were  respectively  6,  5  and  3  races.  Which  days  were  these,  and 
how  long  did  tne  r^atta  last? 

19.  The  price  of  a  diamond  varies  as  the  sauare  of  its  weight. 
Three  rings  of  equal  weight,  each  composed  of  a  diamond  set  in  gold, 
have  values  £ay  £b,  £c,  the  diamonds  in  them  weighing  3,  4,  5  carats 
respectively.    Shew  that  the  value  of  a  diamond  of  one  carat  is 


{r-"). 


the  cost  of  workmanship  being  the  same  for  each  ring. 

20.  Two  persons  are  awarded  pensions  in  proportion  to  the  square 
root  of  the  number  of  years  they  have  served.  One  has  served  9  years 
longer  than  the  other  and  receives  a  pension  greater  by  ^50.  If  the 
length  of  service  of  the  first  had  exceeded  that  of  the  second  by4j  years 
their  pensions  would  have  been  in  the  proportion  of  9  :  8.  How  long 
had  they  served  and  what  were  their  respective  pensions? 

21.  The  attraction  of  a  planet  on  its  satellites  varies  directly  as 
the  mass  (M)  of  the  planet,  and  inversely  as  the  square  of  the  distance 
(D) ;  also  the  square  of  a  satellite's  time  of  revolution  varies  directly 
as  the  distance  and  inversely  as  the  force  of  attraction.  If  m^y  d^,  ti, 
and  wig,  c?2,  t„  are  simultaneous  values  of  if,  i>,  T  respectively,  prove 
that 

Hence  find  the  time  of  revolution  of  that  moon  of  Jupiter  whose 
distance  is  to  the  distance  of  our  Moon  as  35  :  31,  having  given 
that  the  mass  of  Jupiter  is  343  times  that  of  the  Earth,  and  that  the 
Moon's  period  is  27'32  days. 

22.  The  consumption  of  coal  by  a  locomotive  varies  as  the  square 
of  the  velocity;  when  the  speed  is  16  miles  an  hour  the  consumption  of 
coal  per  hour  is  2  tons :  if  the  price  of  coal  be  10«.  per  ton,  and  the  other 
expenses  of  the  engine  be  1 1«.  3d.  an  hour,  find  the  least  cost  of  a  journey 
of  100  miles. 


CHAPTER  IV. 


ARITHMETICAL  PROGRESSION. 


38.  Definition.  Quantities  are  said  to  be  in  Arithmetical 
Progression  when  they  increase  or  decrease  by  a  common  dif- 
ference. 

Thus  each  of  the  following  series  forms  an  Arithmetical 
Progression : 

3.  7,  11,  15, 

8,  2,-4.-10. 

a,  a  +  cf ,   a  +  2c?,  a  +  3c^,  

The  common  difference  is  found  by  subtracting  any  term  of 
the  series  from  that  which  follows  it.  In  the  first  of  the  above 
examples  the  common  difference  is  4 ;  in  the  second  it  is  —  6  ;  in 
the  third  it  is  d, 

39.  If  we  examine  the  series 

a,  a-^d^  a  +  2dy  a  +  3c?,... 

we  notice  that  in  cmy  term,  the  coeffiderU  of  di  is  cdwayB  less  by  one 
than  the  number  of  tlie  term  in  tlie  series. 

Thus  the  3**  term  is  a  +  2c2 ; 

6***  term  is  a+5e^; 
20**^termisa+19c^; 
and,  generally,  the     p^^  term  isa  +  (j5-l)c?. 

If  n  be  the  number  of  terms,  and  if  I  denote  the  last,  or 
w***  term,  we  have  ?  =  a  +  (w  —  1)  d 

40.  To  fmd  the  swm  of  a  number  of  terms  in  Arithmetical 
Progression, 

Let  a  denote  the  first  term,  d  the  common  difference,  and  n 
the  number  of  terms.     Also  let  I  denote  the  last  term,  and  s 
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the  required  sum ;  then 

5  =  a  +  (a  +  c?)  +  (a  +  2c?)  +  ...  + {l-2d)  +  {l'-(l)-hl; 
and,  by  writing  the  series  in  the  reverse  order, 

Adding  together  these  two  series, 

28=(a  +  l)  +  (a  +  r)  +  {a  +  l)-h  ..,  to  n  terms 
—  n(a  + 1), 

.-.  «=-(a  +  0 (1); 

and  l  =  a  +  {n-l)d (2), 

.-.  s  =  ^{2a  +  (w-l)cZ} (3). 

41.  In  the  last  article  we  have  three  useful  formulss  (1), 
(2),  (3) ;  in  each  of  these  any  one  of  the  letters  may  denote 
the  unknown  quantity  when  the  three  others  are  known.  For 
instance,  in  (1)  if  we  substitute  given  values  for  s,  n,  ?,  we  obtain 
an  equation  for  finding  a;  and  similarly  in  the  other  formulae. 
But  it  is  necessary  to  guard  against  a  too  mechanical  use  of  these 
general  formidsa,  and  it  will  often  be  found  better  to  solve  simple 
questions  by  a  mental  rather  than  by  an  actual  reference  to  the 
requisite  formula. 

Example  1.    Find  the  sum  of  the  series  5 J,  6|,  8, to  17  terms. 

Here  the  common  difference  is  1|;  hence  from  (3), 

theeum  =  ^  |2  x  ^  +  16xlJ  I 

=  -(11  +  20) 

17x31 
~      2 

=  2634. 

Example  2.    The  first  term  of  a  series  is  5,  the  last  45,  and  the  smn 
400 :  find  the  number  of  terms,  and  the  common  difference. 

If  n  be  the  number  of  terms,  then  from  (1) 

400=|(6  +  46); 
whence  n=16. 
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If  <2  be  the  common  difference 

45=the  16*^  term=5  +  16d; 
whence  d=2^. 

42.  If  any  two  terms  of  an  Arithmetical  Progression  be 
given,  the  series  can  be  completely  determined;  for  the  data 
furnish  tu)0  simultaneous  equations,  the  solution  of  which  will 
give  the  first  term  and  the  common  difference. 

Example,    The  54*''  and  4^  terms  of  an  A.  P.  are  -  61  and  64 ;  find  the 
23'*  term. 

If  a  be  the  first  term,  and  d  the  common  difference, 

-61  =  the  64*'*  term=a+63d; 

and  64=the    4^*^  term=a+M\ 

whence  we  obtain  d=  -  ^ ,  a= 71i  ; 

and  the  23*^  term=a+22(2=16i. 

43.  Definition.  When  three  quantities  are  in  Arithmetical 
Progression  the  middle  one  is  said  to  be  the  arithmetic  mean  of 
the  other  two. 

Thus  a  is  the  arithmetic  mean  between  a  —  d  and  a  +  d, 

44.  To  find  the  a/rithmetic  mecm  between  ttvo  given  quantities. 

Let  a  and  b  be  the  two  quantities ;  A  the  arithmetic  mean. 
Then  since  a,  A,  b  are  in  A.  P.  we  must  have 

6  —  -4  =  -4  —  a, 

each  being  equal  to  the  common  difference ; 

,  .     a  +  6 

whence  A  =    ^    , 

45.  Between  two  given  quantities  it  is  always  possible  to 
insert  any  number  of  terms  such  that  the  whole  series  thus 
formed  shall  be  in  A.  P. ;  and  by  an  extension  of  the  definition  in 
Art.  43,  the  terms  thus  inserted  are  called  the  a/rithmetic  means. 

Example,    Insert  20  arithmetic  means  between  4  and  67. 

Including  the  extremes,  the  number  of  terms  will  be  22 ;  so  that  we  have 
to  find  a  series  of  22  terms  in  A.P.,  of  which  4  is  the  first  and  67  the  last. 

Let  d  be  the  common  difference ; 

then  67 = the  22""*  term = 4  +  21d ; 

whence  d=Zt  and  the  series  is  4,  7, 10, 61,  64,  67 ; 

and  the  required  means  are  7, 10,  13, 58,  71,  64. 
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46.  To  insert  a  gwen  number  of  arithmetic  means  beiiveen 
two  given  qucmtities. 

Let  a  and  b  be  the  given  quantities,  n  the  number  of  means. 

Including  the  extremes  the  number  of  terms  will  be  w  +  2 ; 
so  that  we  have  to  find  a  series  oi  n  +  2  terms  in  A.  P.,  of  wliich 
a  is  the  first,  and  b  is  the  last. 

Let  d  be  the  common  difference ; 

then  b  =  the  (n  +  2)***  term 

=  a  +  (n+l)c?; 

whence  d  = =  : 

7A+1 

and  the  required  means  are 

b  —a  2  (b  —  a)  nib  —  a) 

a  + r  ,     a  +  — ^ — =-' , a  +  — ^ — ;.- ' . 

n+ 1  n+\  71+1 

Example  1.    The  sum  of  three  numbers  in  A.  P.  is  27,  and  the  sum  of 
their  squares  is  293 ;  find  them. 

Let  a  be  the  middle  number,  d  the  conunon  difference ;  then  the  three 
numbers  are  a-d,  n,  a  +  d. 

Hence  a-d+a  +  a+d=27; 

whence  a =9,  and  the  three  numbers  are  9  -  (2,  9,  9 +  (2. 

/.  (9-d)2+81  +  (9  +  d)2=293; 

whence  d=±5; 

and  the  numbers  are  4,  9,  14. 

Example  2.    Find  the  sum  of  the  first  p  terms  of  the  series  whose 
n*^  term  is  3n  - 1. 

By  putting  tc=1,  and  n=p  respectively,  we  obtain 

first  term = 2,  last  term = 3^  - 1 ; 

.-.  sum=|  (2  +  3i?  - 1)  =1  {dp  + 1). 


EXAMPLES.    IV.  a. 

1.  Sum  2,  3i,  4^,...  to  20  terms. 

2.  Sum  49,  44,  39,...  to  17  terms. 

3     2      7 

3.  Smnj,  ^,  — ,...  to  19  terms. 
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4.  Sum  3,  ^,  1§,...  to  w  terms. 

5.  Sum  3*76,  3*6,  3-26,...  to  16  terms. 

6.  Sum  -7i,  -7,  -6i,."  to  24  terms. 

7.  Sum  1*3,  -3*1,  -7*5,...  to  10  terms. 

6  12 

8.  Sum  -.- ,  3 »JZ,  -T^ ,. ..  to  50  terms. 

3       4 

9.  Sum  -T^j  -Te  >  V^,...  to  25  terms. 

10.  Sum  a -36,  2a- 56,  3a- 76,...  to  40  terms. 

11.  Sum  ^a— 6,  4a- 36,  6a  — 56,...  to  71  terms. 

12.  Sum  — ^  ,  a,  — ^ — ,...  to  21  terms. 

13.  Insert  19  arithmetic  means  between  j  and  -  9|. 

14.  Insert  17  arithmetic  means  between  3^  and  —41  J. 

15.  Insert  18  arithmetic  means  between  -  35.v  and  3a;. 

16.  Insert  x  arithmetic  means  between  a:^  and  1. 

17.  Find  the  sum  of  the  first  n  odd  numbers. 

18.  In  an  A.  P.  the  first  term  is  2,  the  last  teim  29,  the  sum  155; 
find  the  difference. 

19.  The  sum  of  15  terms  of  an  A.  P.  is  600,  and  the  common  differ- 
ence is  5 ;  find  the  first  term. 

20.  The  third  term  of  an  A.  P.  is  18,  and  the  seventh  term  is  30 ; 
find  the  sum  of  17  terms. 

21.  The  sum  of  three  numbers  in  A.  P.  is  27,  and  their  product  is 
504 ;  find  them. 

22.  The  sum  of  three  numbers  in  A.  P.  is  12,  and  the  sum  of  their 
cubes  is  408 ;  find  them. 

23.  Find  the  sum  of  15  terms  of  the  series  whose  n**"  term  is  4/1+ 1. 

24.  Find  the  sum  of  35  terms  of  the  series  whose  p^  term  is  ^  +  2. 

25.  Find  the  sum  ofp  terms  of  the  series  whose  n*^  term  is  -  +  6. 

■^  a 

26.  Find  the  sum  of  n  terms  of  the  series 

2a^-l  3     6a2-5 

a      '  a  a 
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47.     In  an  Arithmetical  Progression  when  s,  a,  d  are  given, 
to  determine  the  values  of  n  we  have  the  quadratic  equation 


8 


=  ||2a  +  (n-l)rf}; 


when  both  roots  are  positive  and  integral  there  is  no  difficulty 
in  interpreting  the  result  corresponding  to  each.  In  some  cases 
a  suitable  interpretation  can  be  given  for  a  negative  value  of  n. 

Example,  How  many  terms  of  the  series  -9,  -6,  -3,...  must  be 
taken  that  the  sum  may  be  66  7 

Here  |{-18  +  (n-l)  3}=66; 

that  is,  n2-7w-44=0, 

or  (n-ll)(w+4)=0; 

.'.    n=llor-4. 
If  we  take  11  terms  of  the  series,  we  have 

-  9,  -  6,  -  3,  0,  3,  6,  9,  12,  15,  18,  21 ; 
the  sum  of  which  is  66. 

If  we  begin  at  the  last  of  these  terms  and  count  backwards  four  terms,  the 
sum  is  also  66 ;  and  thus,  although  the  negative  solution  does  not  directly 
answer  the  question  proposed,  we  are  enabled  to  give  it  an  intelligible  meaning, 
and  we  see  that  it  answers  a  question  closely  connected  with  that  to  which 
the  positive  solution  applies. 

48.     We  can  justify  this  interpretation  in  the  general  case  in 
the  following  way. 

The  equation  to  determine  n  is 

dn'  +  {2a-d)n-28=:0 (1). 

Since  in  the  case  under  discussion  the  roots  of  this  equation  have 
opposite  signs,  let  us  denote  them  by  n^  and  -n^.  The  last 
term  of  the  series  corresponding  to  n^  is 

a  +  {n^-l)d•, 

if  we  begin  at  this  term  and  count  backwards^  the  common 
difference  must  be  denoted  by  -  c?,  and  the  sum  of  n^  terms  is 

and  we  shall  shew  that  this  is  equal  to  s. 

H.  H.  A.  ^ 
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For  the  expression  =  ^*  j 2a  +  {2n^  '~n^-\)d\ 

^^\2an^  +  2n^n^d---n^{n^+  \)d\ 

=  -^\  2n^njd  -  {dn^  -  2a  -  c? .  n^,)  V 

=  |(4.-2s)  =  s, 

since   —  n    satisfies   dn*  +  {^a  —  c?)  w  —  2«  =  0,    and   —  n^n^  is   the 
product  of  the  roots  of  this  equation. 

49.  When  the  value  of  n  is  fractional  there  is  no  exact  num- 
ber of  terms  which  corresponds  to  such  a  solution. 

Example,    How  many  terms  of  the  series  26,  21,  16, ...must  be  taken  to 
amount  to  74  ? 

Here  ?  {52  +  (n-l)(-6)}  =  74i 

that  is,  bn^  -  67n  + 148 = 0, 

or  (n-4)(6w-37)=0; 

.•.   TC=4  or  1^, 

Thus  the  number  of  terms  is  4.    It  will  be  found  that  the  sum  of  7  terms 
is  greater,  while  the  sum  of  8  terms  is  less  than  74. 

50.  We  add  some  Miscellaneous  Examples. 

Example  1.  The  sums  of  n  terms  of  two  arithmetic  series  are  in  the 
ratio  of  7n+ 1 :  471+27;  find  the  ratio  of  their  11*  terms. 

Let  the  first  term  and  common  difference  of  the  two  series  be  a^,  d^  and 
flg*  ^2  respectively. 

We  have  2a^  +  (n-l)d^^  7n  +  l 

202  + (71 -1)^2       471  +  27* 

Now  we  have  to  find  the  value  of  — — tt^i  hence,  by  putting  71=21,  we 

obtain 

2at  +  20dx  _  148  _  4 . 
2a^+20^~in"~3' 

thus  the  required  ratio  is  4:8. 

Example  2.  If  S^  S^y  S^f...S,  are  the  sums  of  n  terms  of  arithmetic 
series  whose  first  terms  are  1,  2,  8,  4,...  and  whose  common  differences  are 
1,  3,  6,  7,... ;  find  the  value  of 
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Wehave  5^=*^  {2  +  (;i-l)}  =  li^), 

5,=|{64-(»-l)6}=^-M. 
5,=f{2i>  +  (n-l)(2p-l)}=?{(2i,-l)n+l}; 


n 


.'.  the  required  8am=^  {(n+l)  +  (3n+l)  + (2p-l.n  +  l)} 


n 


=  -{(n+3»  +  6n+...2p-l .  n)+p} 


n 


=  5  {n  (1  +  3  +  6+  ...2p  -  1)  +!>} 


=  2(npa+p) 


=  f(ni>  +  l). 


EXAMPLES.    IV.  b. 

1.  Given  a=  -  2,  rf= 4  and  «= 160,  find  w. 

2.  How  many  terms  of  the  series  12,  16,  20,...  must  be  taken  to 
make  208? 

3.  In  an  A.  P.  the  third  term  is  four  times  the  first  term,  and  the 
sixth  term  is  17;  find  the  series. 

4.  The  2"*,  31"*,  and  last  terms  of  an  A.  P.  are  Vf,  i  and  -  6J 

respectively ;  find  the  first  term  and  the  number  of  terms. 

5.  The  4***,  42"^  and  last  terms  of  an  A.  P.  are  0,  -  96  and  - 125 
respectively ;  find  the  first  term  and  the  niunber  of  terms. 

6.  A  man  arranges  to  pay  off  a  debt  of  ;£3600  by  40  annual 
instalments  which  form  an  arithmetic  series.  When  30  of  the  instal- 
ments are  paid  he  dies  leaving  a  third  of  the  debt  unpaid :  find  the 
value  of  the  first  instalment. 

7.  Between  two  niunbers  whose  sum  is  2  J  an  even  number  of 
arithmetic  means  is  inserted;  the  sum  of  these  means  exceeds  their 
number  by  unity :  how  many  means  are  there  ? 

8.  The  simi  of  n  terms  of  the  series  2,  5,  8,...  is  960 :  find  n. 
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9,  Sum  the  series -= r  ,  ■:: ,  :; 7-,  ...  to  n  tenns. 

1  +  njx    i—x    1 — V  ^ 

10.  If  the  sum  of  7  terms  is  49,  and  the  sum  of  17  terms  is  289, 
find  the  sum  of  n  terms. 

11,  If  the  j^y  ^\  r***  terms  of  an  A.  P.  are  a,  6,  c  respectively,  shew 
that  (2'-r)a+(r-^)6+(p-^)c=0. 

12.  The  sum  oip  terms  of  an  A.  P.  is  ^,  and  the  sum  of  q  terms  is 
p ;  find  the  sum  of  jo  +  q  terms. 

.  13.    The  smn  of  four  integers  in  A.  P.  is  24,  and  their  product  is 
945 ;  find  them. 

14.  Divide  20  into  four  parts  which  are  in  A.  P.,  and  such  that  the 
product  of  the  first  and  fourth  is  to  the  product  of  the  second  and  third 
m  the  ratio  of  2  to  3. 

.  15.    The  jo**»  term  of  an  A.  P.  is  ^,  and  the  ^  term  is  p\  find  the 
wi'*»  term. 

16.  How  many  terms  of  the  series  9, 12,  15,...  must  be  taken  to 
make  306? 

17.  If  the  sum  of  n  terms  of  an  A.  P.  is  2/1 +3n*,  find  the  r***  term. 

18.  If  the  sum  of  m  terms  of  an  A.  P.  is  to  the  sum  of  n  terms  as 
«i*  to  w*,  shew  that  the  m^  term  is  to  the  n^  term  as  2m  - 1  is  to  2?i  - 1. 

19.  Prove  that  the  sum  of  an  odd  number  of  terms  in  A.  P.  is  equal 
to  the  middle  term  multiplied  by  the  number  of  terms. 

20.  If  < = w  (5»  -  3)  for  all  values  of  w,  find  the  jo***  term. 

21.  The  number  of  terms  in  an  A.  P.  is  even ;  the  sum  of  the  odd 
terms  is  24,  of  the  even  terms  30,  and  the  last  term  exceeds  the  first  by 
10  J :  find  the  number  of  terms. 

22.  There  are  two  sets  of  numbers  each  consisting  of  3  terms  in  A.  P. 
and  the  sum  of  each  set  is  15.  The  conunon  difference  of  the  first  set 
is  greater  by  1  than  the  common  difference  of  the  second  set,  and  the 
product  of  the  first  set  is  to  the  product  of  the  second  set  as  7  to  8 :  find 
the  numbers. 

23.  Find  the  relation  between  .tr  and  y  in  order  that  the  r*  mean 
between  x  and  2y  may  be  the  same  as  the  r***  mean  between  %v  and  y, 
n  means  being  inserted  in  each  case. 

24.  If  the  svun  of  an  A.  P.  is  the  same  for  jt?  as  for  ^  terms,  shew 
that  its  sum  tor  p-\-q  terms  is  zero. 


CHAPTER    V. 

GEOMETRICAL   PROGRESSION. 

51.  Definition.  Quantities  are  said  to  be  in  Qeometrical 
Progression  when  they  increase  or  decrease  by  a  constant /cLctor, 

Thus  each  of  the  following  series  forms  a  Geometrical  Pro- 
gression: 

3,  6,  12,  24, 

1      -1     i       -1 

3'   9'        27' 

a,  ar,  ar^^  a/i^, 

The  constant  factor  is  also  called  the  common  ratio,  and  it  is 
found  by  dividing  any  term  by  that  which  immediately  precedes 
it.     In  the  first  of  the  above  examples  the  common  ratio  is  2  ;  in 

the  second  it  is  —  ^ ;  in  the  third  it  is  r, 

6 

52.  If  we  examine  the  series 

a,  a/r,  ar^,  ar^,  ar\ 

we  notice  that  in  any  term  the  index  of  r  is  always  less  by  one 
them  the  number  of  the  term  in  the  series. 

Thus  the  3*^  term  is  ar* ; 

the  6*^  term  is  ar'^; 

the  20*^  term  is  ar'^; 

and,  generally,  thejp***  term  is  ar'^'K 

If  n  be  the  number  of  terms,  and  if  I  denote  the  last,  or  n*'^ 
term,  we  have  l  =  ar^ 


."-1 


53.  Definition.  When  three  quantities  are  in  Geometrical 
Progression  the  middle  one  is  called  the  geometric  mean  between 
the  other  two. 
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To  find  the  geometric  mea/n  between  two  given  quantities. 

Let  a  and  h  be  the  two  quantities ;  G  the  geometric  mean. 
Then  since  a,  G,  h  are  in  G.  P. , 

h_G 
G~  a' 

each  being  equal  to  the  common  ratio ; 

.-.  (?»  =  a6; 

whence  G  —  Jab, 

54.     To  insert  a  given  rvarr^er  of  geometric   means   between 
two  given  quantities. 

Let  a  and  b  be  the  given  quantities,  n  the  number  of  means. 

In  all  there  will  be  w  +  2  terms ;  so  that  we  have  to  find  a 
series  of  n  +  2  terms  in  G.  P.,  of  which  a  is  the  first  and  b  the  last. 

Let  r  be  the  common  ratio ; 
then  b  =  the  (n  +  2)***  term 

^a^r"*^; 

a 


■■■  '=© 


i_ 

M+l 


(!)• 


Hence  the  required  means  are   a^r,  ar^, . . .  ar'^  where  r  has  the 
value  found  in  (1). 

Example,    Insert  4  geometric  means  between  160  and  5. 

We  have  to  find  6  terms  in  G.  P.  of  which  160  is  the  first,  and  5  the 
sixth. 

Let  r  be  the  common  ratio ; 

then  5 = the  sixth  term 

=  160r5; 

•      »ri> ___  . 

•  •^""32* 

whence  '*~q  » 

and  the  meaDS  are  80,  40,  20,  10. 
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55.     To  find  the  sum  of  a  number  of  terms  in  Geometrical 
Progression, 

Let  a  be  the  first  term,  r  the  common  ratio,  n  the  number  of 
terms,  and  s  the  sum  required.     Then 

8=^a'\-ar  +  a7^  + +  ar'~'  +  ar""* ; 

multiplying  every  term  by  r,  we  have 

rs=:^ar  +  ar^+ +ar"~'  +  ar'*"* +ar". 

Hence  by  subtraction, 

rs  —  s^  ar''  —  a ; 

.-.  (r-l)s  =  a(r"-l); 

.•.«=^^ (1). 

r  —  I 
Changing  the  signs  in  numerator  and  denominator, 

a(l-r") 


s  — 


\-r 


.(2). 


Note.    It  will  be  foand  convenient  to  remember  both  forms  given  above 
for  «,  using  (2)  in  all  cases  except  when  r  is  positive  and  greater  than  1. 

Since  af^"^=ly  the  formula  (1)  may  be  written 

rl-a 

a  form  which  is  sometimes  useful. 

2  3 

Example,    Sum  the  series  ^ ,  - 1,  „ , to  7  terms. 

o  2 

3 
The  common  ratio  =  -  » ;  hence  by  formula  (2) 


J  I' -(-!)'[ 


the  sum 

'-1 


2 
3 


2187 
^  128 


6 
2 
2  2315  2 
~  3  ^  128  ^6 

463 
""  96  * 


i 
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56.     Consider  the  series    1,  «  >    oa »    o^  > 

The  sum  to  n  terms      =  ^— 


1-1 

2 


-('-^) 


From  this  result  it  appears  that  however  many  terms  be 
taken  the  sum  of  the  above  series  is  always  less  than  2.  Also  we 
see  that,  by  making  n  sufficiently  large,  we  can  make  the  fraction 

^j[=i  as  small  as  we  please.     Thus  by  taking  a  sufficient  number 

of  terms  the  sum  can  be  made  to  differ  by  as  little  as  we  please 
from  2. 

In  the  next  article  a  more  general  case  is  discussed. 

a(\  —  r") 

57.     From  Art.  66  we  have  «-  \ - 

1  -r 


a  a/r'' 


1  — r      1  — r' 
Suppose  r  is  a  proper  fraction;  then  the  greater  the  value  of 

n  the  smaller  is  the  value  of  r",  and  consequently  of  = ;  and 

1  — ?• 

therefore  by  making  n  sufficiently  large,  we  can  make  the  sum  of 
n  terms  of  the  series  differ  from  = by  as  small  a  quantity  as 

we  please. 

This   result  is   usually  stated  thus  :   the  swm  of  an  infinite 

a 
nuwher  of  terms  of  a  decreasing  Geometrical  Progression  is 


or  more  briefly,  the  sum  to  infinity  is 


l-r' 
a 


1-f 


Example  1.    Find  three  nnmbers  in  G.  P.  whose  sum  is  19,  and  whose 
product  is  216. 

Denote  the  numbers  by  - ,  a,  ar\  then  -  x  a  x  ar = 216 ;  hence  a =6,  and 
the  numbers  are  - ,  6,  6r. 

T 
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.•.  -  +  6  +  6r=19; 
r 

.-.  6-13r+6r»=0; 

whence  r  =50^-. 

Thus  the  nmnbers  are  4,  6,  9. 

Example  2.    The  Bom  of  an  mfinite  nnmber  of  terms  in  G.  P.  is  15,  and 
the  Bum  of  their  squares  is  45 ;  find  the  series. 

Let  a  denote  the  first  term,  r  the  common  ratio ;  then  the  sum  of  the 

terms  is  -z — ;  and  the  smn  of  their  squares  is  -z — -, . 
1  -  r  1  -  r' 


Hence  =-^=15 (1), 

1-r 

1^=45 (2). 

Dividing  (2)  by  (1)  ^-^=S (3), 

and  from  (1)  and  (3)  fr^=^  ^ 

2 
whence  r=5 ,  and  therefore  a =5. 

_-       ^        .     .    _    10     20 
Thus  the  series  IS  5,  — ,  -5- 

U  9 
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1.  Sum -,-,-,...  to  7  terms. 

2.  Sum  -2,  2^,  -3J,...  to  6  terms. 

3.  Sum 2,  li>  3,...  to  8  terms. 

4.  Sum  2,  -4,  8,...  to  10  terms. 

5.  Sum  16*2,  5*4, 1*8,...  to  7  terms. 

6.  Sum  1,  5,  25,...  to  jo  terms. 

ifi 

7.  Sum  3,  -4,  — ,...  to  2w  terms. 

8.  Sum  1,  V3,  3,...  to  12  terms. 

1  8 

9.  Sum-Tg,  -2, -Tg,.-- ^  7  terms. 
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11        3 

10.  Slim  --,  s,  -7,...  to  7  terms. 

3    2        4' 

4 

11.  Insert  3  geometric  means  between  2J  and  -  . 

12.  Insert  5  geometric  means  between  3f  and  40^. 

7 

13.  Insert  6  geometric  means  between  14  and  -  —  . 

Sum  the  following  series  to  infinity ;     • 

14.  |,  -1,  |,...  15.     -45,  -015,  -0005,... 

16.     1-665,  -1-11,  -74,...  17.    3-\  3-2,  3-3,... 

18.    3,  V3,  1,...  19.     7,  V42,  6,... 

20.  The  sum  of  the  first  6  terms  of  a  G.  P.  is  9  times  the  sum  of 
the  first  3  terms;  find  the  common  ratio. 

21.  The  fifth  term  of  a  G.  P.  is  81,  and  the  second  term  is  24 ;  find 
the  series. 

22.  The  sum  of  a  G.  P.  whose  common  ratio  is  3  is  728,  and  the 
last  term  is  486;  find  the  first  term. 

23.  In  a  G.  P.  the  first  term  is  7,  the  last  term  448,  and  the  sum 
889 ;  find  the  common  ratio. 

24.  The  sum  of  three  numbers  in  G.  P.  is  38,  and  their  product  is 
1728;  find  them. 

25.  The  continued  product  of  three  numbers  in  G.  P.  is  216,  and 
the  sum  of  the  product  of  them  in  pairs  is  156 ;  find  the  numbers. 

26.  If  S„  denote  the  sum  of  the  series  l+rP+r^+,„  ad  inf.,  and 
8p  the  sum  of  the  series  l—i^+r^P-,,.ad  in/,,  prove  that 

/S;,+«p=2/S'2p. 

27.  If  they**,  q*'\  r***  terms  of  a  G.  P.  be  a,  b,  c  respectively,  prove 
that  a«-'-6'-PcP-«=l. 

28.  The  simi  of  an  infinite  number  of  terms  of  a  G.  P.  is  4,  and  the 
sum  of  their  cubes  is  192 ;  find  the  series. 

58.     Recurring  decimals  furnish  a  good  illustration  of  infinite 
Geometrical  Progressions. 

Example.    Find  the  value  of  *423. 

•423 =-4232323 

4        23  23_ 

"  10  "^  iooo  "^  rooooo"*" 

"10"^  103  "^10»"^ *' 


Geometrical  i»rogression. 

.,    ^ .               ^AA      4      23  /.        1        1  \ 

thatui,  .423  =  j-^+-3^1  +  j^+-+ j 

_4       23         1 
■"10'*"103'"~T 

"10"*"  103' 99 

_  4      ^ 
~  10  "*■  990 

419 
~990' 

which  agrees  with  the  value  found  by  the  usual  arithmetical  rule. 

59.  The  general  rule  for  reducing  any  recurring  decimal  to 
a  vulgar  fraction  may  be  proved  by  the  method  employed  in  the 
last  example ;  but  it  is  easier  to  proceed  as  follows. 

To  find  the  value  of  a  reawrring  decimal. 

Let  F  denote  the  figures  which  do  not  recur,  and  suppose 
them  p  in  number;  let  Q  denote  the  recurring  period  consisting  of 
q  figures ;  let  2)  denote  the  value  of  the  recurring  decimal ;  then 

D^'PQQQ ; 

.-.  Wy.D^P'QQQ ; 

and  10''+«x2>  =  P6-eW  ••  •....; 

therefore,  by  subtraction,  (lO'-''  -  10^)  Z>  =  P^  -  P ; 

that  is,  l(y(10»-l)i>  =  PC-i'i 

PQ-P 


•    • 


^"(10' -1)10'* 

Now  10'—  1  is  a  number  consisting  of  q  nines;  therefore  the 
denominator  consists  of  q  nines  followed  by  p  ciphers.  Hence 
we  have  the  following  rule  for  reducing  a  recurring  decimal  to  a 
vulgar  fraction : 

For  the  numerator  subtract  the  integral  number  consisting  of 

the  rwnrrecurring  figures  from  tlie  integral  number  consisting  of 

the  non-recurring  a/nd  rem/rring  figures ;  for  the  defrwrnvnator  take 

a  number  consisting  of  a>s  m<iny  nines  as  there  are  recurring  figures 

followed  by  as  many  ciphers  as  there  are  non-recurring  figwres. 
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60.     To  find  the  Bfwm  ofn  terms  of  the  series 

a,  (a  +  d)r,  (a  +  2d)r»,  (a+3d)r», 

in  wJdch  each  term  is  the  product  of  corresponding  terms  in  an 
arithmetic  amd  geometric  series. 

Denote  the  sum  by  8 ;  then 

^  =  a  +  (a  +  (;?)r+(a  +  2(Qr'+  ... +(a  +  w-l<^r"~'; 

.•.  r8=  or  +  (a  +  c?)r'+...+(a+w-2(i)r"~'*+(a+w-lc^)r". 

By  subtraction, 
^(1-r)  =  a  +  (c?r  +  c?r"  +  ...  +  (ir""')  -  (a  +  w  -  IcQr" 

dr(\-r''~^)  

=  a  +  — Y" ^-(a  +  w-lc?)r";  ! 

a_      dr{\'-r*-')  _  (g  +'ii^\d)  r" 
•'•  '^"l-r"*'      (1-r)'  1-r       "* 

Cob.     Write  /S'  in  the  form 

a  dr  dr""        (a  +  w  —  \d)  r" 

then  if  r<l,  we  can  make  r"  as  small  as  we  please  by  taking  n 
sufficiently  great.  In  this  case,  assuming  that  all  the  terms  which 
involve  r^  can  be  made  so  sm>aU  that  they  may  he  neglectedy  we 

obtain  = +  7= r^  for  the  sum  to  infinity.     We  shall  refer 

i  —  7*        (1  —  7*) 

to  this  point  again  in  Chap.  XXI. 

In  summing  to  infinity  series  of  this  class  it  is  usually  best  to 
proceed  as  in  the  following  example. 

Example  1.    If  a;  <  1,  sum  the  series 

l  +  2x+3x^+^x^+ to  infinity. 

Let  8  =:l  +  2x  + 3x^+431^+ ; 

,\  xS=z         x  +  2x^+Sx^+ ; 

.-.  S  {l-x)=l+x+x^+a^+ 

1 
"l-x' 

•*  ^~(l-a;)2- 
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Example  2.    Sum  the  series  l  +  g  +  g^+g^  +  .-.ton  tenns. 

„    ,     4      7      10  8n-2 

Let  5=1+-  +  -  +  ^+ +  _^,; 

1  14      7  .8n-5  .  8n-2 


,      3  /,      1      1  1   \      3n- 


l--i 
3  5**-^     3w-2 

^  ~^'*"6*  1    "     6» 

6 


7     12n  +  7^ 
-  4  "  4.6*' 

36  _   12n+7 
^  "  "16     16 .  6«-i  • 


3?i-2 
6» 


EXAMPLES.    V.b. 

1.  Sum  1  +  2a+3a*+4a5+ ...  to  n  terms. 

2.  Sum  l+^  +  jg+g^  +  2^+...  to  infinity. 

3.  Sum  l+ar+6a;»+Y^+9A'*+...  to  infinity. 

2  3      4 

4.  Sum  1+2 +  22"*"  23"*"***  *^^*®"^' 

3  5     7 

5.  Sum  !  +  -+-  +  -  +  , ..  to  infinity. 

2       4       o 

6.  Sum  l+3a7+6a.''+10a;3+...  to  infinity. 

7.  Prove  that  the  (n  + 1)***  term  of  a  G.  P.,  of  which  the  first  term 
is  a  and  the  third  term  6,  is  equal  to  the  (2w+l)***  term  of  a  G.  P.  of 
which  the  first  term  is  a  and  the  fifth  term  6. 

8.  The  sum  of  2n  terms  of  a  G.  P.  whose  first  term  ia  a  aud  com^ 
men  ratio  r  is  equal  to  the  sum  of  t^  of  a  G.  P.  whose  firsts  tem^  ia,  h  and 
common  ratio  A  Prove  that  b  ia  equal  to  thQ  ?\W  Pf  th©  ^rst^  two 
terms  of  the  first  series. 
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9.    Find  the  sum  of  the  infinite  series 

r  and  h  being  proper  fractions. 

10.  The  sum  of  three  nimibers  in  G.  P.  is  70 ;  if  the  two  extremes 
be  multiplied  each  by  4,  and  the  mean  by  5,  the  products  are  in  A.  P. ; 
find  the  numbers. 

11.  The  first  two  terms  of  an  infinite  G.  P.  are  together  equal  to  5, 
and  every  term  is  3  times  the  sum  of  all  the  terms  that  follow  it ;  find 
the  series. 

Sum  the  following  series  : 

12.  a?+a,  ^+2a,  a^+3a..,  to  7i  terms. 

13.  X  {x  +  t/)+a^  (.r^  +y2)  +^ (^^s+yS)^ ^^^  to  n  terms. 

14.  a+;r,  3a--,  5a  +  Y2  +  ...  to  2^  terms. 

,-232,3      2.3,       ^    '   n   .^ 

15.  3  +  32  +  33  +  34  +  36  +  3^+...  to  mfinity. 

,#•45       4       5       45  .     '   n   .J. 

16.  ^--+i^--^  +  --_g+...  tomfinity. 

17.  If  a,  6,  c,  d  be  in  G.  P.,  prove  that 

{b-cy+{c-aY+(d-by=(a-cr)\ 

18.  If  the  arithmetic  mean  between  a  and  b  is  twice  as  great  as  the 
geometric  mean,  shew  that  a  :  6=2+^3  :  2  -  ^3* 

19.  Find  the  sum  of  n  terms  of  the  series  the  r***  term  of  which  is 

(2r+l)2''. 

20.  Find  the  sum  of  2w  terms  of  a  series  of  which  every  even  term 
is  a  times  the  term  before  it,  and  every  odd  term  c  times  the  term 
before  it,  the  first  term  being  unity. 

21.  If  /S'„  denote  the  smn  of  n  terms  of  a  G.  P.  whose  first  term  is 
a,  and  common  ratio  r,  find  the  sum  of /S'j,  S^,  tS^y.^S^n-v 

22.  If  S^y  S2,  /S'3,.../S'p  are  the  sums  of  infinite  geometric  series, 
whose  first  terms  are  1,  2,  3,...jo,  and  whose  common  ratios  are 

111  1  ,.    , 

prove  that  Si  +  JS2+S^+..,+Sp=^{p+3), 

23.  If  ?•  <  1  and  positive,  and  m  is  a  positive  integer,  shew  that 

(2wi  +  l)r"»(l-9*)<l-^^"^^. 
Hence  shew  that  w;***  is  indefinitely  small  when  n  is  indefinitely  great. 


CHAPTER  VI. 

HABMONICAL  PROGRESSION.      THEOREMS  CONNECTED  WITH 

THE   PROGRESSIONS. 

61.  Definition.  Three  quantities  a,  h,  c  are  said  to  be  in 
Hamonical  Progression  when  ?  =  ^^ 

Any  number  of  quantities  are  said  to  be  in  Harmonical 
Progression  when  every  three  consecutive  terms  are  in  Har- 
monical Progression. 

62.  The  reciprocals  qfqicantities  in  Ha/rmonical  Progression 
are  in  Arithmetical  Progression, 

By  definition,  if  a,  6,  c  are  in  Harmonical  Progression, 

a  _  a  —  h 

.\  a(b  —  c)  =  c  (a  —  h), 
dividing  every  term  by  a6c, 

c      h      h     a^ 
which  proves  the  proposition. 

63.  Harmonical  properties  are  chiefly  interesting  because 
of  their  importance  in  Geometry  and  in  the  Theory  of  Sound : 
in  Algebra  the  proposition  just  proved  is  the  only  one  of  any 
importance.  There  is  no  general  formula  for  the  sum  of  any 
number  of  quantities  in  Harmonical  Progression.  Questions  in 
H.  P.  are  generally  solved  by  inverting  the  terms,  and  making  use 
of  the  properties  of  the  corresponding  A.  P. 
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64.    To  find  the  harmonic  Tnean  between  ttoo  given  quantUies, 
Let  o^   &   be  the  two  quantities,  H  their  harmonic   mean ; 

then  - ,    Tr  >    r  ^^^  ^^  A.  P. ; 
a     H     0 

1111 


•    • 


1-1      1 

a  +  6 
Example,    Insert  40  harmonio  means  between  7  and  ^ . 

Here  6  is  the  42"'  term  of  an  A.  P.  whose  first  term  is  = ;  let  d  be  the 

common  difference ;  then 

6==  +  41d ;  whence  d  =  - . 
7  7 

Thns  the  arithmetic  means  are  -,   =, ~;  and  therefore  the  har- 

7 
monio  means  are  S),  2|,...jy  • 

65.     If  Ay  G^  U  he  the  arithmetic,  geometric,  and  harmonic 
means  between  a  and  6,  we  have  proved 

^=^' (1). 

G=Ja> (2). 

5-=M (3). 

a+b 

Therefore  AH^'^.^^^ab^G* ; 

2      a+b 

that  is,  G  is  the  geometric  mean  between  A  and  H. 
From  these  results  vre  see  that 

A-G 2 Jab= 2^^ 


n 
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which  is  positive  if  a  and  h  are  positive;  therefpre  the  arithmetic 
mean  of  any  two  'positive  quantities  is  greater  than  their  geometric 
m,ean. 

Also  from  the  equation  G^  —  AH^  we  see  that  G  is  inter- 
mediate in  value  between  A  and  H\  and  it  has  been  proved  that 
A'>G^  therefore  G>  H  \  that  is,  the  arithmetic,  geometric,  and 
ha/rmonic  means  between  any  two  positive  qiumtities  are  in  descending 
order  o/ magnitude, 

66.  Miscellaneous  questions  in  the  Progressions  afford  scope 
for  skill  and  ingenuity,  the  solution  being  often  neatly  effected 
by  some  special  artifice.  The  student  will  find  the  following 
hints  useful. 

1.  If  the  same  quantity  be  added  to,  or  subtracted  from,  all 
the  terms  of  an  A.P.,  the  resulting  terms  will  form  an  A. P.  with 
the  same  common  difference  as  before.     [Art.  38.] 

2.  If  all  the  terms  of  an  A. P.  be  multiplied  or  divided  by 
the  same  quantity,  the  resulting  terms  will  form  an  A. P.,  but 
with  a  new  common  difference.     [Art.  38.] 

3.  If  all  the  terms  of  a  G.P.  be  multiplied  or  divided  by  the 
same  quantity,  the  resulting  terms  will  form  a  G.P.  with  the 
same  common  ratio  as  before.     [Art.  51.] 

4.  If  a,  h,  c,  d...  are  in  G.P,  they  are  also  in  continued  pro- 
portion,  since,  by  definition, 

a     b      c  __  1 

oca  r 

Conversely,  a  series  of  quantities  in  continued  proportion  may 
be  represented  by  x,  xr,  xr^, 

Example  1.     If  a^  &^  c^  are  in  A. P.,  shew  that  b+c,  c  +  a,  a  +  h  are 
in  H.  P. 

By  adding  ab  +  oc  +  6c  to  each  term,  we  see  that 

a^  +  ah -\- ac ■\-hc,   h^  +  ha  +  hc  +  a^,   c*''+ca+c6  +  a6  are  in  A.P.; 
that  is  (a  +  6)  (a  +  c),  (6  +  c)  (6  +  c),  (c  +  a)(c-\- h)  are  in  A.  P. 

.'.,  dividing  each  term  by  (a  +  6)  (6  +  c)  (c  +  a), 

,    ,    r  are  m  A.  P. : 

h  +  c     c  +  a     rt  +  o 

that  is,  6  +  c,  c  +  a,  a  +  6  are  in  H.  P 

H.  H.  A.  \ 
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Example  2.    If  {  the  last  term,  d  the  common  difference,  and  s  the  sum 
of  n  terms  of  an  A.  P.  be  connected  by  the  equation  Bd8={d  +  21)\  prove  that 

d=2a, 

Bince  the  given  relation  is  true  for  any  number  of  terms,  put  n=  1 ;  then 

a=l=8. 
Hence  by  substitution,  8ad ={d  +  2a)^, 

or  (d-2a)2=0; 

.*.  d=2a. 

Example  3.     If  the  p*^y  g***,  r***,  s^  terms  of  an  A.  P.  are  in  G.  P.,  shew  that 
p-q,  q-Tf  r-8  are  in  G.P. 

With  the  usual  notation  we  have 

-^^-tifJlM^^M^^     <t±(lZ^       [Art.  66.    (4)]; 
a  +  (q-l)d     a  +  (r-l)d     a  +  (8-l)d        ^  ^  '■'* 

.*.  each  of  these  ratios 

_  {a  +  {p-l)d]-{a  +  (q-l)d}  _  {a  +  (q-l)  d]  -  {a  +  {r-l)d) 
{a+(g-l)d}-{a  +  (r-l)d}""{a+(r-l)d}-ia  +  («-l)d} 

_p-.q^q^r 
q-r      r-s' 

Hence jp  -  g,  g  - r,  r -<  are  in  G.P. 

67.  The  numbers  1,  2,  3, are  often  referred  to  as  the 

ncUurcd  numbers ;  the  n^  term  of  the  series  is  n,  and  the  sum  of 

the  first  n  terms  i9-{n-\-l), 

68.  To  find  the  sum  of  tJie  squares  of  the  first  n  natv/ral 
numbers. 

Let  the  sum  be  denoted  by  S ;  then 

;S'=P  +  2»  +  3«+ +n\ 

We  have  n''-{n-Vf=  S/i"-  3?^+  1 ; 

and  by  changing  n  into  w—  1, 

(^- 1)8- (n -  2)«=  3(71- 1)» -  3(w- 1)  +  1  ; 
similarly      {n  -  2)'  -  (n  -  3)'  =  ^{n  -  2)»  -  3(7i  -  2)  +  1 ; 


3^-2'=3.3"-3.3+l; 
2'-P=3.2»-3.2+l; 
r-0'=3.P-3.1  +  l. 
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Hence,  by  addition, 

9i«-3(P  +  2'  +  3»+...+9**)-3(l  +  2  +  3  +  ...+w)+w 

69.     To  find,   the  sura  of  the  cubes   of  the  first   n  natural 
numbers. 

Let  the  sum  be  denoted  by  8 ;  then 


/S^=P+2«  +  3«+ +71-. 


3 


We  have  n*  -  (w  -  1)*  =  M  -  M  +  4ri  -  1  ; 

(7i-2)*-(7i-3)*  =  4{7i- 2)^-6  (7i-2)»  +  4(7i-2)-l; 


3*-2*  =  4. 3^-6. 3^  +  4.3-1; 
2*-r  =  4. 2^-6. 2«  +  4. 2-1; 
1*-0*  =  4.P-6.1»  +  4.1-1. 

Hence,  by  addition, 

w*  =  4aS'-  6  (P  +  2»  +  ...  +  w')  +  4  (1  +  2  +  ...  +  w) -7i; 
.-.  4/S'=7i*  +  7i  +  6(P  +  2^+...+w«)-4(l+2  +  ...+w) 

=  7i*  +  W  +  W  (tI  +  1)  (271  +  1)  -  271  (71  +  1) 
=  71  (tI  +  1)  (71*  -  71  +  1  +  271  +  1  -  2) 
=  7l(7l+l)(7*'  +  7l); 

Thus  the  8wm  of  the  cubes  of  the  first  n  natv/ral  numbers  is 
equal  to  the  square  of  the  sum,  of  these  numbers. 

The  formulae  of  this  and  the  two  preceding  articles  may  be 
applied  to  find  the  sum  of  the  squares,  and  the  sum  of  the  cubes 
of  the  terms  of  the  series 

a,  a  +  c?,  a  +  2c?, 

4—1 
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70.  In  referring  to  the  results  we  have  just  proved  it  will 
be  convenient  to  introduce  a  notation  which  the  student  will  fre- 
quently meet  with  in  Higher  Mathematics.  We  shall  denote  the 
series 

1  +  2  +  3+  ...  +?iby  2n; 
l«  +  2»+3'+...+w«by2/i'; 

where  S  placed  before  a  term  signifies  the  sum  of  all  terms  of 
which  that  term  is  the  general  type. 

Example  1.     Sum  the  series 

1  .  2  +  2  .  3  +  3  .  4+...ton  terms. 

The  n**"  tenn=n(n+l)=n^+n;  and  by  writing  down  each  term  in  a 
similar  form  we  shall  have  two  colmnns,  one  consisting  of  the  first  n  natural 
nmnbers,  and  the  other  of  their  squares. 

.*.  the  8um=Zn'  +  2n 

_n(n+l)(2n+l)     n(n+l) 
6  "*"       2 


n(n+l)   (2n+l       ) 
2         1    3      -^^f 

n(n  +  l)(»  +  2) 


3 

Example  2.    Sum  to  n  terms  the  series  whose  n^  term  is  2^~^  +  871^  -  6n\ 

Let  the  sum  be  denoted  by  8 ;  then 

5f=22»-i  +  8S7i8-62n« 

2*-l     87ig(n+l)«     6?t(n+l)(2?t+l) 
2-1  ***         4         "  6 

=  2*-l+n(n+l){27i(n+l)-(2n+l)} 

=  2»-l+n(n  +  l)(2?i«-l). 

EXAMPLES.    VI.  a. 

1.  Find  the  fourth  term  in  each  of  the  following  series : 

(1)  2,  2i,  3J,... 

(2)  2,  2i,  3,... 

(3)  2,  2i,  3J,... 

2.  Insert  two  harmonic  means  between  5  and  11. 

2  2 

3.  Insert  four  harmonic  means  between  -  and  -^  . 


EXAMPLES  ON  THE   PROGRESSIONS.  53 

4.  If  12  and  9f  are  the  geometric  and  harmonic  means,  respect- 
ively, between  two  numbers,  find  them. 

5.  If  the  harmonic  mean  between  two  quantities  is  to  their  geo- 
metric means  as  12  to  13,  prove  that  the  quantities  are  in  the  ratio 
of  4  to  9. 

6.  If  a,  h,  c  be  in  H.  P.,  shew  that 

a  :  a  —  h  —  a  +  c  :  a-c, 

7.     If  the  wi***  term  of  a  H.  P.  be  equal  to  n,  and  the  n^^  term  be 
equal  to  m,  prove  that  the  {m+ny^  term  is  equal  to 


mn 


8.  If  thejp***,  ^\  9*^  terms  of  a  H.  P.  be  a,  b,  c  respectively,  prove 
that  {q-r)bc  +  (r-'p)ca+(j)-'q)ah=0, 

9.  If  h  is  the  harmonic  mean  between  a  and  c,  prove  that 


b~a     b  —  c     a     c 
Find  the  sum  of  n  terms  of  the  series  whose  n^^  tenu  is 

10.    3^2 -«.  11.    n^+\n.  12.    w(n+2). 

13.    ?i2(2n+3). .  14.    3'*-2»  15.    3(4»»+2n2)-4wS. 

16.  If  the  (m+1)^  {n+\y\  and  (r  + 1)'*^  terms  of  an  A.  P.  are  in 
Q.  P.,  and  w,  ti,  r  are  in  H.  P.,  shew  that  the  ratio  of  the  common 

2 

difference  to  the  first  term  in  the  A.  P.  is  — . 

n 

17.  If  I,  m,  n  are  three  numbers  in  G.  P.,  prove  that  the  first  term 
of  an  A.  P.  whose  l^\  m^,  and  7i'*^  terms  are  in  H.  P.  is  to  the  common 
difference  as  m+1  to  1. 

18.  If  the  sum  of  n  terms  of  a  series  be  a+bn+cn%  find  the  7i**» 
term  and  the  nature  of  the  series. 

19.  Find  the  sum  of  n  terms  of  the  series  whose  n*"^  term  is 

20.  If  between  any  two  quantities  there  be  inserted  two  arithmetic 
means  Ai,  A^;  two  geometric  means  O^^  G^',  and  two  harmonic  means 
i^i,  J^a;  shew  that  Q^O^  :  HyH^=A^+A^  :  H^+H^. 

21.  If  «?  be  the  first  of  n  arithmetic  means  between  two  numbers, 
and  a  the  first  of  n  harmonic  means  between  the  same  two  numbers, 

prove  that  the  value  of  q  cannot  lie  between  p  and  ( =-  J  p. 

22.  Find  the  sum  of  the  cubes  of  the  terms  of  an  A.  P.,  and  shew 
that  it  is  exactly  divisible  by  the  sum  of  the  terms. 
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Piles  of  Shot  and  Shells. 


71.  To  find  ike  nvmber  of  shot  arranged  in  a  complete 
pyramid  on  a  square  base. 

Suppose  that  each  side  of  the  base  contains  n  shot ;  then  the 
number  of  shot  in  the  lowest  layer  is  n*;  in  the  next  it  is  (n— 1)'; 
in  the  next  (7i-2)';  and  so  on,  up  to  a  single  shot  at  the 
top. 

.-.  S^n'-\-{n-iy-h(n-2y+...  +  l 

^nin^lU2n^l)  ^^^^^^^ 

72.  To  find  the  number  of  shot  arranged  in  a  complete 
pyramid  the  base  of  which  is  an  equilateral  triangle. 

Suppose  that  each  side  of  the  base  contains  n  shot ;  then  the 
number  of  shot  in  the  lowest  layer  is 

n+(w-l)  +  (?z-2)+ +1; 

XI    X  .  n{n  +  \)       1 

tliat  IS,  —^ — ■  or  -  (w  +  n) . 

In  this  result  write  w  —  l,w--2, for  w,  and  we  thus  obtain 

the  number  of  shot  in  the  2nd,  3rd, layers. 

^n(n^lM.^2)  ^^^^^^ 

73.  To  find  the  number  of  shot  a/rranged  in  a  complete 
pyramid  the  base  of  which  is  a  recta/ngle. 

Let  m  and  n  be  the  number  of  shot  in  the  long  and  short  side 
respectively  of  the  base. 

The  top  layer  consists  of  a  single  row  of  w  — (w-l),  or 
7/1-71+1  shot ; 

in  the  next  layer  the  number  is  2  (7W  —  ti  +  2) ; 

in  the  next  layer  the  number  is  3  (r/i  —  w  +  3) ; 

and  so  on ; 

in  the  lowest  layer  the  number  is  n  (m  —  n  +  n). 
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.%  /S'=(w-w  +  l)  +  2(w-w  +  2)  +  3(m-w  +  3)+...  -\-n{m-n-^n) 
=  (w-  n)  (1  +  2  +  3  +  ...  +  7i)  +  (1»  +  2*  +  3»  +  ...  +  n") 
_  (m-7&)n(w-t-l)     w(n  +  l)  {2w  +  1) 
2  "*■  6 

w(w+  1)  .  , 

=  — ^-^ — ^  {3  (w  -  n)  +  2n  4- 1 } 

__  W  (W  +  1)  (3w  -71  +  1) 

"  6  • 

74.  To  ^wc?  ^Ae  number  of  shot  arranged  in  an  incomplete 
pyramid  the  base  of  which  is  a  rectangle. 

Let  a  and  b  denote  the  number  of  shot  in  the  two  sides  of  the 
top  layer,  n  the  number  of  layers. 

In  the  top  layer  the  number  of  shot  is  ab ; 

in  the  next  layer  the  number  is  (a  +  1)  (6  +  1) ; 

in  the  next  layer  the  number  is  {a  +  2)  (6  +  2)  ; 
and  so  on  j 

in  the  lowest  layer  the  number  is  (a  +  7i-l)(6  +  w— 1) 
or  a5  +  (a  +  6)  (w~  1)  +  {n-lf. 

.-.  AS'  =  a^  +  (a  +  6)2(7i-l)  +  S(n-l)' 

^  0 

=  I  {6a5  +  3  (a  +  6)  (n  -  1)  +  (n  -  1)  {2n  -  1)}. 

75.  In  numerical  examples  it  is  generally  easier  to  use  the 
following  method. 

Example.    Find  the  number  of  shot  in  an  incomplete  square  pile  of  16 
courses,  having  12  shot  in  each  side  of  the  top. 

If  we  place  on  the  given  pile  a  square  pile  having  11  shot  in  each  side  of 
the  base,  we  obtain  a  complete  square  pile  of  27  courses; 

27  X  28  X  65 
and  number  of  shot  in  the  complete  pile= ^ =  6930 ;    [Art.  71.] 

also  number  of  shot  in  the  added  pile  = ^ =  606 ; 

.%  number  of  shot  in  the  Incomplete  pile =6424. 
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EXAMPLES.    VI.  b. 

Find  the  number  of  shot  in 

1.  A  square  pile,  having  15  shot  in  each  side  of  the  base. 

2.  A  triangular  pile,  having  18  shot  in  each  side  of  the  base. 

3.  A  rectangular  pile,  the  length  and  the  breadth  of  the  base  con- 
taining 50  and  28  shot  respectively. 

4.  An  incomplete  triangular  pile,  a  side  of  the  base  having  25  shot, 
and  a  side  of  the  top  14. 

5.  An  incomplete  square  pile  of  27  courses,  having  40  shot  in  each 
side  of  the  base. 

6.  The  number  of  shot  in  a  complete  rectangular  pile  is  24395 ;  if 
there  are  34  shot  in  the  breadth  of  the  base,  how  many  are  there  in  its 
length  ? 

7.  The  number  of  shot  in  the  top  layer  of  a  square  pile  is  169, 
and  in  the  lowest  layer  is  1089 ;  how  many  shot  does  the  pile  contain  ? 

8.  Find  the  niunber  of  shot  in  a  complete  rectangular  pile  of 
15  courses,  having  20  shot  in  the  longer  side  of  its  base. 

9.  Find  the  number  of  shot  in  an  incomplete  rectangular  pile, 
the  number  of  shot  in  the  sides  of  its  upper  course  being  11  and  18, 
and  the  number  in  the  shorter  side  of  its  lowest  course  being  30. 

10.  What  is  the  niunber  of  shot  required  to  complete  a  rectangular 
pile  having  15  and  6  shot  in  the  longer  and  shorter  side,  respectively,  of 
its  upper  course? 

11.  The  number  of  shot  in  a  triangular  pile  is  greater  by  150  than 
half  the  number  of  shot  in  a  square  pile,  the  number  of  layers  in  each 
being  the  same ;  find  the  number  of  shot  in  the  lowest  layer  of  the  tri- 
angular pile. 

12.  Find  the  number  of  shot  in  an  incomplete  square  pile  of  16 
courses  when  the  number  of  shot  in  the  upper  course  is  1005  less  than 
in  the  lowest  course. 

13.  Shew  that  the  number  of  shot  in  a  square  pile  is  one-fourth  the 
number  of  shot  in  a  triangular  pile  of  double  the  number  of  courses. 

14.  If  the  number  of  shot  in  a  triangular  pile  is  to  the  number  of 
shot  in  a  square  pile  of  double  the  number  of  courses  as  13  to  175 ;  find 
the  number  of  shot  in  each  pile. 

15.  The  value  of  a  triangular  pile  of  16  lb.  shot  is  ^51 ;  if  the 
value  of  iron  be  10«.  6d,  per  cwt.,  find  the  number  of  shot  in  the 
lowest  layer. 

16.  If  from  a  complete  square  pile  of  n  courses  a  triangular  pile  of 
the  same  number  of  courses  be  formed ;  shew  that  the  remaining  shot 
will  be  just  sufficient  to  form  another  triangular  pile,  and  find  the  ' 
number  of  shot  in  its  side. 
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SCALES  OF   NOTATION. 

76.  The  ordinary  numbers  Tsdth  which  we  are  acquainted  in 
Arithmetic  are  expressed  by  means  jof  multiples  of  powers  of  10 ; 
for  instance 

25  =  2  X  10  +  5; 

4705  =  4x  10^  +  7  X  10^  +  0x10  +  5. 

This  method  of  representing  numbers  is  called  the  common  or 
denary  scale  of  notation,  and  ten  is  said  to  be  the  radix  of  the 
scale.  The  symbols  employed  in  this  system  of  notation  are  the 
nine  digits  and  zero. 

In  like  manner  any  number  other  than  ten  may  be  taken  as 
the  radix  of  a  scale  of  notation ;  thus  if  7  is  the  radix,  a  number 
expressed  by  2453  represents  2x7* +  4x7' +  5x7  +  3;  and  in 
this  scale  no  digit  higher  than  6  can  occur. 

Again  in  a  scale  whose  radix  is  denoted  by  r  the  above 
number  2453  stands  for  2r*  +  4r*+  5r  +  3.  More  generally,  if  in 
the  scale  whose  radix  is  r  we  denote  the  digits,  beginning  with 
that  in  the  units'  place,  by  a^,  a,,  ag,...a^;  then  the  number  so 
formed  will  be  represented  by 

af  +  a„:.,r"~^  +  «„./""*  +  . . .  +  a^  +  a^r  +  a^, 

where  the  coefficients  a^,  a^_^^,,.a^  are  integers,  all  less  than  r,  of 
which  any  one  or  more  after  the  first  may  be  zero. 

Hence  in  this  scale  the  digits  are  r  in  number,  their  values 
ranging  from  0  to  r  —  1. 

77.  The  names  Binary,  Ternary,  Quaternary,  Quinary,  Senary, 
Septenary,  Octenary,  Nonary,  Denary,  Undenary,  and  Duodenary 
are  used  to  denote  the  scales  corresponding  to  the  values  two^ 
three^ . ..twelve  of  the  radix. 


58  HIGHER  ALGEBRA. 

In  the  undenary,  duodenary, . . .  scales  we  shall  require  symbols 
to  represent  the  digits  which  are  greater  than  nine.  It  is  unusual 
to  consider  any  scale  higher  than  that  with  radix  twelve ;  when 
necessary  we  shall  employ  the  symbols  t,  e^  T  a&  digits  to  denote 
*  ten ',  *  eleven '  and  *  twelve '. 

It  is  especially  worthy  of  notice  that  in  every  scale  10  is  the 
symbol  not  for  *  ten  ',  but  for  the  radix  itself. 

78.     The  ordinary  operations  of  Arithmetic  may  be  performed 

in  any  scale ;  but,  bearing  in  mind  that  the  successive  powers  of 

the  radix  are  no  longer  powers  of  ten,  in  determining  the  ca/rrying 

figwrea  we  must  not  divide  by  ten,  but  by  the  radix  of  the  scale 

in  question. 

Example  1.    In  the  scale  of  eight  subtract  371532  from  530225,  and 
multiply  the  difference  by  27. 

530225  136473 

371532  27 


136473  1226235 

275166 


4200115 


Explanati(ya,  After  the  first  figure  of  the  subtraction,  since  we  cannot 
take  3  from  2  we  add  8 ;  thus  we  have  to  take  3  from  ten,  which  leaves  7 ;  then 
6  from  ten,  which  leaves  4;  then  2  from  eight  which  leaves  6;  and  so  on. 

Again,  in  multiplying  by  7,  we  have 

3  X  7=twenty  one=2x8  +  5; 
we  therefore  put  down  5  and  carry  2. 

Next  7x7  +  2=fiftyone=6x8  +  3; 

put  down  3  and  cany  6 ;  and  so  on,  until  the  multiplication  is  completed. 

In  the  addition, 

3  +  6=nine=lx8  +  l; 

we  therefore  put  down  1  and  cany  1. 

Similarly  2  +  6  +  l  =  nine=lx8  +  l; 

and  6  +  l  +  l=eight=lx8+0; 

and  so  on. 

Example  2.    Divide  15et20  by  9  in  the  scale  of  twelve. 

9)15g<20 
l6e96...6. 

Explanation.    Since  15  =  lxr+5= seventeen =1x9  +  8, 
we  put  down  1  and  carry  8. 

Also  8  X  T  +  «  =  one  hundred  and  seven=«  x  9 +8  ; 
we  therefore  put  down  e  and  carry  8 ;  and  so  ou. 
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Example  3.    Find  the  square  root  of  442641  in  the  scale  of  seven. 

442641(546 
34 


134 
1416 


1026 
602 


12441 
12441 


EXAMPLES.    VHa. 

1.  Add  together  23241,  4032,  300421  in  the  scale  of  five. 

2.  Find  the  sum  of  the  nonary  numbers  303478, 150732,  264305. 

3.  Subtract  1732765  from  3673124  in  the  scale  of  eight. 

4.  From  3^^756  take  2e46t2  in  the  duodenary  scale. 

5.  Divide  the  difierence  between  1131315  and  235143  by  4  in  the 
scale  of  six. 

6.  Multiply  6431  by  35  in  the  scale  of  seven. 

7.  Find  the  product  of  the  nonary  numbers  4685,  3483. 

8.  Divide  102432  by  36  in  the  scale  of  seven. 

9.  In  the  ternary  scale  subtract  121012  from  11022201,  and  divide 
the  result  by  1201. 

10.  Find  the  square  root  of  300114  in  the  quinary  scale. 

11.  Find  the  square  of  tttt  in  the  scale  of  eleven. 

12.  Find  the  G.  C.  M.  of  2541  and  3102  in  the  scale  of  seven. 

13.  Divide  14332216  by  6541  in  the  septenary  scale. 

14.  Subtract  20404020  from  103050301  and  find  the  square  root  of 
the  result  in  the  octenary  scale. 

15.  Find  the  square  root  of  ce^OOl  in  the  scale  of  twelve. 

16.  The  following  numbers  are  in  the  scale  of  six,  find  by  the  ordi- 
nary rules,  without  transforming  to  the  denary  scale : 

(1)  the  G.  C.  M.  of  31141  and  3102 ; 

(2)  the  L.  C.  M.  of  23,  24,  30,  32,  40,  41,  43,  50. 

79.     To  eocpress  a  given  integral  numher  in  any  'proposed  scale. 

Let  N  be  the  given  number,  and  r  the  radix  of  the  proposed 
scale. 

Let  a^j,  «!,  ag,...a^  be  the  required  digits  by  which  iT  is  to  be 
expressed,  beginning  with  that  in  the  units'  place  j  then 

iV^  ay  +  a^_jr""^+  . . .  +  a^  +  a^r  +  a^. 
We  have  now  to  find  the  values  of  a^^,  a^,  a^y.,,a  . 
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Divide  iVby  r,  then  the  remainder  is  a^,  and  tlie  quotient  is 
ar'^'^  +  a    ,r""'+ ... +a-r  +  a.. 

If  this  quotient  is  divided  by  r,  the  remainder  is  a, ; 

if  the  next  quotient a^; 

and  so  on,  until  there  is  no  further  quotient. 

Thus  all  the  required  digits  a^,  a^,  a^,,,.a^  are  determined  by 
successive  divisions  by  the  radix  of  the  proposed  scale. 

Example  1.    Express  the  denary  number  5213  in  the  scale  of  seven. 

7)6213 

5 

..2 

.1 
..1 


7)744. 

7)106. 

7)16. 


Thus  6213  =  2  X  7*+ lx7«  +  lx  72  +  2x7  + 6; 

and  the  number  required  is  21126. 

Example  2.    Transform  21126  from  scale  seven  to  scale  eleven. 

6)21126 


6)1244. 

6)61. 

3. 


.0 
.t 


.*.  the  required  number  is  StOt, 

Explanation,    In  the  first  line  of  work 

21  =  2x7+l=fifteen=lx6  +  4; 
therefore  on  dividing  by  e  we  put  down  1  and  carry  4. 

Next  4  X  7  +  l=twenty  mne=2  x  6  +  7 ; 
therefore  we  put  down  2  and  carry  7 ;  and  so  on. 

Example  3.    Reduce  7216  from  scale  twelve  to  scale  ten  by  working  in 
scale  ten,  and  verify  the  result  by  working  in  the  scale  twelve. 

7216  t)7216 

12  «)874 1 

^ 0 

..4 
..2 


In  scale 
often 


86 
12 


1033 
12 


0J4 
«)10. 
1. 


In  scale 
'  of  twelve 


L 12401 
Thus  the  result  is  12401  in  each  case. 

Explanation.  7216  in  scale  twelve  means  7  x  12^+  2  x  123+ 1  x  12  +  5  j^ 
scale  ten.  The  calculation  is  most  readily  effected  by  writing  this  expression 
in  the  form  [ {(7  x  12  +  2) }  x  12  + 1]  x  12  +  6 ;  thus  we  multiply  7  by  12,  and 
add  2  to  the  product;  then  we  multiply  86  by  12  and  add  1  to  the  product; 
then  1033  by  12  and  add  6  to  the  product. 
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80.  Hitherto  we  have  only  discussed  whole  numbers;  but 
fractions  may  also  be  expressed  in  any  scale  of  notation ;  thus 

2        5 
•25  in  scale  ten  denotes  j^  +  Tria  > 

'25  in  scale  six  denotes  -x  +  j^: 

0      6 

2      5 
•25  in  scale  r  denotes  -  +  -i . 

r     r 

Fractions  thus  expressed  in  a  form  analogous  to  that  of 
ordinary  decimal  fractions  are  called  radix-firactions,  and  the  point 
is  called  the  radix-point.  The  general  type  of  such  fractions  in 
scale  r  is 

^+^'+^1+ ; 

where  5j,  5^,  h^...  are  integers,  all  less  than  ?•,  of  which  any  one 
or  more  may  be  zero. 

81.  To  express  a  given  radix  fraction  in  am/y  proposed  scale. 

Let  F  be  the  given  fraction,  and  r  the  radix  of  the  proposed 
scale. 

I^*  ^1)  ^8>  ^3>'"  ^  ^^  required  digits  beginning  from  the 
left;  then 

fJ^^\^\^ 

r      r      r 

We  have  now  to  find  the  values  of  6j ,  6^,  6^, 

Multiply  both  sides  of  the  equation  by  r ;  then 

ri^=A  +-»  +  ^+ ; 

^     r      r 

Hence  h^  is  equal  to  the  integral  part  of  rF\  and,  if  we  denote 
the  fractional  part  by  jPj,  we  have 

r      r 


i^.=-?+-;+ 


Multiply  again  by  r ;  then,  as  before,  h  is  the  integral  part 
of  rF  \  and  similarly  by  successive  multiplications  by  r,  each  of 
the  digits  may  be  found,  and  the  fraction  expressed  in  the  pro- 
posed scale. 
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If  in  the  successive  multiplications  by  r  any  one  of  the 
products  is  an  integer  the  process  terminates  at  this  stage,  and 
tlie  given  fraction  can  be  expressed  by  a  finite  number  of  digits. 
But  if  none  of  the  products  is  an  integer  the  process  will  never 
terminate,  and  in  this  case  the  digits  recur,  forming  a  radix- 
fraction  analogous  to  a  recurring  decimal. 

13 
Example  1.    Express  f^  &8  a  radix  fraction  in  scale  six. 

13    «     13x3     .     7 
7    ^    7x3     _^1 

1    a    1x3    ,     1 
-x6=-^=l  +  ^; 

^x6=3. 

.    ^  *     X.         4      6       13 
.*.  the  required  fraction  =  g  +  g2  +  68  +  A4 

=  •4513.  • 

Example  2.    Transform  16064*24  from  scale  eight  to  scale  five. 

We  must  treat  the  integral  and  the  fractional  parts  separately, 

5)16064  -24 

5)2644... 0  5 


5)440... 4  1-44 

5)71. ..3  5 


5)13.. .2  2-64 

2...1  6 


4*04 
6 


0*24 


After  this  the  digits  in  the  fractional  part  recur;  hence  the  required 
number  is  212340-1240. 

82.  In  wny  scale  of  notation  of  which  the  radix  is  r,  the  sum 
of  the  digits  of  any  whole  number  divided  6y  r  -  1  tmll  leave  tlie 
same  rerruivnder  as  tJie  whole  number  divided  6y  r  —  1. 

Let  N  denote  the  number,  a^,  a,,  a,, a^  the  digits  begin- 
ning with  that  in  the  units'  place,  and  S  the  sum  of  the  digits; 
then 

N  =  a^'¥a^r-h  a^  + +  a,_,r""^  +  af ; 

S=aQ-\-a^  +»,+ +»„-!  +  a. 

.-.  A^-/S'=a,(r-l)  +  a,(r«-l)4- +aH-iV""' -  l)  +  a.(^'' -  1). 
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Now  every  term  on  the  right  hand  side  is  divisible  by  r  -  1  ; 

. ' .  r-  =  an  integer ; 

that  is,  =-=  /  + 


r-1  r-1' 

where  /  is  some  integer ;  which  proves  the  proposition 

Hence  a  number  in  scale  r  will  be  divisible  by  r  —  1  when  the 
sum  of  its  digits  is  divisible  by  r  - 1. 

83.  By  taking  r  =  10  we  learn  from  the  above  proposition 
that  a  number  divided  by  9  will  leave  the  same  remainder  as  the 
sum  of  its  digits  divided  by  9.  The  rule  known  as  "  casting  out 
the  nines "  for  testing  the  accuracy  of  multiplication  is  founded 
on  this  property. 

The  rule  may  be  thus  explained : 

Let  two  numbers  be  represented  by  9a  +  6  and  9c  +  d,  and 
their  product  by  F;  then 

P  =  81ac  +  96c  +  9ad  +  bd. 

Hence  -^  has  the  same  remainder  as  -^ ;   and  therefore  the 

8wm,  of  the  digits  of  P,  when  divided  by  9,  gives  the  same 
remainder  as  the  sum,  of  the  digits  of  hd^  when  divided  by  9.  If 
on  trial  this  should  not  be  the  case,  the  multiplication  must  have 
been  incorrectly  performed.  In  practice  h  and  d  are  readily 
found  from  the  sums  of  the  digits  of  the  two  numbers  to  be 
multiplied  together. 

Example,    Can  the  product  of  31256  and  8427  be  263395312  ? 

The  stuns  of  the  digits  of  the  multiplicand,  multiplier,  and  product  are  17, 
21,  and  34  respectively;  again,  the  sums  of  the  digits  of  these  three  numbers 
are  8,  3,  and  7,  whence  5(2=8x3=24,  which  has  6  for  the  sum  of  the 
digits;  thus  we  have  two  different  remainders,  6  and  7,  and  the  multiplication 
is  incorrect. 

84.  If  N  denote  amy  number  in  th-e  scale  of  r,  and  T>  denote 
the  difference^  sv/pposed  positive^  between  the  sums  of  the  digits  in  the 
odd  and  tfie  even  places ;  then  N  —  D  or  N  +  D  is  a  multiple  of 
r+l. 
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Let  a^,  a,,  «,, o,  denote  tlie  digits  l>egiiining  with  that 

in  the  units'  place;  then 

JV=a„  +  o,r  +  a/'  +  a,r'+ +  a^_^r'~'  +  aj-', 

.-.  jr^a,  +  a,-«,  +  a,-...=a,(r+l)+ffl,(r'-l)  +  a,(r'  +  l)  +  ...; 
and  the  last  terra  on  the  right  will  be  a^{r"  +  l)  or  o.  (r--l) 
according  as  n  is  odd  or  even.  Thus  every  term  on  the  right  is 
divisible  by  r  +  1 ;  hence 

if-(a,-a,  +  «,-a,+ ) 

^— ^ ' = *~ — i  t=  an  inrAcroi'. 


Now  a, -a|+«,-0Sj+ -±J>; 

N^D  . 
. :  ~  '^  *''"  integer ; 

which  proves  the  proposition. 

Cor.  If  the  sum  of  the  digits  in  the  even  places  is  equal  U> 
the  sum  of  the  digits  in  the  odd  places,  S-O,  and  N  is  divisible 
by  r  + 1. 

Kxample  1.    Prove  that  4'41  is  a  Bqtiare  Dumber  in  any  soole  of  aotittioii 
whose  radix  is  greater  than  4. 
Let  r  be  the  radix ;   then 

thus  the  given  number  ia  the  square  of  2-1. 

Exam^lt  2.  In  what  scale  is  the  denary  number  2'43T6  represented  by 
2-18? 

Let  r  be  the  acale ;   then 

S  +  ^  +  J=2-4876=3l; 

iAhuw  7T'-16r-48^0; 

thatifi,  (7r  +  13)(r-4)-0. 

k  Sometimes  it  is  best  to  use  tlie  following  method. 

I  what  Eoale  will  the  nonuj  nnnibGr  35607  be  expressed 

sanls  must  be  less  than  P,  dnoe  the  new  unmber  appears 
■  't  mixiit  be  greulcr  than  S;  therefore  the  required  scale 
And  l-n  trial  ve  (ind  that  it  is  7. 
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Example  4.  By  working  in  the  duodenary  scale,  find  the  height  of  a 
rectangular  solid  whose  volume  is  364  cub.  ft.  1048  cub.  in.,  and  the  area  of 
whose  base  is  46  sq.  ft.  8  sq.  in. 

The  volume  is  364|f  |4  ^^^*  ^^'t  which  expressed  in  the  scale  of  twelve  is 
264-734  cub.  ft. 

The  area  is  463-^1  Bq.  ft.,  which  expressed  in  the  scale  of  twelve  is  3^08. 

We  have  therefore  to  divide  264*734  by  St-OQ  in  the  scale  of  twelve. 

3t08)26473-4(7-e 
22t48 

36274 
36274 

Thus  the  height  is  7ft.  llin. 


EXAMPLES.    VILb. 

1.  Express  4964  in  the  scale  of  seven. 

2.  Express  624  in  the  scale  of  five. 

3.  Express  206  in  the  binary  scale. 

4.  Express  1458  in  the  scale  of  three. 

5.  Express  5381  in  powers  of  nine. 

6.  Transform  212231  from  scale  four  to  scale  five. 

7.  Express  the  duodenary  number  398e  in  powers  of  10. 

8.  Transform  6^12  from  scale  twelve  to  scale  eleven. 

9.  Transform  213014  from  the  senary  to  the  nonary  scale. 

10.  Transform  23861  from  scale  nine  to  scale  eight. 

11.  Transform  400803  from  the  nonary  to  the  quinary  scale. 

12.  Express  the  septenary  number  20665152  in  powers  of  12. 

13.  Transform  ttteee  from  scale  twelve  to  the  common  scale. 

14.  Express  77;  as  a  radix  fraction  in  the  septenary  scale. 

15.  Transform  17*15625  from  scale  ten  to  scale  twelve. 

16.  Transform  200*211  from  the  ternary  to  the  nonary  scale. 

17.  Transform  71 '03  from  the  duodenary  to  the  octenary  scale. 

1552 

18.  Express  the  septenary  fraction  ocah  ^  *  denary  vulgar  fraction 

in  its  lowest  terms. 

19.  Find  the  denary  value  of  the  septenary  numbers  '4  and  '42. 

20.  In  what  scale  is  the  denary  number  182  denoted  by  222  ? 

25 

21.  In  what  scale  is  the  denary  fraction    -^  denoted  by  *0302  ? 

H.  H.  A.  ^ 
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22.  Find  the  radix  of  the  scale  in  which  554  represents  the  square 
of  24. 

23.  In  what  scale  is  511197  denoted  by  1746335  ? 

24.  Find  the  radix  of  the  scale  in  which  the  numbera  denoted  by 
479,  698,  907  are  in  arithmetical  progression. 

25.  In  what  scale  are  the  radix-fractions  '16,  *20,  '28  in  geometric 
progression? 

26.  The  number  212542  is  in  the  scale  of  six ;  in  what  scale  will  it 
be  denoted  by  17486? 

27.  Shew  that  148*84  is  a  perfect  square  in  every  scale  in  which  the 
radix  is  greater  than  eight. 

28.  Shew  that  1234321  is  a  perfect  square  in  any  scale  whose  radix 
is  greater  than  4 ;  and  that  the  square  root  is  always  expressed  by  the 
same  four  digits. 

29.  Prove  that  1*331  is  a  perfect  cube  in  any  scale  whose  radix  is 
greater  than  three. 

30.  Find  which  of  the  weights  1,  2,  4,  8,  16,...  lbs.  must  be  used  to 
weigh  one  ton. 

31.  Find  which  of  the  weights  1,  3,  9,  27,  81,...  lbs.  must  be  used 
to  weigh  ten  thousand  lbs.,  not  more  than  one  of  each  kind  being  used 
but  in  either  scale  that  is  necessary. 

32.  Shew  that  1367631  is  a  perfect  cube  in  every  scale  in  which  the 
radix  is  greater  than  seven. 

33.  Prove  that  in  the  ordinary  scale  a  number  will  be  divisible  by 
8  if  the  number  formed  by  its  last  three  digits  is  divisible  by  eight. 

34.  Prove  that  the  square  of  rrrr  in  the  scale  of  s  is  rrr2<XX)l,  where 
5,  r,  «  are  any  three  consecutive  integers. 

35.  If  any  number  N  be  taken  in  the  scale  r,  and  a  new  number  N' 
be  formed  by  altering  the  order  of  its  digits  in  any  way,  shew  that  the 
difference  between  N  and  N'  is  divisible  oy  r  —  1. 

36.  If  a  number  has  an  even  nimiber  of  digits,  shew  that  it  is 
divisible  by  r+ 1  if  the  digits  equidistant  from  each  end  are  the  same. 

37.  If  in  the  ordinarv  scale  S^  be  the  sum  of  the  digits  of  a  number 
N^  and  3/So  be  the  sum  of  the  digits  of  the  number  3ir,  prove  that  the 
difference  between  /S'l  and  8^  is  a  multiple  of  3. 

38.  Shew  that  in  the  ordinary  scale  any  number  formed  by 
writing  down  three  digits  and  then  repeating  them  in  the  same  order 
is  a  multiple  of  7,  11,  and  13. 

39.  In  a  scale  whose  radix  is  odd,  shew  that  the  sum  of  the 
digits  of  any  number  will  be  odd  if  the  number  be  odd,  and  even  if 
the  number  be  even. 

40.  If  71  be  odd,  and  a  niunber  in  the  denary  scale  be  formed 
by  writing  down  n  digits  and  then  repeating  them  in  the  same  order, 
shew  that  it  will  be  divisible  by  the  number  formed  by  the  n  digits, 
and  also  by  9090... 9091  containing  n-\  digits. 


CHAPTER  VIII. 


SURDS  AND  IMAGINARY  QUANTITIES. 


85.     In  the  Elementary  Algebra^  Art.  272,  it  is  proved  that 

the  denominator  of  any  expression  of  the  form  -7-. r  can  be 

rationalised  by  multiplying  the  numerator  and  the  denominator 
by  Jh  -  Jc^  the  surd  conjv^ate  to  the  denominator. 

Similarly,  in  the  case  of  a  fraction  of  the  form  -7^ ; —  , 

,  .  ^       Jb+Jc+Jcr 

where  the  denominator  involves  three  quadratic  surds,  we  may  by 
two  operations  render  that  denominator  rational. 

For,   first  multiply   both   numerator    and    denominator    by 
Jb  +  Jc-Jd;    the  denominator  becomes   (Jb -^  Jc)' —  (Jcf)'  or 

b  +  c-d  +  2  Jbc,    Then  multiply  both  numerator  and  denominator 

by  (6  4-  c  -  cQ  —  2  Jbcy  the  denominator  becomes  {b  +  c-  df—  46c, 
which  is  a  rational  quantity. 


Example,    Simplify 


12 


3+^/5-2^2• 


Ine  expression  =  .— -^ — -r-^ — , ,  ,^-. 

12(3  +  ^5  +  2^^2) 
6  +  6^5 

_  2(3+^5+2^2X^5  -1) 
(^/5  +  l)(^/6-ir 

_2+2v^5  +  2^10->2^2 
2 


=i+N/6+vio~va 
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86.     To  Jind  the  factor  which  will  rationalise  any  give^i  hhio- 
viial  surd. 

Case  I.     Suppose  the  given  surd  is  J^a  —  ^h. 

Let  l/a  =  x,  4/6  =  y,  and  let  n  be  the  l.c.m.  of  p  and  q ;  then 
a;"  and  y"  are  both  rational. 

Now  as"  —  y"  is  divisible  hy  x-y  for  all  values  of  n,  and 

aj"-y"==(a5-y)  (ic""* +fB""*y  +  aj""y  + +3^""')- 

Thus  the  rationalising  factor  is 

aj"~^  +  aj""*y +aj""y  + +2/""*; 

and  the  rational  product  is  x'*  -  y". 

Cask  II.     Suppose  the  given  surd  is  ya  +  ^b. 
Let  as,  y,  n  have  the  same  meanings  as  before;  then 

(1)  If  71  is  even,  scT  —  y*  is  divisible  hy  x  +  y,  and 

aj"  -  y"  =  (aj  +  y)  (af~*  -  iB''"*^  + +  a^""*  -  y""')- 

Thus  the  rationalising  factor  is 

cc^"*  -  x*~'y  + +  xy*~^  —  y*~^ ; 

and  the  rational  product  is  x"  —  y". 

(2)  If  n  is  odd,  oj"  +  y"  is  divisible  by  a?  +  y,  and 

a:"  +  y=(aJ4-2^)(a5""*-a3""*y+ -  «2/"~*  +  .V""'). 

Thus  the  rationalising  factor  is 

a^~*  —  af'^y  + —  a;y"~*  +  y"~* ; 

and  the  rational  product  is  as"  +  y". 

Example  1.    Find  the  factor  which  will  rationalise  ^S+^5, 

1  1 

Let  a;=32,  y =5' ;  then  ar®  and  y*  are  both  rational,  and 

thus,  substituting  for  x  and  j/,  the  required  factor  is 

541  3223         14         5 

32-32.58  +  32.  53-32  .  55  +  32. 53-5^ 

B  13        2  14  5 

or  32-9.53  +  32.53-15  +  32.53-53; 

6         6 

and  the  rational  product  is     32  -  53 = 3*  -  62 = 2. 
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Example  2.    Express         (52  +  OV  ^  (52  -  98/ 

as  an  equivalent  fraction  with  a  rational  denominator. 

11  1 

To  rationalise  the  denominator,  which  is  equal  to  6* -3*,  put  53=a;, 

3* = y  ;  then  since      x^'-y^=(x-y)  (a^  +  a^-^  xy^  +  ?/"•) 

3         21         12         3 

the  required  factor  is  5^  +  5^ .  3*  +  5^ .  3*  +  3* ; 

4        4 

and  the  rational  denominator  is  5^  -  3*= 5^  -  3  =  22. 

/I      i\/8      21      12      s\ 
.*.  the  expression      =  ^^ '—^ ^ — — L 

4  31  22  134 

_  52  +  2.  52.34  +  2. 5«. 34  +  2. 5^34  +  34 

22 

3        1  113 

14  +  52.34  +  5.32+52.34 
11 

87.  We  have  shewn  in  the  Elementary  Algebra^  Art.  277, 
how  to  find  the  square  root  of  a  binomial  quadratic  surd.  We 
may  sometimes  extract  the  square  root  of  an  expression  contain- 
ing more  than  two  quadratic  surds,  such  as  a  +  ^6  +  ^c  +  Jd. 

Assume       Ja+  Jb  + ^c+  Jd  =  Jx  + Jy  +  Jz; 

.\  a  +  Jb  +  Jc-^Jd  =  x  +  j/  +  z  +  2  Jxy  +  2  Jxz  +  2  ^z. 

If  then       2  Jxy  =  Jb,  2  Jxz  =  Jc,  2  Jyz  =  Jd, 

and  if,  at  the  same  time,  the  values  of  05,  y,  z  thus  found  satisfy 
35  +  y  +  «  =  a,  we  shall  have  obtained  the  required  root. 

Example,    Find  the  square  root  of  21  -  4^5  +  8/^3  -  4;^15. 

Assume  ^21  -  4^^5  +  8^/3  -  4^15=^/a;+,^y  -  Jz ; 

.-.21 -4^5  +  8^/3 -4^/15=a;+y +2  +  2^^-2^^ -2,yy^; 

Put  2^^=8V3,  2jxz=i^l5,  2jyz=^o; 

by  multiplication,  xyz = 240 ;  that  is  Jxyz  =  4^15 ; 

whence  it  follows  that     V^=2(^3,  ^/y=2,  ,Jz=^5. 

And  since  these  values  satisfy  the  equation  a; +1^  +  2;  =  21,  the  required 
root  is  2^3  +  2-^6. 
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88.  If  Ja.  +  Jh  =  X  +  Jy,  then  vnll  ^a,-  Jh  =  x-  ^y. 
For,  by  cubing,  we  obtain 

Equating  rational  and  irrational  parts,  we  have 
a  =  a'  +  3a;y,  Jb=-3x' Jy  +  y  Jt/ ; 

that  is,  !^a-  Jh  =  x-  Jy, 

Similarly,  by  the  help  of  the  Binomial  Theorem,  Chap.  XIII., 
it  may  be  proved  that  if 

s/a  +  Jb  =  x  +  Jy,  then  '^a- Jb^x- Jy, 
where  n  is  any  positive  integer. 

89.  By  the  following  method  the  cube  root  of  an  expression 
of  the  form  a^  Jb  may  sometimes  be  found. 

Suppose  ^a  +  Jb==x  +  ^y; 

then  IJa-  Jb  =  X''  Jy. 

.-.  7^^^^6=a;*-2/ (1). 

Again,  as  in  the  last  article, 

a  =  aj»  +  3a^ (2). 

The  values  of  x  and  y  have  to  be  determined  from  (1)  and  (2). 

In  (1)  suppose  that  IJa*  —  b=c;  then  by  substituting  for  y  in 
(2)  we  obtain 

a=a^  +  3x(ix^  —c) ; 
that  is,  4a3*  —  Sex  =  a. 

If  from  this  equation  the  value  of  x  can  be  determined  by 
trial,  the  value  of  y  is  obtained  from  y  =  af  —  c. 

Note.  We  do  not  here  assume  ijx  +  ^jy  for  the  cube  root,  as  in  the 
extraction  of  the  square  root;  for  with  this  assumption,  on  cubing  we  should 
have 

a  +  ^b= xjx  +  ^Xfjy  +  Zy^x  +  y^Jy, 

and  since  every  term  on  the  right  hand  side  is  irrational  we  cannot  equate 
rational  and  irrational  parts. 
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Example,    Find  the  cube  root  of  72  -  32(^5. 
Assume  is/72-S2^5=x-^y; 

then  yT2  +  d%j5=x  +  Jy, 

By  multiplication,         4^6184 - 1024 x 6 = x^-y\ 
that  is,  4=a?^-y (1). 

Again                      72  -  32^5  =  a^  -  3a;Vy  +  3a:y  -  y^y ; 
whence  72=a?+3xy (2). 

From  (1)  and  (2) ,  72 = a?3  +  3a;  (x^  -  4) ; 

that  is,  a?-3a5=18. 

By  trial,  we  find  that  a;=3;  hence  y=o,  and  the  cube  root  is  S-^5, 

90.  When  the  binomial  whose  cube   root  we  are  seeking 
consists  of  two  quadratic  surds,  we  proceed  as  follows. 

Example,    Find  the  cube  root  of  9/^3  + 11/^2. 

=V3Ay3+^y^|. 
By  proceeding  as  in  the  last  article,  we  find  that 

.'.  the  required  cube  root        =V3  f  1  +  \/ o) 

=V3+V2. 

91.  We  add  a  few  harder  examples  in  surds. 

4 
Example  I,    Express  with  rational  denominator  -^       3.—-    . 

4 


The  expression 


2      1 
33-33  +  1 


(33- +  1) 


(33+l)(33-33  +  lj 
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Example  2.     Find  the  square  root  of 

The  expression  =  -  {3a;  -  3  +  2  J(2x  +  l)(x-4:)  ] 

=  l{(2a;  +  l)  +  (a:-4)  +  2V(2a;  +  l)(x-4)}; 
hence,  by  inspection,  the  square  root  is 

Example  3.    Given  ,^6 =2-23607,  find  the  value  of 

Multipl3dng  numerator  and  denominator  by  ^2, 

,,  .  Ve  -  2^5 

the  expression  =  — ^  ,      ^  — 

2+^14-6^5 

■"2  +  3-^/5 

=  —  =  ^  =  •44721 


EXAMPLES.    VnLa. 

Express  as  equivalent  fractions  with  rational  denominator : 
1.  .-i-..  2.  ^^ 


3. 


1+V2-V3'  "•    V2+V3-V5' 

1  .  2  \/a+ 1 


k 


VlO+x/5-V3  ^      (V3+x/5)(V5  +  V2) 

^-    V3+V10-V5*  ^  V2  +  V3+V5       • 

Find  a  factor  which  will  rationalise : 

1      1 
7.    i/^-^/2.  8.     4^5+4^2.  9.    a«+6l 

10.    ^3-1.  11.    2  +  4^7.  *  12.    4^5-^3. 
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Express  with  rational  denominator : 

4/3  +  1*  •^*-    ;j/9  +  4/8-  •^^-     4/3  +  ^/2- 

16.     -.Jf^..        '      17.    ^4±l^.  18.      ^^^ 


V3  +  ^9*  *••     V8-4^4-  *"•     3-4^9- 

Find  the  square  root  of 

19.     16-2^/20-2V28  +  2^/35.         20.     24+4^15-4^/21-2^/35. 

21.     6+V12-V24-V8.  22.     5- ^10- V15+n/6. 

23.  a+36+4+4^/a-4\/36-2\/3a6^ 

24.  21+3v/8-6v/3-6V7-n/24-V56  +  2V21. 

Find  the  cube  root  of 

25.  10+6v/3.  26.    38  +  17^/5.  27.    99-70^2. 

28.     38^/14-100^2.        29.     54^/3  +  4lV5.       30.     135^/3-87^/6. 

Find  the  square  root  of 

31.    a+a;+V2a^  +  ^.  32.    2a  -  VSa^  -  2a6  -  ^. 

1  1 

33.     l  +  a2+(l  +  a2+a*)2.  34.     l+(l-a2)2. 

35.     If  a=^j-^.,  6  =  ^-^.^,  findthe  value  of  7a2  +  lla6- 762. 

Find  the  value  of 

V26-15V3  „          /  6  +  2V3 

^^-    6V2-\/38+V3'  V  33-19^3- 

11  as 

39.    (28-10^3)2 -(7 +  4^/3) "2.  40.     (26  +  15  ^3)'- (26 +  15^/3)  ». 

41.  Given  ^/5  =  2*23607,  find  the  value  of 

10^/2  ^/10+^/18 

x/18 -  \/3+75     \/8  +  V3"^V5  * 

42.  Divide  a;3+ 14.3^  ^2  by  57-1  +  ^/2. 


43.    Find  the  cube  root  of  9a62  +  (62  +  24a2)  ,^h^  -  3a\ 


44.    Evaluate     '^^^    ^    ,  when  2.r = V«  +  4- , 
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Imaginary  Quantities. 


92.  Although  from  the  rule  of  signs  it  is  evident  that  a 
negative  quantity  cannot  have  a  real  square  root,  yet  imaginary 

quantities  represented  by  symbols  of  the  form  J—  a,  J—  1  are  of 
frequent  occurrence  in  mathematical  investigations,  and  their 
use  leads  to  valuable  results.  We  therefore  proceed  to  explain 
in  what  sense  such  roots  are  to  be  regarded. 

When  the  quantity  under  the  radical  sign  is  negative,  we  can  no 
longer  consider  the  symbol  J  as  indicating  a  possible  arithmetical 
operation  ]  but  just  as  Ja  may  be  defined  as  a  symbol  which  obeys 

the  relation  J  a  x  J  a  =  a,  so  we  shall  define  J^  a  to  be  such  that 
>/--^  X  J—  a='-a,  and  we  shall  accept  the  meaning  to  which  this 
assumption  leads  us. 

It  will  be  found  that  this  definition  will  enable  us  to  bring 
imaginary  quantities  under  the  dominion  of  ordinary  algebraical 
rules,  and  thai  through  their  use  results  may  be  obtained  which 
can  be  relied  on  with  as  much  certainty  as  others  which  depend 
solely  on  the  use  of  real  quantities. 

93.  By  definition,       J-  1  x  J- 1  =  -  1. 

that  is,  {Ja .  J-l)'  =  -  a. 

Thus  the  product  Ja  .  J-- 1  may  be  regarded  as  equivalent  to 
the  imaginary  quantity  J-  a, 

94.  It  will  generally  be  found  convenient  to  indicate  the 
imaginary  character  of  an  expression  by  the  presence  of  the 
symbol  J^;  thus 

7^1=^4  x(-l).:  27^1. 
J^U'  =  J7a'  X  (  -  1)  ^aJ7  J -I. 

95.  We  shall  always  consider  that,  in  the  absence  of  any 
statement  to  the  contrary,  of  the  signs  which  may  be  prefixed 
before  a  radical  the  positive  sign  is  to  be  taken.  But  in  the  use 
of  imaginary  quantities  there  is  one  point  of  importance  which 
deserves  notice. 
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Since  (-  a)  x{-b)  =  aby 

by  taking  the  square  root,  we  have 

J-  a  X  J-  6  =  ±  Jab, 

Thus  in  forming  the  product  of  J^  and  J-  b  it  would  appear 
that  either  of  the  signs  +  or  -  might  be  placed  before  Jab. 
This  is  not  the  case,  for 

J -ax  J-  b  =  Ja.  J-  Ixjb,  J-  1 

-J~ah{J^\r 
=  -Jah, 

96.  It  is  usual  to  apply  the  term  *  imaginary '  to  all  expres- 
sions which  are  not  wholly  real  Thus  a  +  bJ—\  may  be  taken 
as  the  general  type  of  all  imaginary  expressions.  Here  a  and  b 
a/re  real  qtM/ntities,  but  not  necessa/rily  rational, 

97.  In  dealing  with  imaginary  quantities  we  apply  the  laws 
of  combination  which  have  been  proved  in  the  case  of  other  surd 
quantities. 

Example  1.    a  +  h  J  -l^(c  +  d  J -i)  =  aJLc  +  {bJzd)  J -1. 
Example  2.     The  product  of  a  +  b  J -1  and  c  +  d ^/-l 

=  {a+bj^){c  +  d  J^) 

=  ac-bd+{bc  +  ad)  J -1. 

98.  If  a.  +  hJ-^=0,  thena.=^0,  andh  =  0. 
For,  if  a  +  bj^  =  0, 

then  hj-l^-a', 

.-.  a''  +  b^  =  0. 

Now  a^  and  6*  are  both  positive,  therefore  their  sum  cannot 
be  zero  unless  each  of  them  is  separately  zero;  that  is,  a  =  0, 
and  6  =  0. 

99.  I/a.  +  hJ^  =  c  +  d  J-  1,  tJien  a  =  c,  and  b  =  d. 
For,  by  transposition,  a  ~  c  +  (6  -  (i)  ^^--1  =  0 ; 

therefore,  by  the  last  article,  a  -  c  =  0,  and  b  —  d  =  0; 
that  is  a--c,  and  h  =  d. 
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Thus  in  order  that  two  imaginary  expressions  rnay  be  eqical  it 
is  necessanry  and  sufficient  that  the  real  parts  should  he  equal^  and 
the  imaginan*y  parts  shovM  be  equ^L 

100.  Definition.  When  two  imaginary  expressions  differ 
only  in  the  sign  of  the  imaginary  part  they  are  said  to  be 
conjugate. 

Thus  a  —  bj—  1  is  conjugate  to  a  -f  6  ^-  1. 
Similarly  J2  +  3  J- 1  is  conjugate  to  ^2  -  3  J-  1. 

101.  The  sum  and  the  product  of  two  conjugate  im<iginary 
expressions  are  both  real. 

For  a  +  bJ-1+a-b  J-  1  =  2a. 

Again  {a  +  b  J^\)  {a-b  J^)  =  a'-  (-  b') 

=  a'  +  b'. 

102.  Definition.  The  positive  value  of  the  square  root  of 
a'  +  b'  is  called  the  modulus  of  each  of  the  conjugate  expressions 

a  +  bJ—\  and  a^-bj—l, 

103.  The  modulus  of  the  prodrict  of  two  imaginary  expres- 
sions is  equal  to  the  product  of  their  moduli. 

Let  the  two  expressions  be  denoted  hj  a+bj—l  and  c-\-dJ—\. 

Then  their  product  =  ac-- W  + (acZ  +  ^c),^— 1,  which  is  an 
imaginary  expression  whose  modulus 

=  >/(«c  -  bdf  +  {ad  +  bcf 
=  ^aV  +  b'd*  +  a'd"  4-  6  V 
=  7(a"  +  h')  (c*  +  d^) 

which  proves  the  proposition. 

104.  If  the  denominator  of  a  fraction  is  of  the  form  a  +  bj—  1, 
it  may  be  rationalised  by  multiplying  the  numerator  and  the 

denominator  by  the  conjugate  expression  a  —  b  J—\. 
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For  instance 

a  +  bj^     {a-hbj^){a'-bj^l) 
_ac-hbd+(ad  —  bc)J—  1 

ac  +  bd     ad  —  be    i — r- 

Thus  by  reference  to  Art.  97,  we  see  that  the  sum,  difference, 
product,  and  quotient  of  two  ivfiaginary  expressions  is  in  each  case 
an  imaginary  eocpression  of  the  same  form, 

105.     To  find  the  squa/re  root  q/*  a  +  b  J-  1. 


Assume  Ja  +  b*J  —\=x  +  y'J -\y 

where  x  and  y  are  real  quantities. 

By  squaring,     a  +  6  J—  1  =  05*  -  y'  +  2xy  J—  1 ; 
therefore,  by  equating  real  and  imaginary  parts, 

a^-y'  =  «   (1). 

2a«/  =  6  (2); 

.-.  a?  +  f  =  ,J^F+¥ (3). 

From  (1)  and  (3),  we  obtain 

,     J  a'  +  6'  +  o      ,    JcF+W-a 
=^  =  ^ 2 '^=  — 2 ' 

U^+¥+  a]  i  U^^+b'  -  a\  ^ 

Thus  the  required  root  is  obtained. 

Since  x  and  y  are  real  quantities,  x^  +  y^  is  positive,  and  therefore  in  (3) 
the  positive  sign  must  be  prefixed  before  the  quantity  J  a*  +  hK 

Also  from  (2)  we  see  that  the  product  xy  must  have  the  same  sign  as  b ; 
hence  x  and  y  must  have  like  signs  if  5  is  positive,  and  unlike  signs  if  b  is 
negative. 
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Example  1.    Find  the  square  root  of  -1  -2^J -1, 


Assume  y/-7-24:tJ-l=x+y^J-l; 

then  -7-2'iJ^^  =  x^^y^  +  2xy^-l; 

.-.  x^-y^=''7 (1), 

and  2a52/=-24. 

...  {a^  +  yy={x^-y^)*+{2xy)^ 
=49  +  576 
=  626; 
.-.  a?2  +  y2=25    (2). 

From  (1)  and  (2),  x^=9  and  y^U ; 

.•.  a;=:^3,  y=±4. 

Smce  the  product  xy  is  negative,  we  must  take 

a;=3,  y=-4;   ora;=-3,  y  =  4. 

Thus  the  roots  are  3 - 4  J^  and  -3+4  ;^-l; 
that  is,  7-7-24^^1=  ±(3^4  jri). 

Example  2.    To  find  the  value  of  tj  -  64a*. 

v/^^64^=^/±8aV^ 

=  2aj2j^sJ~l, 

It  remains  to  find  the  value  of     ij  ^J  -1, 

Assume  »J+J^=x  +  y^lT; 

then  +s/-~i=x^-y^'{'2xyj^l; 

,\x^-y*=0  and2a:y  =  l; 

whence  ''=^' V^^i' '>'''= -^' y= -^' 

Similarly  7-V^T=*ig(l-V^) 

and  flnaUy  ,^-64a«=  ± 2a  (1  ± 7 ^). 
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106.  The  symbol  ^  -  1  is  often  represented  by  the  letter  i;  but 
until  the  student  has  had  a  little  practice  in  the  use  of  imaginary 

quantities  he  will  find  it  easier  to  retain  the  symbol  ^  —  1.     It  is 

useful  to  notice  the  successive  powers  of  ^—  1  or  i  ;  thus 

(nA^)'=n/~1,  i  =  i-> 

and  since  each  power  is  obtained  by  multiplying  the  one  before  it 
by  <y  —  i,  or  i,  we  see  that  the  results  must  now  recur. 

107.  We  shall  now  investigate  the  properties  of  certain  imagi- 
nary quantities  which  are  of  very  frequent  occurrence. 

Suppose        x=  ^l ;  then  a:'  =  1,  or  a;'  —  1  =  0 ; 

that  is,  (05  -  1)  (as*  +  35  +  1)  =  0. 

. •.  either       05— 1=0,  ora5*  +  o;4-l  =  0; 

whence  05  =  1,  or      x  = — . 

It  may  be  shewn  by  actual  involution  that  each  of  these 
values  whe.n  cubed  is  equal  to  unity.  Thus  unity  has  three  cube 
roots, 

-1+7^        -1-V~3. 
'  2  '  2 

two  of  which  are  imaginary  expressions. 

Let  us  denote  these  by  a  and  p  ;  then  since  they  are  the  roots 
of  the  equation 

05*  +  05  +  1  =  0, 

their  product  is  equal  to  unity ; 

that  is,  aj8  =  1  ; 

that  is,  P  =  a',     since  a'  =  1 . 

Similarly  we  may  shew  that  a  =  j8*. 

108.  Since  each  of  the  imaginary  roots  is  tlie  square  of  the 
oilier^  it  is  usual  to  denote  the  three  cube  roots  of  unity  by  1,  w,  w*. 
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Also  (I)  satisfies  the  equation  a?"  +  a5  +  1  =  0 ; 

.-.  1  +w  +  w'=0; 
that  is,  tlie  sum  of  the  three  cube  roots  of  unity  is  zero. 

Again,  w .  cu"  =  w*  =  1 ; 

therefore  (1)  the  product  of  the  two  imaginary  roots  is  unity  ; 
(2)  every  integral  potver  of  w^  is  unity, 

109.  It  is  useful  to  notice  that  the  successive  positive 
integral  powers  of  w  are  1,  w,  and  w*;  for,  if  n  be  a  multiple  of  3, 
it  must  be  of  the  form  3m ;  and  w"  =  (i)**"  =  1. 

If  n  be  not  a  multiple  of  3,  it  must  be  of  the  form  3m  +  1  or 
3m +  2. 

If  W  =  3m+1,  G)"  =  o)»*"+^=a>""'.a>  =  a>. 

If  W  =  3m  +  2,  a>"  =  0)*"+*  =  o)*'" .  CO*  =  a>«. 

110.  We  now  see  that  every  quantity  has  three  cube  roots, 
two  of  which  are  imaginary.  For  the  cube  roots  of  a*  are  those 
of  a'  X  1,  and  therefore  are  a,  aw,  aw*.  Similarly  the  cube  roots 
of  9  are  ^^ 9,  w  4/9,  w*  4/9,  where  ^'^  is  the  cube  root  found  by  the 
ordinary  arithmetical  rula  In  future,  unless  otherwise  stated, 
the  symbol  j^a  will  always  be  taken  to  denote  the  arithmetical 
cube  root  of  a. 

Example  1.    Reduce , to  the  form  A  +  bJ  -  1.    * 

2  +  ^-1 


The  expression 


4-9  +  12^-1 

2  +  V^ 
(-5  +  12^11)  (2-^1) 

(2+^/-l)(2-V-l) 

^  - 10  +  12  +  29  is/^ 
4+1 

2     29    /-^ 

which  is  of  the  required  form. 

Example  2.     Resolve  x'  +  y^  into  three  factors  of  the  first  degree. 

Since  a^  +  y^-(x-{-y){x*-xy  +  y^) 

,'.  a^-\-y^  =  (x+y)  (x  +  wy)  (x  +  oA/); 
for  w  +  a)2= -1,  and  w^  =  l. 


I  * 


SURDS  AND   IMAGINARY   QUANTITIES.  81 

Example  3.     Shew  that 

{a+tob  +  uPc)(a  +  (a*b  +  (oc)=a^  +  b^  +  c^-bc-ca-ab. 

In  the  product  of         a-^tob-^oPc  and  a  +  urb  +  wc, 
the  coefficients  of  &^  and  c'  are  cu^,  or  1 ; 

the  coefficient  of  &c  =u)^  +  (>i*=u>^  +  (a=  -1; 

« 

the  coefficients  of  ca  and  ab  =  u)^+(a=  -1; 

.*.  (a  +  uh  +  w^c)  {a  +  (a-b  +  (jjc)  =  a^  +  b'^  +  c^  -  be  -  ca  -  ab. 

Example  4.     Shew  that 

Since  1  +  w  +  w'=0,  we  have 

(l  +  «-w2)»-(l-w+w«)»=(-2w2)8-(-2w)» 
^  =-8(o«  +  8w» 

t 

>i.  =-8  +  8 

'  =0. 


I 


EXAMPLES.    Vm.b. 


1.     Multiply  2  V-3  +  3V-2  by  4V-3-5\/-2. 


2.  Multiply  3V-7-5V-2  by  3  V-7  +  5V-2. 

J  3.  Multiply  eV-i+e">/-i  by  e^^-^-e""'^~^ 

4.  Multiply  it? 1 by  .r ^ . 

Express  with  rational  denominator : 

i  K  1  «     3V^  +  2V^ 

*f  0. j=^  .  6.     j= 7=1  . 

h  3-V-2  3V-2-2V-5 


7     3  +  2  V-1      3-2\/-l  a+A'V-l      a-^V-l 

2-5  V-^      2  +  5V^'         *     a-^V^      a+Ji^V^ 


g     (a;+V-l)^     (^-V-1)'    IQ     (a+V-a)3-(a-V-l)3 
a7-V-l         A'+V-l   *      '    (a  +  V-l)2-(a-V-l)^' 

11,  Pind  the  value  of  ( -  V  - 1)***"*^  ^  when  ri  is  a  positive  integer. 

12.  Find  the  square  of  J9  +  40  V^+  v/9  -  40  V^. 

H.  H.  A.  G 
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Find  the  square  root  of 

13.     -5  +  12\/^.         14.     -ll-60\/^.         15.     -47  +  8  \/~3. 

16.     -8V^.  17.    a^-l  +  2a^~l. 


18.    4a6-2(a2_62)V-l. 
Kxpress  in  the  form  A  +iB 

3  —  1  a  —  i6         a  +  t6 

If  1,  o),  0)2  are  the  three  cube  roots  of  unity,  prove 

24.       (1+0)2)4  =  0).  25.       (l-0)  +  0)2)(l+0)-0)2)  =  4. 

26.  (l-o))(l-o)2)(l-o)*)(l-o)5)  =  9. 

27.  (2  +  5o)  +  2o)2)6  =  (2  +  2a)  +  5o)2)6  =  V29. 

28.  (l-o)  +  o)2)(l-o)2  +  a)*)(l-o)*  +  o)«)...  to2>ifactoi'S  =  22H. 

29.  Prove  that 

^  +y3  +  ;g3  _  3^y2;  =  (47 +y + 2)  (a?  +yo)  +  Zaa!^)  {x +yo)2 + 2:0)). 

30.  If  x=a+h,  y=a(o-{-hu>\  z=aci)^+ba>y 

shew  that 

(1)  xyz=a^+b^, 

(2)  a^+2/^+z^^6ab. 

(3)  ;r34-y3+«3=3(a3+63). 

31.  If    cuv+cy  +  bz^'Xy  cx+by:{-az=^yyba;+at/-{-cz=Z, 
shew  that  (a*  +  6^  +  c2  _  ftc -  ca -  a6;  (a^^+yS+g:^  -yz-zx-xy) 


CHAPTER  IX. 

THE  THEORY   OF  QUADRA.TIG    EQUATIONS. 

111.  After  suitable  reduction  every  quadratic  equation  may 
be  written  in  the  form 

aa;'  +  6a;  +  c  =  0  (1), 

and  the  solution  of  the  equation  is 

'^-  2a  ^^^• 

We  shall  now  prove  some  important  propositions  connected 
with  the  roots  and  coefficients  of  all  equations  of  which  (1)  is 
the  type. 

112.  A  quadratic  equation  cannot  have  more  than  two  roots. 

For,  if  possible,  let  the  equation  oaf  +  bx  +  c  =  0  have  three 
different  roots  Oy  )8,  y.  Then  since  each  of  these  values  must 
satisfy  the  equation,  we  have 

aa*  +  6a  +  c  =  0 (1), 

a)8«  +  6)8  +  c  =  0 (2), 

ay'  +  fty +  c  =  0 (3). 

From  (1)  and  (2),  by  subtraction, 

a{a'-p')  +  b(a^P)  =  0', 

divide  out  by  a  —  )8  which,  by  hypothesis,  is  not  zero ;  then 

a(a  +  )8)  +  6  =  0. 

Similarly  from  (2)  and  (3) 

a(/?+y)  +  6  =  0; 

.  •.  by  subtraction  a  (a  —  y)  =  0 ; 

which  is  impossible,  since,  by  hypothesis,  a  is  not  zero,  and  a  is 
not  equal  to  y.     ITence  there  cannot  be  three  different  roots. 

6— ^ 


I 
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113.     Ill  Art.  Ill  let  the  two  roots  in  (2)  l>e  denoted  by  a  and 
/3,  so  that 


a  =  - 


-b  +  Jb'-iac         ^     -b-  Jb'-Aac 
— -  ^  p ^ 


2a  '       ^  2a  ' 

then  we  liave  the  following  results  : 

(1)  If  b' -  4cac  (the  quantity  under  the  radical)  is  positive, 
a  .and  ^  are  real  and  unequal. 

(2)  If  6*  -  4:ac  is  zero,  a  and  JS  are  real  and  equal,  eacli 

reducing  in  this  case  to  —  ^ . 

Za 

(3)  If  6*  -  4ac  is  negative,  a  and  fi  are  imaginary  and  unequal. 

(4)  If  b'  —  iac  is  a  perfect  square,  a  and  fi  are  rational  and 
unequal. 

By   applying   these   tests   the   nature   of    the   roots   of   any 
quadratic  may  be  determined  without  solving  the  equation. 

"^     Example  1.    Shew  that  the  equation  2a:3-6a;+7=0  cannot  be  satisfied 
by  any  r^  values  of  x. 

Here  a=2,  b=  -6,  c  =  7;  so  that 

52-4ac  =  (-6)2-4.2.7=-20. 
Therefore  the  roots  are  imaginary. 

Example  2.    If  the  equation  ix^-^2{k  +  2)x  +  ^k=0  has  equal  roots,  find  A:. 
The  condition  for  equal  roots  gives 

(A;  +  2)«=9;t, 
fc2-5fc+4=0, 
(k-^)(k-l)  =  0; 
.-.  fc=4,  or  1. 

Example  3.     Shew  that  the  roots  of  the  equation 

x2  -  2px  +jj»  -  q^  +  2qr  -  7^=0 
are  rational. 

The  roots  will  be  rational  provided  {■-2p)*-4:{p^-q^-[-2qr-r^)  is  a 
perfect  square.  But  this  expression  reduces  to  4  (q^  -  2gr +r2),  or  4  (g  -  r)^. 
Hence  the  roots  are  rational. 


we 

114. 
have 

Since  a  =  - 
by  addition 

-b  + 

2a 

4ac 
4ac  - 

b- 

-b- 

-Jb^- 
2a 

-4:00 

J 

■Jb'^ 

'4:00 

2b 
2a 

h 

~    a 

2a 

(1); 
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and  by  multiplication  we  have 

_  (-6  +  Jb'  -  4ac)  (-b-Jb^'^^ai) 
a/5  -  ^, 

_  (,  by  -  (6'  -  4ac) 

4ac     c  .  . 

4a       a 

By  writing  the  equation  in  the  form 

a        a 
these  results  may  also  be  expressed  as  follows. 

In  a  quadratic  equation  wliere  tlie  coefficient  of  t/ie  first  term  is 
unity, 

(i)  the  sum  of  the  roots  is  equal  to  the  coefficient  of  x  with 
its  sign  changed  j 

(ii)  the  product  of  the  roots  is  equal  to  the  third  term. 

Note.    In  any  equation  the  term  which  does  not  contain  the  nnknown 
quantity  is  frequently  called  the  absolute  term, 

b  c 

115.     Since  =  a  +  R  and  -  =  aB, 

a  ^  a 

b        c 
the  equation  a?+  -  a;  +  -  =  0  may  be  written 

a        a 

a?-(a-\-p)x+aP  =  0 (1). 

Hence  any  quadratic  may  also  be  expressed  in  the  form 

aj*  —  (sum  of  roots)  x  +  product  of  roots  =  0 (2). 

Again,  from  (1)  we  have 

{x-a){x-P)^0 (3). 

We  may  now  easily  form  an  equation  with  given  roots. 

Example  1.     Form  the  equation  whose  roots  are  3  and  -  2. 

The  equation  is  (a;  -  3)  (a; + 2) = 0, 

or  a;2-a;- 6  =  0. 

When  the  roots  are  irrational  it  is  easier  to  use  the  following 
method. 
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Example  2.     Form  the  equation  whose  roots  are  2  +  ^il  and  2  -  ^'S. 

We  have  sum  of  roots = 4, 

product  of  roots = 1 ; 
.'.  the  equation  is  a;*  -  4x  + 1  =  0, 

by  using  formula  (2)  of  tlie  present  article. 

116.  By  a  method  analogous  to  that  used  in  Example  1  of 

the  last  article  we  can  form  an  equation  with  three  or  more  given 

roots. 

7 
Example  1.     Form  the  equation  whose  roots  are  2,  -  3,  and  ? . 

The  required  equation  must  be  satisfied  by  each  of  the  following  sup- 
positions : 

7 
a;-2=0,  x  +  S=0,  «-^=0; 

o 

therefore  the  equation  must  be 

{x-2)(x  +  S)^x-l'^=0; 

that  is,  (x  -2)  (aj  +  3)  (5a:-  7)=0, 

or  5x*  -  2x*  -  37x  +  42  =  0. 

Example  2.    Form  the  equation  whose  roots  are  0,  ±a,  r- . 

The  equation  has  to  be  satisfied  by 

a?=0,  x^a,  x=  —a,   x=j  ; 

X  {x+a)(x-a)  (*""t)=^*» 

that  is,  X  (a^-a^){bx-c)=iO, 

or  ?iar*  -  cas'  -  a^bx^  +  a^cx = 0. 

117.  The  results  of  Art.  114  are  most  important,  and  they 
are  generally  sufldcient  to  solve  problems  connected  with  the 
roots  of  quadratics.  In  such  questions  the  roots  should  never  be 
considered  singly^  but  use  should  be  made  of  the  relations  ob- 
tained by  writing  down  the  sum  of  the  roots,  and  their  product, 
in  terms  of  the  coefficients  of  the  equation. 

Example  1.     If  a  and  p  are  the  roots  oi  x^-px-\-q=0^  find  the  value  of 
(1)  a«+/32,  (2)  a8+i35. 

We  have  a  +  /3=j?, 

a§=q, 

.-.   a«  +  /32=(a  +  )3)2-2o/3 

=p^-2q. 


therefore  it  is 
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•    T 

Again,  a^  +  fi^={a  +  ^){a^  +  ^-ap) 

Example  2.    If  a,  /3  are  the  roots  of  the  equation  Iv^  +  i/tx  ^-f^=0,  find  the 

equation  whose  roots  are  — ,  -  . 

p    a 

We  have  sum  of  roots  =  -  +  -  = -f-  . 

pa         a/S  '  ' 

product  of  roots  =  ~ .  °  =  1 ; 

P   a 

.*.  by  Art.  115  the  required  equation  is 

or  apaP  -  (a^  +  p^)  x  +  ap=0.. 

\    As  in  the  last  example  a2+/3*=  — ^ —  ,  and  a^=  7  . 

.  •.  the  equation  is  jx^ 1^ —  05  +  j  =  0, 

or  nJx^  -  (m^  -  2nt)  x  +  nl  =  0. 

Example  3.     When  x=    ^    ^   ~     ,  find  the  value  of  2x»  +  2a;» -  7a;  +  72  ; 

q  _  K     /  _  1 

and  shew  that  it  will  be  unaltered  if ^^^ be  substituted  for  x. 

Form  the  quadratic  equation  whose  roots  are ^ ; 

the  sum  of  the  roots  =  3 ; 

17 
the  product  of  the  roots  =  —  ; 

hence  the  equation  is  2x^  -  6a:  + 17  =  0 ; 

.*.  2a;*-6ar  +  17  is  a  quadratic  expression  which  vanishes  for  either  of  the 

3±6V-1 
values  ^ • 

Now    2a;8  +  2a;«-7ir  +  72  =  x(2x2-6x+17)  +  4(2x«-6a;  +  17)  +  'l 

=xx0+4x0+4 
=4; 

which  is  the  numerical  value  of  the  expression  in  each  of  the  supposed  cases. 
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118.  To  find  the  condition  that  the  roots  of  the  equation 
ax*  +  bx  +  c  =  0  should  he  (1)  eqv^al  in  magnitude  and  opposite 
in  sign,  (2)  reciprocals. 

The  roots  will  be  equal  in  magnitude  and  opposite  in  sign  if 
their  sum  is  zero ;  hence  the  required  condition  is 

--  =  0,  or  b  =  0, 
a 

'     Again,  the  roots  will  be  reciprocals  when  their  product  is 
unity ;  hence  we  must  have 

-  =  1,  or  c  =  a. 
a 

The  first  of  these  results  is  of  frequent  occurrence  in  Analyti- 
cal Geometry,  and  the  second  is  a  particular  case  of  a  more 
general  condition  applicable  to  equations  of  any  degree. 

Example.    Find  the  condition  that  the  roots  of  aac^  +  bx+c=0  may  be  (1) 
both  positive,  (2)  opposite  in  sign,  but  the  greater  of  them  negative. 

We  have  a  +  B= — ,   a3=-, 

^         a       ^    a 

(1)  If  the  roots  are  both  positive,  ajS  is  positive,  and  therefore  c  and  a 
have  like  signs. 

Also,  since  a+p  is  positive,  —  is  negative;  therefore  b  and  a  have  unlike 
signs. 

Hence  the  required  condition  is  that  the  signs  of  a  and  c  should  be  like, 
and  opposite  to  the  sign  of  b, 

m 

(2)  If  the  roots  are  of  opposite  signs,  op  is  negative,  and  therefore  c  and 
a  have  unlike  signs. 

Also  since  a  +^3  has  the  sign  of  the  greater  root  it  is  negative,  and  there- 
fore -  is  positive;  therefore  b  and  a  have  like  signs. 

Hence  the  required  condition  is  that  the  signs  of  a  and  b  should  be  like, 
and  opposite  to  the  sign  of  c. 


EXAMPLES.    IX.  a. 

Form  ihe  equations  whose  roots  are 

0      7  n  m  p-^9.  P~2 

\4.     7 ±2^5.  5.^  ±2^3-5.  v6.     -^±2^2^. 
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7.  %-3±6i.  •8.     -a±ib,  %9.     ±t(a-b). 

10.  % -3,  |,   i.      \11.    |,  0,   -?.  ^12.     2±V3,  4. 

13,     Prove  that  the  roots  of  the  following  equations  are  real :  A 

v(2)    {a-b+c)a/^-\-4(a-b)x+(a-b-c)=^0. 

^14.     If  the  equation  a^  —  l6-m('2a!  —  S)—0  has  equal  roots,  find  the 
values  of  m, 

V 15.    For  what  values  of  m  will  the  equation 

a;2-2a?(l  +  3m)  +  7(3  +  2»i)  =  0 
have  equal  roots  ? 

16.  QFor  what  value  of  m  will  the  equation 

a^  —  bx     m  - 1 
ax-c      m+1 

have  roots  equal  in  magnitude  but  opposite  in  sign  ? 

17.  Prove  that  the  roots  of  the  following  equations  are  rational : 
^   (1)     {a-\-c-b)a^-\-2cx+{b+c-a)=0, 

\  (2)    ab<^a^-\-Za^cx+1^cx-Qa^-ab  +  ^b'^==0. 

I  f  a,  j3  are  the  roots  of  the  equation  cun^  -H  6a? + c = 0,  find  the  values  of 

18.  i,  +  ^.  19.     a^^^aXt^.  20.     (|-fy. 

Find  the  value  of 

21.  A'3+^-A-+22  when4?=l  +  2iV 

22.  ^-ar2-8a<-+16  when  .r=3-t-i. 

23.  .r3 - ax^-\-2a^x  +  4a3  when  -=  1  -  J~'6, 


a 


24.  If  a  and  p  are  the  roots  of  x^+px+q=^0^  form  the  equation 
whose  roots  are  (a  -  /3)*  and  (^+i8)^. 

25.  Prove  that  the  roots  of  {x  ",a){x-b)= h^  are  always  real. 

26.  If  .rj ,  47,  are  the  roots  of  own^ + 6a*  +  c= 0,  find  the  value  of 

(1)  (aA'i  +  6)-2+(a.r2+6)-2, 

(2)  (a.ri+6)-3+(cM7,+6)-3. 
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27.  Find  the.  condition  that  one  root  of  a.v^  +  b.v+c=0  shall  be 
n  times  the  other. 

28.  If  a,  /S  are  the  roots  of  ax^-k-bx+c^O,  form  the  equation  whose 
roots  are  a*+/3"^  and  a-^+jS"*. 

29.  Form  the  equation  whose  roots  are  the  squares  of  the  sum  and 
of  the  diflference  of  the  roots  of 

30.  DisciLss  the  signs  of  the  roots  of  the  equation 

pju^+qx  +  r^O, 

119.  The  following  example  illustrates  a  useful  application 
of  the  results  proved  in  Art.  113. 

a;*  +  2j;  —  11 
Example,    If  x  is  a  real  quantity,  prove  that  the  expression  — ^ ^r— 

can  have  all  nomerioal  values  except  such  as  lie  between  2  and  6. 

Let  the  given  expression  be  represented  by  y,  so  that 

a;«  +  2x~ll_ 
2(x-3)    "'^* 

then  multipljdng  up  and  transposing,  we  have 

ar»+ 2a;  (1  -  y)  +  6y  - 11 =0. 

This  is  a  quadratic  equation,  and  in  order  that  x  may  have  real  values 
4(l-y)2-4(6y  — 11)  must  be  positive;  or  dividing  by  4  and  simplifying, 
y2  _  8y  + 12  must  be  positive ;  that  is,  (y  -  6)  (y  -  2)  must  be  positive.  Hence 
the  factors  of  this  product  must  be  both  positive,  or  both  negative.  In  the 
former  case  y  is  greater  than  6;  in  the  latter  y  is  less  than  2.  Therefore 
y  cannot  lie  between  2  and  6,  but  may  have  any  other  value. 

In  this  example  it  will  be  noticed  that  the  quadratic  expressioyi 
y'-'Sy+12  is  positive  so  long  as  y  does  not  lie  between  the  roots 
of  the  corresponding  quadratic  equation  y^  —  8y  +  12  =  0. 

This  is  a  particular  case  of  the  general  proposition  investigated 
in  the  next  article. 

120.  For  all  real  values  of  x  the  expression  ax*  +  bx  +  c  has 
the  same  sign  as  a,  except  when  the  roots  of  the  equation  ax'+bx + c = 0 
are  real  and  uneqvdly  and  x  has  a  valus  lying  between  them. 

Case  I.     Suppose  that  the  roots  of  the  equation 

ax^  -\-bx  +  c  =  0 
are  real ;  denote  them  by  a  and  )8,  and  let  a  be  the  greater. 
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Then      aa?  +  6aj  +  c  =  a(a;^  +  -a;  + 

\        a        a, 

=  a(x'-a)  (x  —  P), 

Kow  if  X  is  greater  than  a,  the  factors  a;  — a,  x- ^  are  both 
positive ;  and  if  x  is  less  than  )8,  the  factors  x-a,  x—  p  are  both 
negative;  therefore  in  each  case  the  expression  {x  —  a){x--p)  is 
positive,  and  ax^  -\-hx  +  c  has  the  same  sign  as  a.  But  if  x  has  a 
value  lying  between  a  and  )8,  the  expression  {x  —  a){x  —  /3)  is 
negative,  and  the  sign  of  oaf  +  bx  +  cis  opposite  to  that  of  a. 

Case  II.     If  a  and  p  are  equal,  then 

aoc^  +  bx  +  c  =  a(x—  a)*, 

and  {x  -  a)'  is  positive  for  all  real  values  of  x ;  hence  aa^  +  bx  +  c 
has  the  same  sign  as  a. 

Case  III.  Suppose  that  the  equation  ax'  -[-  bx  +  c  =  0  lias 
imaginary  roots ;  then 

r  ,     6        c) 

a\x  -{--x  +  -}■ 
y        a        a) 


aa^  4-  ftflj  +  c  = 


But  6'  —  4ac  is  negative  since  the  roots  are  imaginary ;  hence 
—     ,     is  positive,  and  the  expression 


( 


6\'     kae-V 


is  positive  for  all  real  values  of  03 ;  therefore  ax^  +  6a;  +  c  has  the 
same  sign  as  a.     This  establishes  the  proposition. 

121.  From  the  preceding  article  it  follows  that  the  expression 
ofic* -\-bx-Vc  will  always  have  the  same  sign  whatever  real  value  x 
may  have,  provided  that  6'  —  4ac  is  negative  or  zero ;  and  if  this 
condition  is  satisfied  the  expression  is  positive  or  negative  accord- 
ing as  a  is  positive  or  negative. 

Conversely,  in  order  that  the  expression  aa?-\-bx  +  c  may  be 
always  positive,  6'  —  4ac  must  be  negative  or  zero,  and  o,  must  be 
positive  ;  and  in  order  that  wx?  +  6a;  +  c  may  be  always  negative 
6*  -  4ac  must  be  negative  or  zero,  and  a  must  be  negative. 
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Example,     Find  the  limits  between  which  a  must  lie  in  order  that 

ax*  -7x  +  5 
Sx^-lx  +  a 

may  be  capable  of  all  values,  x  being  any  real  quantity. 
Put  -—  =«: 

then  {a-'6y)a?-7x{l-y)-\-{5-ay)=0. 

In  order  that  the  values  of  x  found  from  this  quadratic  may  be  real,  the 
expression 

49  (1  -  y)2  -  4  (a  -  6y)  (6  -  ay)  must  be  positive, 

that  is,       (49  -  20a)  y* + 2  {2a*  + 1)  y  +  (49  -  20a)  must  be  positive ; 

hence  (2a'+ 1)«-  (49  -  20af  must  be  negative  or  zero,  and  49  -  20a  must  be 
positiva 

Now  (2a* + 1)'  -  (49  -  20a)*  is  negative  or  zero,  according  as 

2  (a*  -  10a + 26)  X  2  (a* + 10a  -  24)  is  negative  or  zero ; 
that  is,  according  as     4  (a  -  5)*  (a  + 12)  (a  -  2)  is  negative  or  zero. 

This  expression  is  negative  as  long  as  a  lies  between  2  and  - 12,  and  for 
such  values  49  -20a  is  positive;  the  expression  is  zero  when  a =5,  - 12,  or  2, 
but  49 -20a  is  negative  when  a =5.  Hence  the  limiting  values  are  2  and 
- 12,  and  a  may  have  any  intermediate  value. 


EXAMPLES.    IX.  b. 

1.  Determine  the  limits  between  which  n  must  lie  in  order  that 
the  equation 

2cuv(cuv+nc)  +  (n^-2)(^=0 

may  have  real  roots. 

.V  1 

2.  If  ^  be  real,  prove  that  -^ — '- must  lie  between  1  and  -  --- . 

^ ,t7  +  1  1 

3.  Shew  that  -s — '- =  lies  between  3  and  -  for  all  real  values  of  x. 

^+^+1  3 

4.  If  A'  be  real,  prove  that     „ — ^ =-  can  have  no  value  between 

'^  a;^-\-2x  —  7 

5  and  9. 

5.  Find  the  equation  whose  roots  are  — 


6.     If  a,  /3  are  roots  of  the  equation  a^-pa:+q=^Oj  find  the  value  of 
(2)     (a-p)-^  +  (^-p)-K 
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7.  If  the  roots  of  i^^  4-  ?i.r +71=0  be  in  the  ratio  of/?  :  q^  prove  that 

8.  If  X  be  real,  the  expression  ^ — -z-r^ r —  atlmits  of  all  values 

except  such  as  lie  between  2h  and  2wi. 

9.  If  the  roots  of  the  equation  aa;2^26^+c=0  be  a  and  /3,  and 
those  of  the  equation  Ax^-\'1Bx-\'G—^  be  a+d  and  3+ 5,  prove  that 

y^-ac_m-AC 

a^     ~~      A^      ' 

10.  Shew  that  the  expression  "^-7-5 TZa,  ^^^  ^  capable  of  all 

values  when  x  is  real,  provided  that/?  Las  any  value  between  1  and  7. 

11.  Find  the  greatest  value  of  a— 9 — s 3  ^^^r  ''6**'^  values  of  x, 

zjr + 3^  +  o 

12.  Shew  that  if  x  is  real,  the  expression 

{x^-bc)(2x-b-c)-'^ 
has  no  real  values  between  b  and  c. 

13.  If  the  roots  of  ax^+2bx-\-c=0  be  possible  and  different,  then 
tha  roots  of 

{a-\-c){ax^  +  2bx  +  c)=:2{ac-b^){x^+l) 
will  be  impossible,  and  vice  versd. 

(ouxi  ^  b'\  (dx  —  c ) 

14.  Shew  that  the  expression  jj 0 -^  will  be  capable  of  all 

\0X ^  CL)  \CX ■"" Cut 

values  when  x  is  real,  if  a^  -  b^  and  <^  —  <P  have  the  same  sign. 

*1 22.  We  shall  conclude  this  chapter  with  some  miscellaneous 
theorems  and  examples.  It  will  be  convenient  here  to  introduce 
a  phraseology  and  notation  which  the  student  will  frequently 
meet  with  in  his  mathematical  reading. 

Definition.  Any  expression  which  involves  a;,  and  whose 
value  is  dependent  on  that  of  a;,  is  called  a  function  of  z. 
Functions  of  x  are  usually  denoted  by  symbols  of  the  form  f{x), 
F(x),4>{x). 

Thus  the  equation  y  =/{x)  niay  be  considered  as  equivalent 
to  a  statement  that  any  change  made  in  the  value  of  x  will  pro- 
duce a  consequent  change  in  y,  and  vice  versd.  The  quantities  x 
and  y  are  called  vaxiables,  and  are  further  distinguished  as  the 
independent  variable  and  the  dependent  variable. 
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An  independent  variable  is  a  quantity  which  may  have  any 
value  we  choose  to  assign  to  it,  and  the  corresponding  dependent 
variable  has  its  value  determined  as  soon  as  the  value  of  the  inde- 
pendent variable  is  known. 


* 


123.     An  expression  of  the  fonn 


PoX""  +  p^x""' +  p^x'  '+  ,,.+p^_^x+p^ 


ere  n  is  a  positive  integer ^  and  the  coefficients  p^  p^^  p^y...p^  do 
b  involve  x,  is  called  a  rational  and  integral  algebraical  function 


wliere 

not 

of  X,     In  the  present  chapter  we  shall  confine  our  attention  to 

functions  of  this  kind. 


*124.  A  function  is  said  to  be  linear  when  it  contains  no 
higher  power  of  the  variable  than  the  first ;  thus  ax  +  b\&  o,  linear 
function  of  x,  A  function  is  said  to  be  quadratic  when  it 
contains  no  higher  power  of  the  variable  than  the  second ;  thus 
jaai?  +  bx-{-c  is, a  quadratic  function  of  x.  Functions  of  thei/iirrf, 
JimTthy,,.  degrees  are  those  in  which  the  highest  power  of  the 
variable  is  respectively  the  third,  fourth,,,..  Thus  in  the  last 
article  the  expression  is  a  function  of  x  of  the  n*^  degree. 

*125.  The  symbol  y(sc,  y)  is  used  to  denote  a  function  of  two 
variables  x  and  y ;  thus  ax  +  by  +  c,  and  003'+  bony  +  cy'+dx  +  ey  +/ 
are  respectively  linear  and  quadratic  functions  of  x,  y. 

The  eqtiations  /(x)  =  0,  /(x,  y)  =  0  are  said  to  be  linear,  quad- 
ratic, . . .  according  as  the  functions  /(x),  /(x,  y)  ai*e  linear,  quad- 
ratic, .... 

*126.  We  have  proved  in  Art.  120  that  the  eocpression 
aa?  +  6a5  +  c  admits  of  being  put  in  the  form  a  (03  -  a)  (a;  -  )8), 
where  a  and  ^  are  the  roots  of  the  equation  as?  +  6a5  +  c  =  0. 

Thus  a  quadratic  expression  aa?'>rbx-\'C  is  capable  of  being 
resolved  into  two  I'ational  factors  of  the  first  degree,  whenever 
the  equation  ao?  +  6a;  -1-  c  =  0  has  rational  roots ;  that  is,  when 
6*  ~  4ac  is  a  perfect  square.  " 

*127.  To  find  the  condition  that  a  quadratic  function  of^^y 
may  be  resolved  into  two  linear  factors. 

Denote  the  function  by /(a;,  y)  where 

/(«)  y)  =  «ic*  +2hocy  +  b^+  2gx+  2fy  +  c. 
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Write  this  in  descending  powers  of  x,  and  equate  it  to  zero ; 
thus 

ax*  +  2x  {hy  ■¥g)  +  by'  +  %fy  4-  c  =  0. 

Solving  tliis  quadratic  in  x  we  have 

X-  -  , 

or  ax+hy  +  g  =  ^Jy^ [h* -ab)+2y  {Jig  —  af)-¥  (g^-ac). 

Now  in  order  that  /{x,  y)  may  be  the  product  of  two  linear 
factors  of  the  form  px  +  qy  +  r,  the  quantity  under  the  radical 
must  be  a  perfect  square  ;  hence 

(hg  ^a/y  =-.{h'  -ab){g'  -ac). 

Transposing  and  dividing  by  a,  we  obtain 
ahc  +  2/gh-a/' -  bg' -  ch'  =  0 ; 
which  is  the  condition  required. 

This  proposition  is  of  great  importance  in  Analytical  Geometry. 

*128.     To  find  the  condition  that  the  equations 

oaf  +bx-\-c  =  Oy  a'x'  +  6'a;  +  c'  =  0 

may  have  a  common  root. 

Suppose  these  equations  are  both  satisfied  by  aj  =  a ;  then 

aa'  +  6a  +  c  =  0, 

a'a'+b'a+</  =  0; 

.•.by  cross  multiplication 

g'  g        _        1 

be'  —  6'c     ca'  —  c'a     ab'  —  a!b ' 

To  eliminate  a,  square  the  second  of  these  equal  ratios  and 
equate  it  to  the  product  of  the  other  two ;  thus 


1 


g  g 


{ca'  -  c'a)'  ~  (be  -  b'c)  '  (ab'  -  a'b) ' 

. •.  {ca' -  cay  =  {be' -  b'c)  {ah'  -  a'b), 

which  is  the  condition  required. 

It  is  easy  to  prove  that  this  is  the  condition  that  the  two 
quadratic  functions  asd'  +  bxy  +  c?/*  and  aV  +  b'xy  +  c'y*  may  have 
a  common  linear  factor. 


96  HIGHER  ALGEBRA. 

''EXAMPLES.    IX.  c. 

1.  For  what  values  of  vi  will  the  expression 

y  2 + 2j;y + ar + jyiy  -  3 
be  capable  of  resolution  into  two  rational  factors  ? 

2.  Find  the  values  of  m  which  will  make  2^-^  +  nix-y  +  Ztf^  -  5y  -  2 
equivalent  to  the  product  of  two  linear  factors. 

3.  •  Shew  that  the  expression 

always  admits  of  two  real  linear  factors. 

4.  If  the  equations 

have  a  common  root,  shew  that  it  must  be  either 

PSh:^  or  ^. . 

5.  Find  the  condition  that  the  expressions 

la^+mxy+ny^^     Va^+m'xy+n'y^ 
may  have  a  common  linear  factor. 

6.  If  the  expression 

3a;2+2P;«y  +  2y2+2aa;-4y+I 

can  be  resolved  into  linear  factors,  prove  that  P  must  be  one  of  the 
roots  of  the  equation  F^ + 4aP + 2a2 + 6 = 0. 

7.  Find  the  condition  that  the  expressions 

may  be  respectively  divisible  by  factors  of  the  form  y  —  unx^  my-\rx, 

8.  Shew  that  in  the  equation 

:p2-3^  +  2y2_2;i;-32^~35=0, 

for  every  real  value  of  x  there  is  a  real  value  of  y,  and  for  every  i*eal 
value  of  y  there  is  a  real  value  of  x, 

9.  If  X  and  y  are  two  real  quantities  connected  by  the  equation 

9a?2  +  %vy  +y2  -  92.r  -  20y + 244 = 0, 

then  will  x  lie  between  3  and  6,  and  y  between  1  and  10. 

10.     If  {a.v^-{-hx-\-c)j/+a'x^+h'x-\-c'=^0,  find  the  condition  that  x 
may  be  a  rational  function  of  y. 


CHAPTER  X. 


MISCELLANEOUS  EQUATIONS. 

129.  In  this  chapter  we  propose  to  consider  some  mis- 
cellaneous equations ;  it  will  be  seen  that  many  of  these  can  be 
solved  by  the  ordinary  rules  for  quadratic  equations,  but  others 
require  some  special  artifice  for  their  solution. 

L         I. 

Example  1.     Solve  8a:*»  -  8a;~«*=63. 

Multiply  by  x^^  and  transpose ;  thus 

1  1- 

8a:»»-63x2»-8=0; 

(a?*»-8)(8a?«~+l)=0; 

«  1 

a:2a=8,  or--; 


Sn 


^=(23)8,  or  (^-ij    ; 
.-.  a;=2«*,or2J^. 

Example  2.    Solve    2  .  /-  +  3  .  /-  =  -  +  -^  . 

^^/   a         ^^  X     a      o 

^"*  \/l=2/;then^|  =  i; 

„      3     6     6a 
.-.  2y  +  -  =  -  +  -T-; 

y     o,     o 

2ahy^  -  6a«y  -  6«y  +  3a6=0 ; 
(2ay-6)(6y-3a)=0; 
b         Sa 

y=2i'°^T^ 

^       9a8 
that  IS,  ^'^ia'^'^D^* 

H.  H.  A. 
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Example  3.     Solve     {x  -  6)  («  -  7)  (x  +  6)  (x  +  4)  =  504. 

We  have  (x'-a;-20)  (a:«-a;-42)  =  604; 

which,  being  arranged  as  a  quadratic  in  x*  -  x,  gives 

(«2  -  «)«  -  62  (iB»  -  a;)  +  336=0 
/.  («2-a;-6)(ar»-a;-66)=0 
/.  sc3-a;-6  =  0,  or  a5'-a;-66=0 
whence  a;  =  3,  -2,  8,  -7. 

130.     Any  equation  which  can  be  thrown  into  the  form 
aa^  +bx  +  c  +  p  Jaa?  -^hx-^-c^q 

may  be  solved  as  follows.     Putting  y  =  Jaa^  +  hx-k'C,  we  obtain 

y'  +  py-q^O, 
Let  a  and  p  be  the  roots  of  this  equation,  so  that 
J  ax*  +  6a3  4-  c  =  a,     Jaoc^  +  bx  +  c  =  p ; 

from  these  equations  we  shall  obtain  ybt^  values  of  x. 

When  no  sign  is  prefixed  to  a  radical  it  is  usually  understood 
that  it  is  to  be  taken  as  positive;  hence,  if  a  and  p  are  both 
positive,  all  the  four  values  of  x  satisfy  the  original  equation. 
If  however  a  or  )8  is  negative,  the  roots  found  from  the  resulting 
quadratic  will  satisfy  the  equation 

oaf  +  bx-h  c  —  p  Jaaf  +  bx  +  c==q, 

but  not  the  original  equation. 

Example,     Solve  x^-5x+2jx^~-5x+S=12. 
Add  3  to  each  side ;  then 

x^-5x  +  S  +  2jix?-5x+S  =  15. 

Putting  Ja^ -5x  +  S=y,  we  obtain  y^  +  2y-15  =  0;  whence  y  =  3  or  -  6. 

Thus  Jx^-5x  +  S=  +3,  or  Mjx^-5x  +  d=  -5. 

Squaring,  and  solving  the  resulting  quadratics,  we  obtain  from  the  first 

as  =6  or  -1;  and  from  the  second  x= — ^ .     The  first  pair  of  values 

satisfies  the  given  equation,  but  the  second  pair  satisfies  the  equation 

a^-5x-2jjx^''5x  +  d  =  12. 
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131.  Before  clearing  an  equation  of  radicals  it  is  advisable 
to  examine  whether  any  common  factor  can  be  removed  by 
division. 

Example.     Solve  ,Jx''  -  lax  +  lOa)^  -  ^x^  +  ax-  Qa^ =x-2a. 
"We  have 

J(X'-2a)(x-5a)  -  J(x-2a)  (x+Sa)=x - 2a. 

The  factor  Jx-2a  can  now  be  removed  from -every  term; 

.*.  tjx  -oa-  ^x+Sa=  ,Jx -  2a ; 
x-5a  +  x+Sa-2  J{x-ba)  (a;  +  3a)  =  a?-2a; 
x=2jx^  -2ax  -Iba^  \ 
3a?-8aa?-60a3=0; 
(a;-6a)(3ar  +  10a)  =  0; 

a;=:6a,  or  — —. 
o 

Also  by  equating  to  zero  the  factor  Jx  -  2a,  we  obtain  a;=2a. 

On  trial  it  will  be  fonnd  that  a;=6a  does  not  satisfy  the  equation :  thus 

the  roots  are  — 5-  and  2a. 

The  student  may  compare  a  similar  question  discussed  in  the  Elementary 
Algebra^  Art.  281. 

132.  The  following  artifice  is  sometimes  useful. 

Example,     Solve  a^Sx^  _  4a;  +  34  +  ^Sor^  -  4aj  - 11  =  9  (1). 

We  have  identically 

(3x3-4a;  +  34)-(3a;2-4a;-ll)=45 (2). 

Divide  each  member  of  (2)  by  the  corresponding  member  of  (1);  thus 

^3x2-4a;  +  3'4-^3«2-4a;-ll  =  6 (3). 

Now  (2)  is  an  identical  equation  true  for  all  values  of  a;,  whereas  (1)  is  an 
equation  which  is  true  only  for  certain  values  of  x ;  hence  also  equation  (3) 
is  only  true  for  these  values  of  x. 

From  (1)  and  (3)  by  addition 

^3x2-4a;  +  34=7; 


5 


whence  aj=3,  or  -5.  _      ^ 

o  7 — "z 
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133.  The  solution  of  an  equation  of  tlie  form 

©05*  ±  hx^  =fc  ca;*  ±  6a;  +  a  =  0, 

in  which  the  coefficients  of  tenns  equidistant  from  the  beginning 
and  end  are  equal,  can  be  made  to  depend  on  the  solution  of  a 
quadratic.  Equations  of  this  type  are  known  as  reciprocal^equar 
tionsy  and  are  so  named  because  they  are  not  aKered  when  x  is 

changed  into  its  reciprocal  - . 

X 

For  a  more  complete  discussion  of  reciprocal  equations  the 
student  is  referred  to  Arts.  668 — 670. 

Example.    Solve      12x4  _  sgaJi  +  89a?2  -  56a:  + 12 = 0. 

Dividing  by  a?  and  rearranging, 

Put  x  +  -=z;  Qienx'  +  -s=z'-2; 

.-.  12(;5«- 2) -66^2  +  89=0; 
whence  we  obtain  ;?= - ,  or  -^ . 

1     6        13 

13    2 
By  solving  these  eqiiations  we  find  that  ^=^>  n  *  q  >  q  * 

134.  The  following  equation  though  not  reciprocal  may  be 
solved  in  a  similar  manner. 

Example,     Solve        Gx*  -  26a:8  +  12a;«  +  26a; + 6 = 0. 
We  have  6  {f+-^^  -2^(x-  i^  +  12=0; 

whence  6(a;--j  -26fx--j  +  24=0; 

.-.  2/^a?-i^-3=0,or3/^a;-i'\-8«0; 

1  1 

whence  we  obtain  aj=2,  -  -  ,  3,  -  - . 

135.  When  one  root  of  a  quadratic  equation  is  obvious  by 
inspection,  the  other  root  may  often  be  readily  obtained  by 
making  use  of  the  properties  of  the  roots  of  quadratic  equations 
proved  in  Art.  114. 
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Example.     Solve      {1  -  a^)  {x  +  a)  -  2a  (1  -  a^)=0. 

This  is  a  qnadratic,  one  of  whose  roots  is  clearly  a. 
Also,  since  the  equation  may  be  written 

2aaj«  +  (1  -a^x-ail  +a')=0, 

the  product  of  the  roots  is ^—  ;  and  therefore  the  other  root  is  — x —  • 


EXAMPLES.    X.  a. 


Solve  the  following  equations  : 

1.    ^-2-2^-1=8.  2.     9+^-*=10:r-2. 

_1  3             1              _1 

3.    2V^  +  2^  2^6.  4.     6a;*=7a?*-2^  * 

8                        1  J_           1 

5,     ^  +  6  =  5j:r».  6.     Zx^-a^-2^0, 


_1  6 

9.  6V^=5a;2_i3.  10.     1+8^+ 9^^073=0. 

11.  32*+ 9 =10.  3*.  12.     5(6«+5-«)=26. 

13.  22=«+8+i=,32.2^  14.     22»+3_57=,e5(2«-l). 

15.  V2'+;^=2.  16.    -^-^p=5^. 

17.  (a?-7)(.r-3)(a;+5)(a7+l)  =  1680. 

18.  (07+9)  (07-3)  (0?  ^  7)  (o?+5)  =  385. 

19.  a;  (2a?+ 1)  (x  -  2)  (2^7  -  3)  =  63. 

20.  {2a;  -  7)  (.^^  -  9)  (2a7  +  5) =91. 

21.  .^•2+2^/^+ar=24-6o7. 

22.  3o72-4o7+V3o72-4r-6=18. 

23.  3^2-7  +  3 /s/3o?2-16o7  +  21  =  16o7. 

24.  8  +  9>7(3a7-l)(o7-2)=:3o:2-7a7. 

25.  ^+j2^rr^V^J^. 


H' 
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26. 7.-^^^^=(-^+v-y. 

27.  J^^^x^^  -  ^/a^2-3a:=  Va;2  -  9. 

28.  ^/2a^«-9a7  +  4+ 3  ^2?^  =  ^2.t?2+21a7-ll. 

29.  ^/2.r2+5^_7  +  ^3(^2.7^+6)  _  ^7^36^1=  0. 

30.  Jaf+^ax^^a^  -  Ja^+ax-^'^  =  ^2a2+3(w?-9a;2. 

31.  ^/2^T5^^-^/2F+5i^=l. 

32.  ^/3a;2-2^+9  +  ^3^-207-4  =  13. 

33.  ^/24^«- 707+1  -  72^-9a7  +  4= 1. 

34.  a/S^-^a'-SO- 72^-7^-5=  ^-5. 

35.  ai^+a^-^  +  x+\=0. 

36.  ;F*  +  |a72  +  l  =  3a73+3^.  37.    a7*+l-3(^+^)  =  2.z'«. 
38.     10  (07*+ 1)  -  6307  (a;2  ^  1)  +  52^72=0. 

.v+^Jl2a^  _^a+l  ^     a  +  2o7+  ^/a^  -  4g2     5o7    . 

.V-  Jl2a-x     y/a-l'  '    a+2x- Ja^-4x^'~  «  * 

41.  ^+>/g^l_.r-Vg^^3^^^_3^^3 

42.  V^T^+^  =  |.  43.    S±l=x+     /?. 

44.    2^:22«=8:1.  45.    a^{a^+l)==(c^  +  a'')a. 

8^^5^7307-7  ,        18(7o?- 3)     250^207+1 

•      307-7         .r-5    •  *'•        207+1     ~   377^^3   ' 

2  8  1 

48.  (a + 07)3 + 4  (a  -  07)3 = 5  (a^  -  072)3. 

49.  Vo?2+ao7-l  -  V^  +  6o7-l=Va  -  v  ^. 

50.  --±^  +  ^Z>^=98. 

.t7-V072-l        07+V.^2_l 

51.  A^-2o73+.r=380.  52.     27o73+21o7+8=0 
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136.     We  shall  now  discuss  some  simultaneous  equations  of 
two  unknown  quantities. 

Example  1.    Solve  x+2+y  +  S  +  tJ{x  +  2){y  +  B) = 39. 

(a;+2)2  +  (y  +  3)«  +  (a;  +  2)(y  +  3)=741. 

Put  a?  +  2=w,  andy  +  3=i7;  then 

u-\-v  +  Jtiv=S9 (1), 

u^+v^+uv^lil (2), 

hence,  from  (1)  and  (2),  we  obtain  by  division, 

tt+w-^/ww=19 (3). 

From  (1)  and  (3),  u+v=29; 

and  >/wv=10, 

or  uv  =  100 ; 

whence  u=25,  or  4;  v  =  4,  or  25 ; 

thus  a:=23,  or  2;  y=l,  or  22. 

Example2,    Solve  x*+y^=82 (1), 

x-y=2 (2). 

Put  jf=t*+v,  and  i/=t*-v; 

then  from  (2)  we  obtain  v  =  1. 

Substituting  in  (1),  (m+1)*  +  (w-  1)*=82; 

.-.  2(tt*+6w2+l)=82; 
t**+6u3-40=0; 
whence  i«2=4,  or— 10; 

and  u=  ±2,  or  ±  J^^O. 

Thus  a?=3,  -1,1±J~T0; 

y  =  l,  -3,  -1±>/-10. 

ExampUd.    Solve  g±|-^y=2TV (1), 

7a;+6i/  =  29 (2). 

From  (1),  15  (2s^ +Sxy+y^-  3a:« +4xy-  y^)  =  38  (3a;« +2xy-  y«) ; 

.-.  129a:«-29a5y- 381/2  =  0; 
.-.  (3a;-2y)(43a;+19y)=0. 

Hence  Sx=2y  (3), 

or  43a;=  -19y (4). 
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From  (3),  ^^K^Tx  +  Sy 

^  ^'  2     3  29 

=  1,  by  equation  (2). 

.•.  a;=2,  i/  =  3. 


Again,  from  (4), 


x  _    y    __  7x  +  5y 
19  ""-43"    -82 


29 


661  1247 

•■•  ^''~"&2'^-  82    ' 

TT  o         a  S51  1247 

Hence  x=2,  y=3;  or  a;=  -  —  ,  y =-q2-  • 

£a;owipl«4.    Solve  4a:»  +  3a:^+y5=8, 

Put  y=fnxt  and  snbstitnte  in  both  equations.    Thns 

ic«(4  +  3OT+m8)  =  8  (1). 

a:8(2-2wi+m2)  =  l  (2). 

4+3m+m'__ 
•'•2-2to+to3"    * 

m»-8m»+19m  -12=0; 

that  is,  (m-l)(OT-3)(m-4)=0; 

.*.  wi=l,  or  3,  or  4. 

(i)    Take  m=l,  and  Bubstitate  in  either  (1)  or  (2). 

From  (2),  «'=1;  .*.  x=X; 

and  y=imx=sx=l, 

(ii)    Take  m=3,  and  sabstitnte  in  (2) ; 

3  /I 
thus  6x8=1;  .•.  x=  w^  =  ; 

3  /I 
and  y=mx=dx=zS  J./  -. 

(iii)    Take  m= 4;  we  obtain 

10x3=1;  .-.  x=^l; 

and  y=mx=4x=i^^. 
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Hence  the  complete  solution  is 

"^^-^^  Vs*  \/io' 

Note.    The  above  method  of  solution  may  always  be  used  when  the 
equations  are  of  the  same  degree  and  homogeneoits. 

Example  5.    Solve     Slx^^-7y*-112xy  +  G4:=^0 (1), 

a^-7a:y  +  4y2+8=0 (2). 

From  (2)  we  have  -8=a^'-7xy-k-4:y^ ;  and,  substituting  in  (1), 
31ar^2  _  72^4  + 1^  (3.2  ^'jxy  +  V)  +  {x^  -7xy  +  4i/'^)2 = 0 ; 
.•.  31x V  -7y^+  (a?^  -  7icy  f  4y2)  [Uxy  +  «»  _  7^.^  +  42^2)  _  0 ; 
.-.  31xV-72^*  +  (a2  +  4y2)2_(7a.y)2=0; 

that  is,  a:4_iOxV  +  V=0 (3). 

.-.  (ic«-y2)(ar3-9y2)=0; 
hence  a;=  ±y,  or  ar=  ±3y. 

Taking  these  cases  in  succession  and  substituting  in  (2),  we  obtain 

a?=3/=±2; 

ar=±3,  y=±l; 


^="=^\/-5'2^=^\A-J- 


Note.  It  should  be  observed  that  equation  (3)  is  homogeneous.  The 
method  here  employed  by  which  one  equation  is  made  homogeneous  by  a 
suitable  combination  with  the  other  is  a  valuable  artifice.  It  is  especially 
useful  in  Analytical  Geometry. 

Example  6.    Solve  (a;+y)^+2(a:-y)l=3(a;«-i/2)^ (1). 

Bx'2y=13 (2). 

Divide  each  term  of  (1)  by  (a:*  -  y')*  or  (a;,+y)    («  -  y)  1 

1  1 


\x-y/         \x+y/ 
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1 
This  equation  is  a  quadratic  in  ( ^  J    ,  from  which  we  easily  find, 

("111)  =2orl;    whence  ^±^=8 
Xx-yJ  x-y 

,\  7a;=9y,  ory=sO. 

Combining  these  equations  with  (2),  we  obtain 

13 

fl;=9,  y=7;  ora;=y,y=0. 


or  1  ; 


EXAMPLES.     X.  b. 

Solve  the  following  equations : 

1.    ar-2y=7,              2.  5a;-y  =  3,              S.           4^-3y  =  l, 

^=20.  y2_6-p2=26.                   ia«y  +  13/=25. 

4.     0^  +  0/^^+^=931,  5.     0^+  on/  +y2=84, 

a^-  ary  +y^=\9.  x  -  ,Jxy+y  =6. 

6.    X  +Jxy+y  -^h,  7.    x  +y  =^  +  tJxy, 

o^+  xy  +y2=2275.  ^+^2=133-^. 

8.     34;2_5y2^7^          9,  52^2_7^=17^        10.    3;j;2+i65=,i6^^ 

3^y-4y2=2.  bxy-Qo^=%.                   lxy+^^^\32, 

11.          3a;a+^+y2=i5,  12.      o^+y^-3=Zxy, 

Z\xy-'3o^-bf=4.b,  2o^-Q+y'^=0. 

13.    ar*+y*=706,         14.  ^+y*=272,           15.    a^-y6=992, 

:r+y=8.  x-y=%                         x-y=2. 

16.    a7+-  =  l,               17.  -+^  =  |,            18.    1  +  1  =  5. 

y       '  y      ^      2'                      2     5 

.  4     „«  3        ,                         2      5     5 

y+-=26.  ——  =  1.                       _  +  _  = 

11  11 

19.    ^+y=1072,         20.  xy^+yo^=^20,        21.              ^+y^=5, 

11  8          8                                                       I           __l 

a^+f=l6.  o^+y^=65.                  6{x"^+y   2)  =  5. 
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22.     Jx+y-\-^x-y=A,  23.  y+>/^^=2, 

26.  ;r2+4y2-15a;=10(33^-8),     a?y=6. 

27.  a?2y2+400=41;«y,    y^=bxy-^v^, 

28.  4^  +  5y=6+20^-25y2+2;r,     7^— lly=l7. 

29.  9a;2+33j,_i2  =  i2a^-4y2+22y,    ^-a^  =  18. 

30.  (a;2  _y2)  (^  -y)  =  I6a;y,     (^  -r-/)  (4;2  _^2)  ^64o^y^ 

31.  2a^-^+y2=2y,    20^2  +  4^=5^, 

32.  7— 7\2  +  /—     N2  =  -5-  »     5a?-  7y  =  4. 
(^+y)2     {x-yY       8  ^ 

33.  y(y2_3^_^2)  +  24  =  0,    a7(y2_4^y  +  2^)  +  8=0. 

34.  ar3_8^2+^  +  21=0,     ^2(y_^)  =  x. 

35.  y2(4^_x08)=a?(a73-9y3),     2^+9^+^2=108. 

36.  6:p*+a72y2+ 16  =  2^(12^+^3)^     ^  +  :By-^2  =  4. 

37.  x(a  +  x)=y{b+y)y     ax  +  by={x+yf. 

38.  ^+a5=2flW7,    xh/^  +  a^b^=2bY. 

39.  fr»+y__6=   1   _.±  __L    0. 

a^         £>2       47—6     y  —  a     a  —  h 

40.  6:c3=ioa26:r+3a3y,     ay3=10a6^  +  363A'. 

41.  2ag-|)+4a«=4^+|-S  =  l. 

137.  Equations  involving  three  or  more  unknown  quantities 
can  only  be  solved  in  special  cases.  We  shall  here  consider  some 
of  the  most  useful  methods  of  solution. 

Examplel,    Solve  x +y +z -^IS (1), 

a;2+2/2  +  ««  =  65 (2), 

xy  =  10 (3). 

From  (2)  and  (3),  (x + y)» +z^= 85. 

Pat  ufoTx+y;  then  this  equation  becomes 

w2+;e2=86. 
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Also  from  (1),  w  +z  =  13  ; 

whence  we  obtain  t*=7  or  6;  z=6  or  7. 

Thus  we  have  x+y=  7,)       ,  a;+y=  6, 

xy  =  10\  xy=lO 

Hence  the  solutions  are 

x=5,  or  2,^  a;=3±V-"i,' 

i/=2,  or  5,1  or  y^s^sT^^ 
^  =  6J          J  .=7. 

Example  2.     Solve  {x +y){x+z)= 30, 

(y+i5)(y+aj)=15, 
(z  +  x)  (z+y)  =  IS, 

Write  w,  r,  «y  for  y  +  z,  «  +  «,  a? + y  respectively  ;  thus 

t;ii7  =  30,  wu=15,  uv  =  lQ  (1). 

Multiplying  these  equations  together,  we  have 

vhhD^^dO  X 15  X 18= 16«  x  6* ; 

.'.   UVtD=  db90. 

Combining  this  result  with  each  of  the  equations  in  (1),  we  have 
M=3,  v  =  6,  w=5;  or  m=-3,  v=-6,  w=:-5; 

.-.  y+z=B,\  y  +  z  =  -S,\ 
z+x  =  &,\  or  z+x=^-6t\ 
x+y  =  5\)        x+y=-5,\ 

whence  aj=4,  y  =  l,  z  =  2;  or  a:=-4,  y=-l,  x?=-2. 

Example^,    Solve  y^+^^j,  ^^9_49 ^Ij^ 

««+«a;+a:2-_i9 (2), 

x^  +  xy  +  y^=%^ (3). 

Subtracting  (2)  from  (1) 

y2-a?  +  z(y-x)=30; 

that  is,  (y-a;)(a;  +  y+«)=30  (4). 

Similarly  from  (1)  and  (3) 

{z-x)(x  +  y  +  z)  =  10 (5). 

Hence  from  (4)  and  (5),  by  division 

Z  -  X 

whence  y  =  dz-2x. 
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Substituting  in  equation  (3),  we  obtain 

From  (2),  x^+  xz+  z^=19. 

Solving  these  homogeneous  equations  as  in  Example  4,  Art.  136,  we  obtain 

a;=±2,  j2==fc3;  and  therefore  ^  =  =b 5 ; 

or  x=^-j=,  z=^dz-j-;  and  therefore  y==F-7?7. 

Example^,    Solve  x*-yz=a^f  y^-zx=b^f  z^  —  xy=c^. 

Multiply  the  equations  by  y,  2,  x  respectively  and  add ;  then 

c^x  +  ahf-\-l)h  =  0 (1). 

Multiply  the  equations  by  z^  x,  y  respectively  and  add ;  then 

b^x+chf  +  a^z^O  (2). 

From  (1)  and  (2),  by  cross  multiplication, 

as       __       y       _       jg       _ 
^f^:W2"'M-c2aa"c*-a262-*  suppose. 

Substitute  in  any  one  of  the  given  equations ;  then 

A;2  (a«  +  6«  +  c«  -  3(i2Z,2c2)  =  1 . 


x 


_     y     _ 


a*-hh^     h^-c'^a^     c*-d^b^        Va'  +  ft'  +  c'-Sa^ftV* 


EXAMPLES.    X.  c. 

Solve  the  following  equations : 

1.     ar+y-8«=0,  2.      3^+y-22=0, 
4a?- 8y +7^=0,  4^ -y- 3^=0, 

yz+zx+xy=Al,  a^+y^+^=A&J, 

3.     x-y-z=%  4.     a;+2y-z^ll, 
a/^+y^-z^=22,  a:^-4y^+z^=37, 

xy=b.  072=24. 

5.     a^+y^-z^='21,  6.     x^+3cy+xz=\^, 
Sa;z+3yz-2xy =18,  y'^+yz+ya;+l2=0, 

x+y-z=b,  z^+za;+zy=30, 

7.     a^+2xy  +  3xz=60y  8.     (y-2)(2+^)=22, 
2y^+3yz+ya!=l0,  (z+x)  (a?-y)  =  33, 

3z^+zx+2zy='10.  (^-y)lv-z)  =  Q. 
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9.     ^^2^2^=  12,  ahf^zv^-=^^^  a^yzhi^^X,  ^xy^zhi?=^. 

10.  ^2^=12,  aP^y^^h^,  x^fz^^l^, 

11.  xy+x+y==2Z,  12.     2xy-4x+y  =  l1, 
xz+x+z^A\y  Zyz+y-6z—52j 
yz+y+z=^27,                                6a;z+3z  +  2x=29. 

13.  xz+y^^z,  yz  +  x=^8z,  x+y-\-z=l2. 

14.  a^+y^+s^^^a^,  a^+y^+z^—a^,  x+y-\-z—a. 

15.  x^-\'y^+z^==^yz+zx+xy=^a%  3x-y+z=aMjZ. 

16.  x^+y^+z^=2la^f  yz  +  zx-xy^6a^j  3x+y-2z==Za, 


Indeterminate  Equations. 

138.  Suppose  the  following  problem  were  proposed  for  solu- 
tion : 

A  person  spends  £461  in  buying  horses  and  cows;  if  each 
horse  costs  £23  and  each  cow  £16,  how  many  of  each  does  he  buy^ 

Let  a,  y  be  the  number  of  horses  and  cows  respectively ;  then 

23a;+16y  =  461. 

Here  we  have  one  equation  involving  two  unknown  quantities, 
and  it  is  clear  that  by  ascribing  any  value  we  please  to  x,  we  can 
obtain  a  corresponding  value  for  y ;  thus  it  would  appear  at  first 
sight  that  the  problem  admits  of  an  infinite  number  of  solutions. 
But  it  is  clear  from  the  nature  of  the  question  that  x  and  y  must 
be  positive  integers ;  and  with  this  restriction,  as  we  shall  see 
later,  the  number  of  solutions  is  limited. 

If  the  number  of  unknown  quantities  is  greater  than  the 
number  of  independent  equations,  there  will  be  an  unlimited 
number  of  solutions,  and  the  equations  are  said  to  be  indeter- 
minate. In  the  present  section  we  shall  only  discuss  the  simplesi 
kinds  of  indeterminate  equations,  confining  our  attention  to  post 
tive  integral  values  of  the  unknown  quantities;  it  will  be  seer 
that  this  restriction  enables  us  to  express  the  solutions  in  a  verj 
simple  form. 

The  general  theory  of  indeterminate  equations  will  be  f  ounc 
in  Chap.  xxvi. 


INDETERMINATE   EQUATIONS. 


HI 


Example  1.    Solve  7x  +  12y = 220  in  positive  integers. 
Divide  throughout  by  7,  the  smaller  coefficient ;  thus 

.-.  x  +  y  +  ^-=—:=Sl  


(1) 


Since  x  and  y  are  to  be  integers,  we  must  have 


and  therefore 

that  is, 

and  therefore 


-^=—= integer; 

15y-9     .  , 

— ^ —  =  mteger; 

V-2 
2y  - 1  +  ^-^^ = integer ; 


7 
y-2 


= integer =2>  suppose. 


or 


.-.  y-2  =  7p, 

y  =  7p  +  2    

Substituting  this  value  of  ^  in  (1), 

x  +  7p+2  +  5p+l  =  Sl; 
that  is,  a;=28-12p 


.(2). 


(3). 


If  in  these  results  we  give  top  any  integral  value,  we  obtain  corresponding 
integral  values  of  x  and  y;  but  if  j9  >  2,  we  see  from  (3)  that  x  is  negative ; 
and  if  |7  is  a  negative  integer,  y  is  negative.  Thus  the  oidy  positive  integral 
values  of  x  and  y  are  obtaineid  by  putting  jp=0, 1,  2. 

The  complete  solution  may  be  exhibited  as  follows : 


P=  0,  1,  2,  J 
a; =28,  16,  4,  > 
y=  2,       9,     16.  ) 


6t/  — 3 
Note.    When  we  obtained -^^ — = integer,  we  multiplied  by  3  in  order 

to  make  the  coefficient  of  y  differ  by  unity  from  a  multiple  of  7,  A  similar 
artifice  should  always  be  employed  before  introducing  a  symbol  to  denote 
the  integer. 

Example  2.    Solve  in  positive  integers,    14a?  -  lly = 29 (1). 

Divide  by  11,  the  smaller  coefficient;  thus 

3a?  „      7 

3«-7    o       .  * 

.*.    -  jp-=2-a5+y=mteger; 


I    ■ 
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12a;-28     .   . 
hence  — jY — = integer; 

1  that  is,  X-2+ -j^  =integer ; 


I 


4. 


-^r—  =  integer  =1?  suppose ; 


and,  from  (1),  y 

This  is  called  the  general  solution  of  the  equation,  and  by  giving  to  j 
any  positive  integral  value  or  zero,  we  obtain  positive  integral  values  of  : 
and  y ;  thus  we  have 

p=0,     1,    2,    3, \ 

a;=6,  17,  28,  39, [•. 

y  =  6,  19,  33,  47, ) 

the  number  of  solutions  being  infinite. 

Example  3.  In  how  many  ways  can  £5  be  paid  in  half-crowns  and  florins' 
Let  X  be  the  number  of  half-crowns,  y  the  number  of  florins ;  then 

6a?-f-4y=200; 

.•.  x+y+  -^^  60; 

.'.  2^ = integer = p  suppose ; 

.'.  x=4p, 
and  y=50-6p. 

Solutions  are  obtained  by  ascribing  to  p  the  values  1,  2,  3,  ...9;  an( 
therefore  the  number  of  ways  is  9.  If,  however,  the  sum  may  be  paid  eitJie 
in  half-crowns  or  florins,  p  may  also  have  the  values  0  and  10.  If  jp=:C 
then  :2;=0,  and  the  sum  is  paid  entirely  in  florins ;  if  17=10,  then  ^=0,  an< 
the  sum  is  paid  entirely  in  half-crowns.  Thus  if  zero  values  of  x  and  y  ar 
admissible  the  number  of  ways  is  11. 

Example  4.  The  expenses  of  a  party  numbering  43  were  £5.  14«.  6d. ;  j 
each  man  paid  Bs.,  each  woman  2s.  6<2.,  and  each  child  Is.,  how  many  wer 
there  of  each? 

Let  X,  yt  z  denote  the  number  of  men,  women,  and  children,  respectiyely 
then  we  have 

x-hy  +  z=  43  (1), 

10x-\-5y  +  2z=229. 

Eliminating  Zj  we  obtain  Sx+^  =  143. 

The  general  solution  of  this  equation  is 

x=Sp  +  lj 

y  =  A5-Sp; 
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Hence  by  substituting  in  (1),  we  obtain 

z=5p-S, 

Here  p  cannot  be  negative  or  zero,  but  may  have  positive  integral  values 
from  1  to  5.    Thus 

p=  1,    2,    3,    4,    5; 

«=  4,    7,  10,  13,  16 

y  =  37,  29,  21,  13,    6; 

z=  2,    7,  12,  17,  22. 


EXAMPLES.    X.  d. 

Solve  in  positive  integers : 
1.     ar+8y  =  103.  2.     5^+2y=53.  3.     7^^+12^=152. 

4.     13^+11^=414.       5.     2ai?  +  25y=915.       6.    41a7+47y=2191. 

Find  the  general  solution  in  positive  integers,  and  the  least  values 
of  a:  and  y  which  satisfy  the  equations : 

7.    5^-7y=3.  8.    6^-13y=l.  9.    8a?--21y=33. 

10.     I7y- 13^=0.        11.     19y-23a7=7.         12.     77y-30j;=296. 

13.  A  farmer  spends  £752  in  buying  horses  and  cows ;  if  each  horse 
costs  £37  and  each  cow  £23,  how  many  of  each  does  he  buy  ? 

14.  In  how  many  ways  can  £5  be  paid  in  shillings  and  sixpences, 
including  zero  solutions  ? 

15.  Divide  81  into  two  parts  so  that  one  may  be  a  multiple  of  8 
and  the  other  of  5. 

16.  What  is  the  simplest  way  for  a  person  who  has  only  guineas 
to  pay  lOs.  6d,  to  another  who  has  only  half-crowns  ? 

17.  Find  a  number  which  being  divided  by  39  gives  a  remainder  16, 
and  by  56  a  remainder  27.     How  many  such  numbers  are  there  ? 

18.  What  is  the  smallest  number  of  florins  that  must  be  given  to 
discharge  a  debt  of  £1.  6s,  6d,  if  the  change  is  to  be  paid  in  half-crowns 
only? 

19.  Divide  136  into  two  parts  one  of  which  when  divided  by  5 
leaves  remainder  2,  and  the  other  divided  by  8  leaves  remainder  3. 

20.  I  buy  40  animals  consisting  of  rams  at  £4,  pigs  at  £2,  and  oxen 
at  £17 :  if  I  spend  £301,  how  many  of  each  do  I  buy  1 

21.  In  my  pocket  I  have  27  coins,  which  are  sovereigns,  half-crowns 
or  shillings,  and  the  amount  I  have  is  £5.  0».  6d, ;  how  many  coins  of 
each  sort  have  I  ? 

H.  H.  A.  8. 
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CHAPTER  XI. 


Permutations  and  Combinations. 


139.     Each  of  the  arraiigenients  which  can  be  made  by  takin 
some  or  all  of  a  number  of  things  is  called  a  permutation. 

Each  of  the  groups  or  selections  which  can  be  made  by  takin 
some  or  all  of  a  number  of  things  is  called  a  combination. 


Thus  the  permutations  which  can   be  made   by  taking   tl; 
I !  letters  a,  h,  c,  d  two  at  a  time  are  twelve  in  number,  namely, 

I ;  a&,     aCj     ad,     be,     hd,     cd, 

ha,     ca,     da,     cb,     db,     dc, 

each  of  these  presenting  a  different  a/rrangement  of  two  letters. 

The  comhiruUions  which  can  be  made  by  taking  the  lette 
!  '  j  a,  bf  Cf  d  two  at  a  time  are  six  in  number :  namely, 

j  Ii  ah,     oc,     ad,     be,     bd,     cd\ 

each  of  these  presenting  a  different  selection  of  two  letters. 

From  this  it  appears  that  in  forming  combinations  we  are  on] 
concerned  with  the  number  of  things  each  selection  contains 
whereas  in  forming  permutations  we  have  also  to  consider  tl 
order  of  the  things  which  make  up  each  arrangement;  for  instanc 
if  from  four  letters  a,  b,  c,  d  we  make  a  selection  of  three,  sue 
as  abc,  this  single  combination  admits  of  being  arranged  in  tl 
following  ways  : 

ahc,    a^,    bca,     bac,     cab,     cba, 

and  so  gives  rise  to  six  different  permutations. 
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140.  Before  discussing  the  general  propositions  of  this 
chapter  there  is  an  important  principle  which  we  proceed  to 
explain  and  illustrate  by  a  few  numerical  examples. 

If  one  operation  can  be  performed  in  m  ways,  and  (when  it 
has  been  performed  in  any  one  of  these  ways)  a  second  operation 
can  then  be  performed  in  n  v)ays ;  the  number  of  ways  of  per- 
forming the  two  operations  will  6e  m  x  n. 

If  the  first  operation  be  performed  in  any  one  way,  we  can 
associate  with  this  any  of  the  n  ways  of  performing  the  second 
operation  :  and  thus  we  shall  have  n  ways  of  performing  the  two 
operations  without  considering  more  than  one  way  of  performing 
the  first;  and  so,  corresponding  to  each  of  the  m  ways  of  per- 
forming the  first  operation,  we  shall  have  n  ways  of  performing 
the  two;  hence  altogether  the  number  of  ways  in  which  the  two 
operations  can  be  performed  is  represented  by  the  product 
m  X  w. 

Example  1.  There  are  10  steamers  plying  between  Liverpool  and  Dublin ; 
m  how  many  ways  can  a  man  go  from  Liverpool  to  Dublin  and  return  by  a 
different  steamer? 

There  are  ten  ways  of  mokmg  the  first  passage ;  and  with  each  of  these 
there  is  a  choice  of  nine  ways  of  returning  ^since  the  man  is  not  to  come  back 
by  the  same  steamer) ;  hence  the  number  of  ways  of  making  the  two  journeys 
is  10  X  9,  or  90. 

This  principle  may  easily  be  extended  to  the  case  in  which 
there  are  more  than  two  operations  each  of  which  can  be  per- 
formed in  a  given  number  of  ways. 

Example  2.  Three  travellers  arrive  at  a  town  where  there  are  four 
hotels;  in  how  many  ways  can  they  tiUce  up  their  quarters,  each  at  a 
different  hotel? 

The  first  traveller  has  choice  of  four  hotels,  and  when  he  has  made  his 
selection  in  any  one  way,  the  second  traveller  has  a  choice  of  three ;  there- 
fore the  first  two  can  make  their  choice  in  4  x  3  ways ;  and  with  any  one  such 
choice  the  third  traveller  can  select  his  hotel  in  2  ways ;  hence  the  required 
number  of  ways  is  4  x  8  x  2,  or  24. 

« 

141.  To  find  the  number  of  permutations  of  n  dissimilar  things 
taken  v  at  a  tims. 

This  is  the  same  thing  as  finding  the  number  of  ways  in  which 
we  can  fill  up  r  places  when  we  have  n  different  things  at  our 
disposal. 

The  first  place  may  be  filled  up  in  n  ways,  for  axv^  onaa  ol^\^  '<x. 
things  may  be  taken ;  when  it  has  been  ^\Ved  \r^  Sxil  «jk^  «^^  '^^ 
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these  ways,  the  second  place  can  then  be  filled  up  in  w  -  1  ways ; 
and  since  each  way  of  filling  up  the  first  place  can  be  associated 
with  each  way  of  filling  up  the  second,  the  number  of  ways  in 
which  the  first  two  places  can  be  filled  up  is  given  by  the  product 
n  (w  -  1).  And  when  the  first  two  places  have  been  filled  up  in 
any  way,  the  third  place  can  be  filled  up  in  w  -  2  ways.  And 
reasoning  as  before,  the  number  of  ways  in  which  three  places  can 
be  filled  up  ia  n{n— I)  {n-  2). 

Proceeding  thus,  and  noticing  that  a  new  factor  is  introduced 
with  each  new  place  filled  up,  and  that  at  any  stage  the  number 
of  factors  is  the  same  as  the  number  of  places  filled  up,  we  shall 
have  the  number  of  ways  in  which  r  places  can  be  filled  up 
equal  to 

n  (n  -  1)  (w  —  2) to  r  factors ; 

and  the  r^  factor  is 

n-(r— 1),    or   n-r+l. 

Therefore  the  number  of  permutations  of  n  things  taken  r  at 
a  time  is 

n(n-l)  (n-2) (n-r+  1). 

Cor.  The  number  of  permutations  of  n  things  taken  all  at 
a  time  is 

n(n-l)(n  —  2) to  n  factors, 

or  w(w-l)(n  — 2) 3.2.1. 

It  is  usual  to  denote  this  product  by  the  symbol  Iw,  which  is 
read  "  factorial  n"     Also  n !  is  sometimes  used  for  In. 


142.    "We  shall  in  future  denote  the  number  of  permutations 
of  n  things  taken  r  at  a  time  by  the  symbol  "P^ ,  so  that 

"P^=n(w-l)(n-2) (w-r+1); 

also  "P  =  \n. 


In  working  numerical  examples  it  is  useful  to  notice  that  the 
suffix  in  the  symbol  "P^  always  denotes  the  number  of  factors  in 
the  formula  we  are  using. 

143.  The  number  of  permutations  of  n  things  taken  r  at 
a  time  may  also  be  found  in  the  following  manner. 

Let  "P^  represent  the  number  of  permutations  of  n  things 
taken  r  at  a  time. 
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Suppose  we  form  all  the  permutations  of  n  tilings  taken  r  —  1 
at  a  time ;  the  number  of  these  will  be  "i^,_j. 

With  each  of  these  put  one  of  the  remaining  n  -  r  +  1  things. 
Each  time  we  do  this  we  shall  get  one  permutation  of  n  things 
r  at  a  time  j  and  therefore  the  whole  number  of  the  permutations 
of  n  things  r  at  a  time  is  "P,_,  x  (w  -  r  +  1) ;  that  is, 

-7^  =  -P_^x(n-r+l). 
By  writing  r  -  1  f or  r  in  this  formula,  we  obtain 

similarly,  "P,_j,  =  *P^_^  x  (w  -  r  +  3), 


-P,  =  -P,x(n-1), 

Multiply  together  the  vertical  columns  and  cancel  like  factors 
from  each  side,  and  we  obtain 

-P  =w(ri-l)(n-2) (n-r+1). 

Example  1.  Four  persons  enter  a  railway  carriage  in  which  there  are  six 
seats ;  in  how  many  ways  can  they  take  their  places  ? 

The  first  person  may  seat  himself  in  6  ways ;  and  then  the  second  person 
in  5 ;  the  third  in  4;  and  the  fourth  in  3 ;  and  since  each  of  these  ways  may 
be  associated  with  each  of  the  others,  the  icqoired  answer  is  6x5x4x3, 
or  360. 

Example  2.  How  many  different  nmnbers  can  be  formed  by  using  six  out 
of  the  nine  digits  1,  2,  3,... 9? 

Here  we  have  9  different  things  and  we  have  to  find  the  number  of  per- 
mutations of  them  taken  6  at  a  time ; 

.'.  the  required  result =*Pg 

=9x8x7x6x6x4 

=  00480. 

144.  To  fitul  iihe  nuniber  of  combinations  of  n  dissimilar 
things  taken  r  at  a  time. 

Let  "(7^  denote  the  required  number  of  combinations. 

Then  each  of  these  combinations  consists  of  a  group  of  r 
dissimilar  things  which  can  be  arranged  among  themselves  in 
[r  ways.      [Art.  142.] 
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Hence  "(7^  x  |^  is  equal  to  the  number  of  arrangements  of  n 
things  taken  r  at  a  time ;  that  is, 

==  n  (n  -  1)  (w  -  2) . . .  (n  -  r  +  1) ; 
.^  _n{n^l){n-2),.,(n-r+\)  ^^^ 

Cor.  This  formula  for  "(7,  may  also  be  written  in  a  different 
form  j  for  if  we  multiply  the  numerator  and  the  denominator  by 
'\n  —  r  we  obtain 

w  (n  -  1)  (n  —  2)  ...  {n-r+Vjy.  \n  —  r 

\r  \n  —  r 

The  numerator  now  consists  of  the  product  of  all  the  natural 
numbers  from  nto  1  ; 

n 


C,=  |    '-        (2). 


It  will  be  convenient  to  remember  both  these  expressions  for 
"(7^,  using  (1)  in  all  cases  where  a  numerical  result  is  required, 
and  (2)  when  it  is  sufficient  to  leave  it  in  an  algebraical  shape. 

Note.    If  in  formula  (2)  we  put  r=n,  we  have 

n/7 !=_  — . 

^«~|n|0      |0' 

but  *^C^=1,  so  that  if  the  fonuula  is  to  be  true  for  r=n,  the  symbol  10  must 
be  considered  as  equivalent  to  1. 

Example,  From  12  books  in  how  many  ways  can  a  selection  of  5  be 
made,  (1)  when  one  specified  book  is  always  included,  (2)  when  one  specified 
book  is  sdways  excluded  ? 

(1)     Since  the  specified  book  is  to  be  included  in  every  selection,  we 
have  only  to  choose  4  out  of  the  remaining  11. 

Hence  the  number  of  ways=i^C4 

_  11  X  10  X  9  X  8 
"1x2  x"  3xT 

=  330. 
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(2)    Since  the  specified  book  is  always  to  be  excluded,  we  have  to 
select  tne  5  books  out  of  the  remaining  11. 

Hence  the  number  of  ways ="05 

11x10x9x8x7 
""  1x2x3x4x5 

=462. 

146.  The  nvmber  of  corribincUions  of  n  things  v  at  a  time  is 
equal  to  the  number  of  combinations  ofn  things  n  —  r  at  a  tims. 

In  making  all  the  possible  combinations  of  n  things,  to  each 
group  of  r  things  we  select,  there  is  left  a  corresponding  group  of 
n  —  r  things;  that  is,  the  number  of  combinations  of  n  things 
r  at  a  time  is  the  same  as  the  number  of  combinations  of  71  things 
n  —  r  ad,  si,  time ; 

.-.  "(7  ="C7_ 


n—r 


The  proposition  may  also  be  proved  as  follows : 

\n 
«C,_^  = J=_ ^  [Art.  144.] 


n  —  r\n—(n  —  r) 


n 


|ri  — r  \r 

Such  combinations  are  called  complementa/ry. 
Note.    Put  r=n,  then  ^G^ = ^G^=  1. 

The  result  we  have  just  proved  is  useful  in  enabling  us  to 
abridge  arithmetical  work. 

Example,    Out  of  14  men  in  how  many  ways  can  an  eleven  be  chosen  ? 
The  required  number =^*Cu 

14x13x12 
"■    1x2x3 

=  364. 

If  we  had  made  use  of  the  formula  ^^Cn*  ^^  should  have  had  to  reduce  an 
expression  whose  numerator  and  denominator  each  contained  11  factors. 
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146,  To  find  the  number  of  ways  in  which  m  +  n  things  can  he 
divided  into  tioo  groups  contai/ning  m  a/nd  n  things  respectively. 

This  is  clearly  equivalent  to  finding  the  number  of  combi- 
nations oi  m  +  n  things  m  at  a  time,  for  every  time  we  select 
one  group  of  m  things  we  leave  a  group  of  n  things  behind. 

\in+  n 
Thus  the  required  number  =  ,-     ,     . 

Note.    If  n=m,  the  groups  are  equal,  and  in  this  case  the  number  of 

12m 
different  ways  of  sabdivision  is  -j — t=-jq  J  for  ii  ai^y  one  way  it  is  possible 

to  interchange  the  two  groups  without  obtaining  a  new  distribution. 

1 47.  To  find  the  number  of  ways  in  which  m  +  n  +  p  things  can 
he  divided  into  three  groups  containing  m,  n,  p  things  severally. 

First  divide  m  +  n  +  p  things  into  two  groups  containing  m 

and  n+p  things  respectively  :  the  number  of  ways  in  which  this 

Im  +  Ti+jt? 
can  be  done  is  ,      ,  . 

\m  \n+p 

Then  the  number  of  ways  in  which  the  group  oi  n+p  things 
can  be  divided  into  two  groups  containing  n  and  p  things  respec- 

tively  IS  -. —    . 

Hence  the  number  of  ways  in  which  the  subdivision  into  three 
groups  containing  tti,  n,  p  things  can  be  made  is 

\m-\-n+p       n+p  Im  +  n  +  p 

jw  \n  +  p        1^  |P  '  |m  In  Ip  * 


|3m 

Note.    If  we  put  n=p=m.  we  obtain  i — *-r^  ,    ;  but  this  formula  regards 

\tn  \m  \m 

as  different  all  the  possible  orders  in  which  The'three  groups  can  occur  in 
any  one  mode  of  subdivision.     And  since  there  are  |S  such  orders  oor- 

responding  to  each  mode  of  subdivision,  the  number  oi  different  ways  in 

which  subdivision  into  three  equal  groups  can  be  made  is  - — rM= — r:; . 

|m  |m  |m  [3^ 

Example,    The  number  of  ways  in  which  16  recruits  can  be  divided  into 

115 
three  equal  groups  is  .^    '    ^    ^ ;  and  the  number  of  ways  in  which  they 

""  |15 

can  be  drafted  into  three  different  regiments,  five  into  each,  is  -~= — 

[5  ) 6  |5 
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148.  In  the  examples  which  follow  it  is  important  to  notice 
that  the  formula  for  permutations  should  not  b^  used  until  the 
suitable  selections  required  by  the  question  have  been  made. 

Example  1.  From  7  Englishmen  and  4  Americans  a  oommittee  of  6  is  to 
be  formed;  in  how  many  ways  can  this  be  done,  (1)  when  the  committee  con- 
tains exactly  2  Americans,  (2)  at  least  2  Americans  ? 

(1)    We  have  to  choose  2  Americans  and  4  Englishmen. 

The  nmnber  of  ways  in  which  the  Americans  can  be  chosen  is  *(L ;  and 
the  nmnber  of  ways  in  which  the  EngUshmen  can  be  chosen  is  ^C^.    Each  of 
the  first  groups  can  be  associated  with  each  of  the  second;  hence 
the  required  number  of  ways=*C,  x  ^C^ 


-      II      =210. 


lilll 

(2)    The  committee  may  contain  2,  3,  or  4  Americans. 

We  shall  ezhanst  all  the  suitable  combinations  by  forming  all  the  groups 
containing  2  Americans  and  4  Englishmen ;  then  3  Americans  and  3  English- 
men ;  and  lastly  4  Americans  and  2  Englishmen. 

The  sum  of  the  three  results  will  give  the  answer.  Hence  the  required 
number  of  ways        =*C2  x  W^ + *C^  x  'Cg + *C^  x  W^ 

14  17        14        17  17 


=  210  +  140  +  21  =  371. 

In  this  Example  we  have  only  to  make  use  of  the  suitable  formulsB  for 
combinations,  for  we  are  not  concerned  with  the  possible  arrangements  of  the 
members  of  the  committee  among  themselves. 

Example  2.  Out  of  7  consonants  and  4  vowels,  how  many  words  can  be 
made  each  containing  3  consonants  and  2  vowels? 

The  number  of  ways  of  choosing  the  three  consonants  is  ^Cg,  and  the 
number  of  ways  of  choosing  the  2  vowels  is  ^Cg ;  and  since  each  of  the  first 
groups  can  be  associated  with  each  of  the  second,  the  number  of  combined 
groups,  each  containing  3  consonants  and  2  vowels,  is  ^C,  x  ^C^, 

Further,  each  of  these  groups  contains  5  letters,  which  may  be  arranged 
among  themselves  in  [5  ways.    Hence 

the  required  number  of  words = 'Cg  x  ^C^  x  |5 

lili    111?.    ^ 

=  6x(7 
=25200. 
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Example  3.    How  many  words  can  be  formed  ont  of  the  letters  article^  so 
that  the  vowels  occupy  the  even  places? 

Here  we  have  to  pnt  the  3  vowels  in  3  specified  places,  and  the  4  conso- 
nants in  the  4  remaining  places ;  the  first  operation  can  be  done  in  13  ways, 

and  the  second  in  1 4 .    Hence 


the  required  number  of  words        =13x14 

=  144. 


In  this  Example  the  formula  for  permutations  is  immediately  applicable, 
because  by  the  statement  of  the  question  there  is  but  one  way  of  choosing  the 
vowels,  and  one  way  of  choosing  the  consonants. 


EXAMPLES  ZI.    a. 

1.  In  how  many  ways  can  a  consonant  and  a  vowel  be  chosen  out  of 
the  letters  of  the  word  courage^ 

2.  There  are  8  candidates  for  a  Classical,  7  for  a  Mathematical,  and 
4  for  a  Natmral  Science  Scholarship.  In  how  many  ways  can  the 
Scholarships  be  awarded? 

3.  Find  the  value  of  sp^,  ^F^,  ^C^,  ^^0^^. 

4.  How  many  different  arrangements  can  be  made  by  taking  5 
of  the  letters  of  the  word  equation  f 

5.  If  four  times  the  nimiber  of  permutations  of  n  things  3  together 
is  equal  to  five  times  the  number  of  permutations  of  n  — 1  things 
3  together,  fiaid  n. 

6.  How  many  permutations  can  be  made  out  of  the  letters  of 
the  word  triangle?  How  many  of  these  will  begin  with  t  and  end 
with  e  ? 

7.  How  many  different  selections  can  be  made  by  taking  four  of 
the  digits  3,  4,  7,  6,  8,  1  ?  How  many  different  numbers  can  be  formed 
with  four  of  these  digits? 

8.  If  2»(73  :  *(72  =  44  :  3,  find  n. 

9.  How  many  changes  can  be  rung  with  a  peal  of  6  bells  ? 

10.  How  many  changes  can  be  rung  with  a  peal  of  7  bells,  the  tenor 
always  being  last  ? 

11.  On  how  many  nights  may  a  watch  of  4  men  be  drafted  from  a 
crew  of  24,  so  that  no  two  watches  are  identical  ?  On  how  many  of  these 
would  any  one  man  be  taken  ? 

12.     How  many  arrangements  can  be  made  out  of  the  letters  of  the 
word  draughty  the  vowels  never  being  separated  \ 


PERMUTATIONS  AND   COMBINATIONS.  123 

13.  In  a  town  council  there  are  25  councillors  and  10  aldermen ; 
bow  many  committees  can  be  formed  each  consisting  of  5  councillors 
and  3  aldermen  ? 

14.  Out  of  the  letters  A,  B,  C,  p,  q,  r  how  many  arrangements  can 
be  made  (1)  beginning  with  a  capital,  (2)  beginning  and  ending  with  a 
capital? 

15.  Find  the  number  of  combinations  of  50  things  46  at  a  time. 

16.  If  *Ci2=*C^8»  find  '•^ir^  ^^n. 

17.  In  how  many  ways  can  the  letters  of  the  word  vowels  be 
arranged,  if  the  letters  oe  can  only  occupy  odd  places  ? 

18.  From  4  officers  and  8  privates,  in  how  many  ways  can  6  be 
chosen  (1)  to  include  exactly  one  officer,  (2)  to  include  at  least  one 
officer? 

19.  In  how  many  ways  can  a  party  of  4  or  more  be  selected  from 
10  persons  ? 

20.  If  i8C;=i8(7,.+2,find'-(7fi. 

21.  Out  of  25  consonants  and  5  vowels  how  many  words  can  be 
formed  each  consisting  of  2  consonants  and  3  vowels? 

22.  In  a  library  there  are  20  Latin  and  6  Greek  books;  in  how 
many  ways  can  a  group  of  5  consisting  of  3  Latin  and  2  Greek  books  be 
placed  on  a  shelf? 

23.  In  how  many  ways  can  12  things  be  divided  equally  among  4 
persons? 

24.  From  3  capitals,  5  consonants,  and  4  vowels,  how  many  words 
can  be  made,  each  containing  3  consonajits  and  2  vowels,  and  beginning 
with  a  capital  ? 

25.  At  an  election  three  districts  are  to  be  canvassed  by  10, 15,  and 
20  men  respectively.  If  45  men  volunteer,  in  how  many  ways  can  they 
be  allotted  to  the  different  districts? 

26.  In  how  many  ways  can  4  Latin  and  1  English  book  be  placed 
on  a  shelf  so  that  the  English  book  is  always  in  the  middle,  the  selec- 
tion being  made  from  7  Latin  and  3  English  books? 

27.  A  boat  is  to  be  manned  by  eight  men,  of  whom  2  can  only  row 
on  bow  side  and  1  can  only  row  on  stroke  side ;  in  how  many  ways  can 
the  crew  be  arranged  ? 

28.  There  are  two  works  each  of  3  volumes,  and  two  works  each  of 
2  volumes ;  in  how  many  ways  can  the  10  books  be  placed  on  a  shelf  so 
that  volumes  of  the  same  work  are  not  separated  ? 

29.  In  how  many  ways  can  10  examination  papers  be  arranigi'^  ^'c> 
that  the  best  and  worst  papers  never  come  togetYiet'^ 
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30.  An  eight-oared  boat  is  to  be  maimed  by  a  crew  chosen  from  11 
men,  of  whom  3  can  steer  but  cannot  row,  and  the  rest  can  row  but  can- 
not steer.  In  how  many  ways  can  the  crew  be  arranged,  if  two  of  the 
men  can  only  row  on  bow  side? 

31.  Prove  that  the  niunber  of  ways  in  which  p  positive  and  n 
negative  signs  may  be  placed  in  a  row  so  that  no  two  negative  signs  shall 
be  together  is  ^+^(7^. 

32.  If  "P,.+«  :  "P,.+3=30800  ;  1,  find  r. 

33.  How  many  different  signals  can  be  made  by  hoisting  6  differ- 
ently coloured  flags  one  above  the  other,  when  any  number  of  them 
may  be  hoisted  at  once  ? 

34.  If  ^C^  :  2*(72r-4=225  :  11,  find  r. 

149.  Hitherto,  in  the  formulae  we  have  proved,  the  things 
have  been  regarded  as  unlike.  Before  considering  cases  in  which 
some  one  or  more  sets  of  things  may  be  like,  it  is  necessary  to 
point  out  exactly  in  what  sense  the  words  like  and  unlike  are 
used.  When  we  speak  of  things  being  disaimila/r,  different,  un- 
like, we  imply  that  the  things  are  visibly  unlike,  so  as  to  be 
easily  distinguishable  from  each  other.  On  the  other  hand  we 
shall  always  use  the  term  like  things  to  denote  such  as  are  alike 
to  the  eye  and  cannot  be  distinguished  from  each  other.  For 
instance,  in  Ex.  2,  Art.  148,  the  consonants  and  the  vowels  may 
be  said  each  to  consist  of  a  group  of  things  united  by  a  common 
characteristic,  and  thus  in  a  certain  sense  to  be  of  the  same  kind; 
but  they  cannot  be  regarded  as  like  things,  because  there  is  an 
individuality  existing  among  the  things  of  each  group  which 
makes  them  easily  distinguishable  from  each  other.  Hence,  in 
the  final  stage  of  the  example  we  considered  each  group  to 
consist  of  five  dissimilar  things  and  therefore  capable  of  15 
arrangements  among  themselves.     [Art.  141  Cor.] 

160.  Suppose  we  have  to  find  all  the  possible  ways  of  arrang- 
ing 12  books  on  a  shelf,  5  of  them  being  Latin,  4  English,  and 
the  remainder  in  different  languages. 

The  books  in  each  language  may  be  regarded  as  belonging  to 
one  class,  united  by  a  common  characteristic ;  but  if  they  were 
distinguishable  from  each  other,  the  number  of  permutations 
would  be  jl2,  since  for  the  purpose  of  arrangement  among  them- 
selves they  are  essentially  different. 
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If,  however,  the  books  in  the  same  language  are  not  dis- 
tinguishable from  each  other,  we  should  have  to  find  the  number 
of  ways  in  which  12  things  can  be  arranged  among  themselves, 
when  5  of  them  are  exactly  alike  of  one  kind,  and  4  exactly  alike 
of  a  second  kind :  a  problem  which  is  not  directly  included  in  any 
of  the  cases  we  have  previously  considered. 

151.  To  find  the  nvmber  of  ways  in  which  n  things  may  he 
a/rrcunged  among  them>8elve8,  taking  them  all  at  a  tvme^  when  p 
of  the  things  are  exactly  alike  of  one  kindy  q  of  them  exactly 
alike  of  another  kindy  r  of  them  eocactly  alike  of  a  third  kindy  and 
the  rest  all  different 

Let  there  be  n  letters ;  suppose  p  of  them  to  be  a,  g  of  them 
to  be  ft,  r  of  them  to  be  c,  and  the  rest  to  be  unlike. 

Let  X  be  the  required  number  of  permutations;  then  if  the 
p  letters  a  were  replaced  by  p  unlike  letters  different  from  any 
of  the  rest)  from  any  one  of  the  x  permutations,  without  alter- 
ing the  position  of  any  of  the  remaining  letters,  we  could 
form    p  new  permutations.     Hence  if  this  change  were  made 

in  each  of  the  x  permutations  we  should  obtain  xx]p  permuta- 
tions. 

Similarly,  if  the  q  letters  h  were  replaced  by  q  unlike  letters, 
the  number  of  permutations  would  be 


X  X 


\p^^. 


In  like  manner,  by  replacing  the  r  letters  c  by  r  unlike  letters, 
we  should  finally  obtain  xy,  \py,\q  x\r  permutations. 


But  the  things  are  now  all  different,  and  therefore  admit  of  Vn 
permutations  among  themselves.     Hence 


that  is, 


a;  X  I/)  X  Ig  X  Ir  =  In ; 

In   . 


a;  = 


\p\l\r' 

which  is  the  required  number  of  permutations. 

Any  case  in  which  the  things  are  not  all  different  may  be 
treated  similarly. 
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Example  1.     How  many  different  permutations  can  be  made  oat  of  the 
letters  of  the  word  assassination  taken  all  together  f 

We  have  here  13  letters  of  which  4  are  s,  3  are  a,  2  are  t,  and  2  are  n. 
Hence  the  number  of  permutations 

I413I2I2 


I 


=  13.11.10.9.8.7.3.5 
=  1001  X  10800=10810800. 

Example    2.    How    many    numbers    can    be    formed    with    the  digits 
1,  2,  3,  4y  3,  2, 1,  so  that  the  odd  digits  always  occupy  the  odd  places? 

The  odd  digits  1,  3,  3,  1  can  be  arranged  in  their  four  places  in 

|^^^« W- 

The  even  digits  2,  4,  2  can  be  arranged  in  their  three  places  in 

13 

feways (2). 

Each  of  the  ways  in  (1)  can  be  associate'd  with  each  of  the  ways  in  (2). 

14         13 
Hence  the  required  number = r^^jr  x  -f^ = 6  x  3 = 18. 

152.    To  find  the  nwmher  of  permutationa  of  n  things  r  at  a 

time,  when  each  thing  may  be  Treated  once,  tvnce, v/p   to  r 

timsa  in  way  a/rra/ngement. 

Here  we  have  to  consider  the  number  of  ways  in  which  r 
places  can  be  filled  up  when  we  have  n  different  things  at  our 
disposal,  each  of  the  n  things  being  used  as  often  as  we  please  in 
any  arrangement. 

The  first  place  may  be  filled  up  in  n  ways,  and,  when  it  has 
been  filled  up  in  any  one  way,  the  second  place  may  also  be  filled 
up  in  n  ways,  since  we  are  not  precluded  from  using  the  same 
thing  again.  Therefore  the  number  of  ways  in  which  the  first 
two  places  can  be  filled  up  i&nxn  or  n^.  The  third  place  can 
also  be  filled  up  in  n  ways,  and  therefore  the  first  three  places  in 
n^  ways. 

Proceeding  in  this  manner,  and  noticing  that  at  any  stage  the 
index  of  n  is  always  the  same  as  the  number  of  places  filled  up, 
we  shall  have  the  number  of  ways  in  which  the  r  places  can  be 
£JIed  up  equal  to  rC. 
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Example,  In  how  many  ways  can  5  prizes  be  given  away  to  4  boys,  when 
each  boy  is  eligible  for  all  the  prizes? 

Any  one  of  the  prizes  can  be  given  in  4  ways ;  and  then  any  one  of  the 
remaining  prizes  can  also  be  given  in  4  ways,  since  it  may  be  obtained  by  the 
boy  who  has  already  received  a  prize.  Thus  two  prizes  can  be  given  away  in 
4'  ways,  three  prizes  in  4'  ways,  and  so  on.  Hence  the  5  prizes  can  be  given 
away  in  4*,  or  1024  ways. 

153.  To  find  tlie  total  number  of  ways  in  which  it  is  possible 
to  make  a  selection  by  taking  som^  or  all  ofn  things. 

Each  thing  may  be  dealt  with  in  two  ways,  for  it  may  either 
be  taken  or  left ;  and  since  either  way  of  dealing  with  any  one 
thing  may  be  associated  with  either  way  of  dealing  with  each  one 
of  the  others,  the  number  of  ways  of  dealing  with  the  n  things  is 

2x2x2x2 ton  factors. 

But  this  includes  the  case  in  which  all  the  things  are  left, 
therefore,  rejecting  this  case,  the  total  number  of  ways  is  2"-l. 

This  is  often  spoken  of  as  "the  total  number  of  combinations" 
of  n  things. 

Example.  A  man  has  6  friends ;  in  how  many  ways  may  he  invite  one  or 
more  of  them  to  dinner? 

He  has  to  select  some  or  all  of  his  6  friends ;  and  therefore  the  number  of 
ways  is  2*  - 1,  or  63. 

This  result  can  be  verified  in  the  following  manner. 

The  guests  may  be  invited  singly,  in  twos,  threes, ;  therefore  the 

number  of  selections     =  «Ci  -f  ^C^  +  «C3 + ^C^ + ^C^  +  ^C^ 

=  6  +  16  +  20  +  16  +  6  +  1  =  63. 

154.  To  find  for  what  value  of  v  the  number  of  combinations 
ofn  things  v  at  a  time  is  greatest. 

^\r,o^    ^n  _n{n-\)(n-^) (n-r  +  2)(n-r  +  1) 

Since      C,= 1.2.3 (r-l)r ' 

n{n-^\){n-^)  (7i-r  +  2)  . 

''''^  ^'-  ■■= 1.2.3 (r-1)  ■ ^ 

The   multiplying  factor  may  be  written 1 , 

r  T 

which  shews  that  it  decreases  as  r  increases*    ^exiG^  «*•&  t  t^^^nn^ss* 
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the  values  1,  2,  3 in  succession,  "C^  is  continually  increased 

w  + 1 
until —  1  becomes  equal  to  1  or  less  than  1. 

T 

Now  1-^1, 

r 

so  long  as  >  2 ; 

T 

that  IS,  — ^r-  >  r. 

"We  have  to  choose  the  greatest  value  of  r  consistent  with 
this  inequality. 

(1)  Let  n  be  even,  and  equal  to  2m  \  then 

n  +  \      2w  + 1  1 

and  for  all  values  of  r  up  to  m  inclusive  this  is  greater  than  r. 

ft 
Hence  by  putting  r  =  m  =  ^ ,  we  find  that  the  greatest  number  of 

combinations  is  "C^. 

i 

(2)  Ijet  n  be  odd,  and  equal  to  2m  +  1 ;  then 

w  +  1      2m +  2  - 

-2-=~2 '^^^' 

and  for  all  values  of  r  up  to  m  inclusive  this  is  greater  than  r ; 
but  when  r  =  m  +  1  the  multiplying  factor  becomes  equal  to  1,  and 

"C...  =  "C.;  that  is,  •C,^  =  '0^; 

i  i 

and  therefore  the  number  of  combinations  is  greatest  when  the 
things  are  taken  — ^  ,  or  —^  at  a  time;  the  result  being  the 
same  in  the  two  cases. 

155.  The  formula  for  the  number  of  combinations  of  n  things 
r  at  a  time  may  be  found  without  assuming  the  formula  for  the 
number  of  permutations. 

Let  "C^  denote  the  number  of  combinations  of  n  things  taken 
r  at  A  time;  and  let  the  n  things  be  denoted  by  the  letters 
^j  4  ^,  ^ 
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Take  away  a ;  then  with  the  remaining  letters  we  can  form 
""■^C,_j  combinations  oi  n—\  letters  taken  r  -  1  at  a  time.  With 
each  of  these  write  a\  thus  we  see  that  of  the  combinations 
of  n  things  r  at  a  time,  the  number  of  those  which  contain 
a  is  ""^C^.j;  similarly  the  number  of  those  which  contain 
6  is  ""^C    , ;  and  so  for  each  of  the  n  letters. 


-1  > 


Therefore  n  x  ""^C,_,  is  equal  to  the  number  of  combinations 
r  at  a  time  which  contain  a,  together  with  those  that  contain  ft, 
those  that  contain  o,  and  so  on. 

But  by  forming  the  combinations  in  this  manner,  each  par- 
ticular one  will  be  repeated  r  times.  For  instance,  if  r  =  3,  the 
combination  cihc  will  be  found  among  those  containing  a,  among 
those  containing  5,  and  among  those  containing  c.     Hence 

By  writing  n—\  and  r  —  1  instead  of  n  and  r  respectively^ 
Similarly,  -(7,_.  =  -C,.,  x  ^  , 


«-r+a/^     _  n-rArXQ  ^        T  ■\-  Z 


and  finally,  "-"^'Oi  =  w  -  r  +  1 . 

Multiply  together  the  vertical  columns  and  cancel  like  factors 
from  each  side ;  thus 


^  _n(n-l)(n-2) (n-r+1) 

r(r-l)(r-2) 1  * 


M 

r 


156.     To  find  the  total  number  of  ways  in  which  it  is  possible 

to  TTvake  a  selection  by  taking  some  or  all  out  qf'p  +  q+  r  + 

thingSy  whereo/'p  a/re  alike  of  one  Mndy  q  alike  of  a  second  kind,  r 
alike  of  a  third  kind;  and  so  on. 

The  p  things  may  be  disposed  of  in  jo  +  1  ways ;  for  we  may 

take  0,  1,  2,  3,  p  of  them.     Similarly  the  q  things  may  be 

disposed  of  in   q  +  l    ways;  the  r  things   in   r+l    ways;    and 
so  on. 

JSr.  K  A.  ^ 
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Hence  the  number  of  ways  in  which  all  the  things  may  be 
disposed  of  is  {p+l){q+ I)  (r+l) 

But  this  includes  the  case  in  which  none  of  the  things  are 
taken;  therefore,  rejecting  this  case,  the  total  number  of 
ways  is 

(p  +  l){q+l)(r+l) -1. 

157.  A  general  formula  expressing  the  number  of  permuta- 
tions, or  combinations,  of  n  things  taken  r  at  a  time,  when  the 
things  are  not  all  different,  may  be  somewhat  complicated ;  but  a 
particular  case  may  be  solved  in  the  following  manner. 

Example.  Find  the  number  of  ways  in  which  (1)  a  selection,  (2)  an  ar- 
rangement, of  four  letters  can  be  made  from  the  letters  of  the  word 
proportion. 

There  are  10  letters  of  six  different  sorts,  namely  o,  o,  o;  p^p;  r,  r;t;  i;  n. 
In  finding  groups  of  four  these  may  be  classified  as  follows : 

(1)  Three  alike,  one  different. 

(2)  Two  alike,  two  others  alike. 

(3)  Two  alike,  the  other  two  different. 

(4)  All  four  different. 

(1)  The  selection  can  be  made  in  5  ways ;  for  each  of  the  five  letters, 
|>,  r,  t,  t,  n,  can  be  taken  with  the  single  group  of  the  three  like  letters  o. 

(2)  The  selection  can  be  made  in  ^C^  ways ;  for  we  have  to  choose  two  out 
of  the  three  pairs  o,  o;  Pip;  r,  r.     This  gives  3  selections. 

(3)  This  selection  can  be  made  in  3  x  10  ways ;  for  we  select  one  of  the 
3  pairs,  and  then  two  from  the  remaining  5  letters.    This  gives  30  selections. 

(4)  This  selection  can  be  made  in  ^C^  ways,  as  we  have  to  take  4  different 
letters  to  choose  from  the  six  o,  p^  r,  £,  t,  n.     This  gives  15  selections. 

Thus  the  total  number  of  selections  is  5  +  3  +  30  + 15 ;  that  is,  53. 

In  finding  the  different  arrangements  of  4  letters  we  have  to  permute  in 
all  possible  ways  each  of  the  foregoing  groups. 

|4 

(I)    gives  rise  to  5  x  ~  ,  or  20  arrangements. 

o 


1^ 

(2)  gives  rise  to  3  x  -~^  ,  or  18  arrangements. 

14 

(3)  gives  rise  to  30  x  ■!=• ,  or  360  arrangements. 

i_ 

(4)  gives  rise  to  15  x  l4 ,  or  360  arrangements. 

nug  the  toted  number  of  arrangementa  is  'ii0-vl^-V^^0-V360;  that  is,  768, 
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EXAMPLES.   XI.  b. 

1.  Find  the  number  of  arrangements  that  can  be  made  out  of  the 
letters  of  the  words 

(1)    independencey  (2)    supersttiiouSf 

(3)    instittttions, 

2.  In  how  many  ways  can  17  billiard  balls  be  arranged,  if  7  of 
them  are  blacky  6  red,  and  4  white? 

3.  A  room  is  to  be  decorated  with  fourteen  flags ;  if  2  of  them  are 
blue,  3  red,  2  white,  3  green,  2  yellow,  and  2  purple,  in  how  many  ways 
can  they  be  hung? 

4.  How  many  numbers  greater  than  a  million  can  be  formed  with 
thedigits2,  3,  0,  3,  4,  2,  3? 

5.  Find  the  number  of  arrangements  which  can  be  made  out  of  the 
letters  of  the  word  aUgebra^  without  altering  the  relative  positions-  of 
vowels  and  consonants. 

6.  On  three  diflerent  days  a  man  has  to  drive  to  a  railway  station, 
and  he  can  choose  from  6  conveyances ;  in  how  many  ways  can  he  make 
the  three  journeys  ? 

7.  I  have  counters  of  n  different  colours,  red,  white,  blue, ;  in 

how  many  ways  can  I  make  an  arrangement  consisting  of  r  counters, 
supposing  that  there  are  at  least  r  of  each  different  colour? 

8.  In  a  steamer  there  are  stalls  for  12  animals,  and  there  are 
cows,  horses,  and  calves  (not  less  thaD  12  of  each)  ready  to  be  shipped; 
in  how  many  ways  can  the  shipload  be  made? 

9.  In  how  many  ways  can  n  things  be  given  to  p  persons,  when 
there  is  no  restriction  as  to  the  number  of  things  each  may  receive? 

10.  In  how  many  ways  can  five  things  be  divided  between  two 
persons? 

11.  How  many  different  arrangements  can  be  made  out  of  the  letters 
in  the  expression  a^l^<^  when  written  at  full  length? 

12.  A  letter  lock  consists  of  three  rings  each  marked  with  fifteen 
different  letters ;  find  in  how  many  ways  it  is  possible  to  make  an 
unsuccessful  attempt  to  open  the  lock. 

13.  Find  the  nimiber  of  triangles  which  can  be  formed  by  joining 
three  angular  points  of  a  quindecagon. 

14.  A  library  has  a  copies  of  one  book,  h  copies  of  each  of  two 
books,  c  copies  of  each  of  three  books,  and  single  copies  of  d  books.  In 
how  many  ways  can  these  books  be  distributed,  if  all  are  out  at  once? 

15.  How  many  numbers  less  than  10000  can  be  made  with  the 
eight  digits  1,  2,  3,  0,  4,  5,  6,  7  ? 

16.  In  how  many  ways  can  the  following  prizes  be  given  away  to  a 
class  of  20  boys :  first  and  second  Classical,  first  and  Be»c>tv^  msJOcka- 
matical,  first  Science^  and  first  French  1 


% 
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17.  A  telegraph  has  6  arms  and  each  arm  is  capable  of  4  distinct 
positions,  including  the  position  of  rest ;  what  is  the  total  niunber  of 
signals  that  can  be  made? 

18.  In  how  many  ways  can  7  persons  form  a  ring?  In  how  many 
ways  can  7  Englishmen  and  7  Americans  sit  down  at  a  round  table,  no 
two  Americans  being  together? 

19.  In  how  many  ways  is  it  possible  to  draw  a  sum  of  money  from 
a  bag  containing  a  sovereign,  a  half-sovereign,  a  crown,  a  florin,  a  shilling, 
a  penny,  and  a  farthing? 

20.  From  3  cocoa  nuts,  4  apples,  and  2  oranges,  how  many  selec- 
tions of  fruit  can  be  made,  taking  at  least  one  of  each  kind  ? 

21.  Find  the  number  of  different  ways  of  dividing  mn  things  into 
n  equal  groups. 

22.  How  many  signals  can  be  made  by  hoisting  4  flags  of  diflerent 
colours  one  above  the  other,  when  any  number  of  them  may  be  hoisted 
at  once?    How  many  with  5  flags? 

23.  Find  the  number  of  permutations  which  can  be  formed  out  of 
the  letters  of  the  word  series  taken  three  together? 

24.  There  are  p  points  in  a  plane,  no  three  of  which  are  in  the  same 
straight  line  with  tne  exception  of  q^  which  are  all  in  the  same  straight 
line;  find  the  number  (1)  of  straight  lines,  (2)  of  triangles  which  result 
from  joining  them. 

25.  There  are  p  points  in  space,  no  four  of  which  are  in  the  same 

glane  with  the  exception  of  q,  which  are  all  in  the  same  plane;  find 
ow  many  planes  there  are  each  containing  three  of  the  points. 

26.  There  are  n  difierent  books,  and  p  copies  of  each;  find  the 
number  of  ways  in  which  a  selection  can  be  made  from  them. 

27.  Find  the  number  of  selections  and  of  arrangements  that  can  be 
made  by  taking  4  letters  from  the  word  expression, 

28.  How  many  permutations  of  4  letters  can  be  made  out  of  the 
letters  of  the  word  examination  ? 

29.  Find  the  sum  of  all  numbers  greater  than  10000  formed  by 
using  the  digits  1,  3,  5,  7,  9,  no  digit  being  repeated  in  any  number. 

30.  Find  the  sum  of  all  numbers  greater  than  10000  formed  by 
using  the  digits  0,  2,  4,  6,  8,  no  digit  being  repeated  in  any  number. 

31.  If  of  ^  +  g'  +  r  things  p  be  alike,  and  g'  be  alike,  and  the  rest 
difierent,  shew  that  the  total  number  of  combinations  is 

{p  +  V){q+\)2^-\, 

32.  Shew  that  the  number  of  permutations  which  can  be  formed 
from  2n  letters  which  are  either  a's  or  ft's  is  greatest  when  the  number 
of  a's  is  equal  to  the  number  of  ft's. 

33.  If  the  71  + 1  numbers  a,h,c,d, be  all  difierent,  and  each  of 

them  a  prime  number,  prove  that  the  number  of  different  factors  of  the 

expression  a'^bcd, is  (m  +  l)2*-\. 


CHAPTER  XII. 
Mathematical  Induction. 

1 58.  Many  important  mathematical  formulse  are  not  easily 
demonstrated  by  a  direct  mode  of  proof;  in  such  cases  we  fre- 
quently find  it  convenient  to  employ  a  method  of  proof  known  as 
mathematical  induction,  which  we  shall  now  illustrate. 

Example  1.    Suppose  it  is  required  to  prove  that  the  sum  of  the  cubes 

We  can  easily  see  by  trial  that  the  statement  is  true  in  simple  oases,  such 
as  wheu  n=l,  or  2,  or  3 ;  and  from  this  we  might  be  led  to  conjecture  that 
the  formula  was  true  in  all  cases.  Assume  that  it  is  true  when  n  terms  are 
taken ;  that  is,  suppose 

13  +  23  +  33+ tow  terms  =j^^^-^^^^r. 

Add  the  (w+1)*^  term,  that  is,  (n  +  l)*  to  each  side;  then 
13  +  23  +  33  + ton  +  lterms=|^^y^^|'+(;i  +  l)3 

=  {n  +  l)^(^+n  +  l\ 

(yt  +  l)g(w«  +  4n+4) 
4 

-\  2  P 

which  is  of  the  same  form  as  the  result  we  assumed  to  be  true  for  n  terms, 
n  + 1  taking  the  place  of  n ;  in  other  words,  if  the  result  is  true  when  we  take 
a  certain  number  of  terms,  whatever  that  number  may  be,  it  is  true  when  we 
increase  that  number  by  one;  but  we  see  that  it  is  true  when  3  terms  are 
taken;  therefore  it  is  true  when  4  terms  are  taken;  it  is  therefore  true  when. 
6  terms  are  taken ;  and  so  on.    Thus  the  result  is  tiTiA  \rci\^«£%»2^^ . 
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Example  2.  To  determine  the  prodaot  of  n  binomial  factors  of  the  form 
x+o. 

By  actual  multiplication  we  have 

(x  +  o)  (x  +  h)  (x  +  c)=3c^  +  {a-{-b-{-c)a^  +  {ah  +  he  +  ca)x  +  abc; 

(a;+a)(x+6)(x  +  c)  {x  +  d)=x*+{a  +  h  +  c-{-d)x* 

+  (a6  +  ac+ ad  + 6c+ W+cd)  «* 
+  (ahc + dbd + acd  +  bed)  x + abed. 
In  these  results  we  observe  that  the  following  laws  hold : 

1.  The  number  of  terms  on  the  right  is  one  more  than  the  number  of 
binomial  factors  on  the  left. 

2.  The  index  of  x  in  the  first  term  is  the  same  as  the  number  of 
binomial  factors ;  and  in  each  of  the  oilier  terms  the  index  is  one  less  than 
that  of  the  preceding  term. 

3.  The  coefficient  of  the  first  term  is  unity ;  the  coefficient  of  the  second 

term  is  the  sum  of  the  letters  a,  b,  c, ;    the  coefficient  of  the  third 

term  is  the  sum  of  the  products  of  these  letters  taken  two  at  a  time; 
the  coefficient  of  the  fourth  term  is  the  sum  of  their  products  taken  three  at 
a  time ;  and  so  on ;  the  last  term  is  tiie  product  of  all  the  letters. 

Assume  that  these  laws  hold  in  the  case  of  n  - 1  factors ;  that  is,  suppose 
{x+a){x+b)...{x  +  h)= a:«-i  +PiX'*~^  +p^^*  +JP3a;**~'*  + . . .  +Pn-i » 

where  2?i=a  +  6  +  c+...^; 

p^=db-\-ac  +  ...  +  ah-\-bc  +  bd-{- ; 

p^=abc  +  abd+ ; 


Pf,^i=abc...h, 

Multiply  both  sides  by  another  factor  x-\-k\  thus 

{x  +  a){x  +  b)...{x+h){x  +  k) 
= x*  +  (pi  +  k)  a;*-i  +  (i?2  +pik)  a;*-«  +{Ps+ Pa*)  «**"'  +  •  •  •  +Pn-i*- 
Now  p^^k={a  +  b  +  c  +  ...  +  h)  +  k 

=sum  of  all  the  n  letters  a,  b,  Cf...k; 

P2+Pik=p^+k{a  +  b+  .,.  +  h) 

=sum  of  the  products  taken  two  at  a  time  of  all  the 
n  letters  a,  6,  c, ...  k; 

P2+P2k=p^  +  k[ab-{-ac  +  ...-{-ah  +  bc  +  ...) 

=  sum  of  the  products  taken  three  at  a  time  of  all 
the  n  letters  a,  6,  c, ...  k ; 

^^_^= product  of  all  the  n  letters  a,  6,  c, ...  k» 
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If  therefore  the  laws  hold  when  n-1  factors  are  multiplied  together, 
they  hold  in  the  case  of  n  factors.  But  we  have  seen  that  they  hold  in  the 
case  of  4  factors ;  therefore  they  hold  for  5  factors ;  therefore  also  for  6 
factors ;  and  so  on ;  thus  they  hold  universally.    Therefore 

{x  +  a)(x  +  b)(x  +  c)  ...  {x  +  h)=x''  +  SiX''-^  +  8^''-^  +  S^x'''^-^- ...  +  8^ 
where  Si=the  sum  of  all  the  n  letters  a^h,  c  ...h; 

S2=the  sum  of  the  products  taken  two  at  a  time  of  these  n  letters. 


5^= the  product  of  all  the  n  letters. 


159.  Theorems  relating  to  divisibility  may  often  be  esta- 
blished by  induction. 

Example,    Shew  that  x*^  - 1  is  divisible  by  x  - 1  for  all  positive  integral 
values  of  n. 

x"  —  1  a;**~^  —  1 

By  division  =-  =x^^^-\ =—  ; 

x-1  x-1 

if  therefore  a;**~^  - 1  is  divisible  by  a:  - 1,  then  a;**  - 1  is  also  divisible  by  x  - 1. 
But  x^  - 1  is  divisible  by  x  - 1 ;  therefore  x*  - 1  is  divisible  by  x  - 1 ;  there- 
fore x^  - 1  is  divisible  by  x  - 1,  and  so  on ;  hence  the  proposition  is  established. 

Other  examples  of  the  same  kind  will  be  found  in  the  chapter  on  the 
Theory  of  Numbers, 

160.  From  the  foregoing  examples  it  will  be  seen  that  the 
only  theorems  to  which  induction  can  be  applied  are  those 
which  admit  of  successive  cases  corresponding  to  the  order  of 
the  natural  numbers  1,  2,  3, n. 


EXAMPLES.   Xn. 

Prove  by  Induction : 

1.  1+3  +  5  + +  (2/i-l)=n2. 

2.  12+22+32+ +w2=lw(n+l)(2n  +  l). 

3.  2  +  22+23+ +  2»=2(2»»-l). 

^     0  +  0  +  3^+ tonterms^^^. 

5.     Prove  by  Induction  that  ^— y»  is  divisible  hj  x  +  y  when  n  is 
even. 


CHAPTER  XIII. 
Binomial  Theorem.     Positive  Integral  Index. 

161.     It  may  be  shewn  by  actual  multiplication  that 
{x  +  a)  (a  +  h)  {x  +  c){x-¥  d) 

=  x^ ■¥  {a  +  h  +  c -¥ d) 3(^  +  (ah  +  ac  +  ad  +  he -k-hd -^ cd) ot? 
4-  (ahc  +  ahd  +  acd  +  hcd")  x  +  ahcd (1). 

We  may,  however,  write  down  this  result  by  inspection ;  for  the 
complete  product  consists  of  the  sum  of  a  number  of  partial  pro- 
ducts each  of  which  is  formed  by  multiplying  together  four 
letters,  one  being  taken  from  each  of  the  four  factors.  If  we 
examine  the  way  in  which  the  various  partial  products  are 
formed,  we  see  that 

(1)  the  term  x*  is  formed  by  taking  the  letter  x  out  of  each 
of  the  factors. 

(2)  the  terms  involving  oc^  are  formed  by  taking  the  letter  x 
out  of  a/ny  three  factors,  in  every  way  possible,  and  one  of  the 
letters  a,  5,  c,  d  out  of  the  remaining  factor. 

(3)  the  terms  involving  x'  are  formed  by  taking  the  letter  x 
out  of  a/ny  two  factors,  in  every  way  possible,  and  ttvo  of  the 
letters  a,  b,  c,  d  out  of  the  remaining  factors. 

(4)  the  terms  involving  x  are  formed  by  taking  the  letter  x 
out  of  any  one  factor,  and  three  of  the  letters  a,  6,  c,  d  out  of 
the  remaining  factors. 

(5)  the  term  independent  of  x  is  the  product  of  all  the  letters 
a,  by  c,  d. 

Example  1.  {x-2){x  +  3)  (x- 5) (x  +  9) 

=  x^  +  (-  2  +  3-6  +  9)a:3  +  (-6  +  10- 18- 15  +  27-45)  «« 

.+  (30-64  +  90- 136)  x  +  270 
=a;*-h5a-^-  47x^  -  69a;  +  270. 
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Example  2.    Find  the  coefficient  of  a^  in  the  product 

(x-3)(x  +  5)(a:-l)(a?+2)(a;-8). 

The  terms  involying  a?  are  formed  by  multiplying  together  the  x  in  any 
three  of  the  factors,  and  two  of  the  numerical  quantities  out  of  the  two  re- 
maining factors ;  hence  the  coefficient  is  equal  to  the  sum  of  the  products 
of  the  quantities  -  3,  5,  -1,2,  -  8  taken  two  at  a  time. 

Thus  the  required  coefficient 

=  -16  +  3-6  +  24-5  +  10-40-2  +  8-16 
=  -39. 

162.  If  in  equation  (1)  of  the  preceding  article  we  suppose 
b=c=d=a,  we  obtain 

(x  +  a)*  =  x*  +  4:ttaf  +  6a  V  +  4a^aj  +  a\ 

The  method  here  exemplified  of  deducing  a  particular  case 
from  a  more  general  result  is  one  of  frequent  occurrence  in 
Mathematics ;  for  it  often  happens  that  it  is  more  easy  to  prove 
a  general  proposition  than  it  is  to  prove  a  particular  case  of  it. 

We  shall  in  the  next  article  employ  the  same  method  to  prove 
a  formula  known  as  the  Binomial  Theorem,  by  which  any  binomial 
of  the  form  x  +  a  can  be  raised  to  any  assigned  positive  integral 
power. 

163.  To  find  the  eoopansion  of  (x  +  a)"  when  n  is  a  positive 
integer. 

Consider  the  expression 

(a:  +  a)  (a;  +  5)  (oj  +  c) (x-^-k), 

the  number  of  factors  being  n. 

The  expansion  of  this  expression  is  the  continued  product  of 

the  n  factors,  aj  +  a,  x-hb,  a:  +  c, x  +  k^  and  every  term  in  the 

expansion  is  of  n  dimensions,  being  a  product  formed  by  multi- 
plying together  n  letters,  one  taken  from  each  of  these  n  factors. 

The  highest  power  of  x  is  of,  and  is  formed  by  taking  the 
letter  x  from  each  of  the  n  factors. 

The  terms  involving  aj"~^  are  formed  by  taking  the  letter  x 
from  any  n  —  1  of  the  factors,  and  OTie  of  the  letters  a,  b,  c,  ...  k 
from  the  remaining  factor;  thus  the  coefficient  of  aj"~*  in  the 
final  product  is  the  sum  of  the  letters  a,  b,  c, k;  denote  it 

The  terms  involving  a;"  '  are  formed  by  taking  the  letter  x 
from  any  w  —  2  of  the  factors,  and  two  of  the  letters  a,  5,  c,  ...k 
from  the  two  remaining  factors;  thus  the  coefficient  of  a;""'  in 
the   final   product   is   the   sum   of  the   products   of  tba  \fc\iuec^ 
a,  by  c,  ...k  taken  two  at  a  time;  denote  it  \>y  S^. 


V  '+...  +  «", 
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And,  generally,  the  terms  involving  as""'*  are  formed  by  taking 
the  letter  x  from  any  n  -  r  of  the  factors,  and  r  of  the  letters 
a,  by  c,  ..,k  from  the  r  remaining  factors ;  thus  the  coefficient  of 
af'"  in  the  final  product  is  the  sum  of  the  products  of  the  letters 
tty  b,  Cy  ,.,k  taken  r  at  a  time;  denote  it  by  aS'^. 

The  last  term  in  the  product  is  abc  .,,k;  denote  it  by  S^. 

Hence  (x  +  a){x  +  b){x  +  c) (x  +  k) 

=^0^ -h S.x""'  +  Sjxf-' -h  ,.,  +  SxT"  +  ...  +S  _,x  +  S  . 

In  S^  the  number  of  terms  is  n;  in  S^  the  number  of  terms  is 
the  same  as  the  number  of  combinations  of  n  things  2  at  a  time ; 
that  is,  "(7j ;  in.  S^  the  number  of  terms  is  "Og ;  and  so  on. 

Now  suppose  bf  Cy  ...  k,  each  equal  to  a;  then  S  becomes 
"Cjtt;  S^  becomes  ''C/i';  S^  becomes  ""C^a^;  and  so  on;  tnus 

(a;  +  a)"  =  ic"  +  "C^oaj""'  +  ""G^a'aT-'  +  "C,^^  +  . .  +  "C^a" ; 
substituting  for  "Cj,  "C,,, ...  we  obtain 

1  •  J  X  ,  M  ,  o 

the  series  containing  n+1  terms. 

This  is  the  Binomial  Theoremy  and  the  expression  on  the  right 
is  said  to  be  the  expansion  of  (x  +  a)". 

164.  The  Binomial  Theorem  may  also  be  proved  as  follows  : 

By  induction  we  can  find  the  product  of  the  n  factors 
x  +  ay  x  +  by  x  +  Cy  ...x  +  k  as  explained  in  Art.  158,  Ex.  2 ;  we 
can  then  deduce  the  expansion  of  (x  +  af  as  in  Art.  163. 

165.  ITie  coefficients  in  the  expansion  of  (x  +  a)*  are  very 
conveniently  expressed  by  the  symbols  "C^,  "C,,  "G^y  ...  "C^. 
We  shall,  however,  sometimes  further  abbreviate  them  by  omitting 
w,  and  writing  (7,,  (7^,  G^y  ...  G^,     With  this  notation  we  have 

(aj  +  ay  =  a:»  +  G^oixT-'  +  (7,a V  +  Gyx"-""  +  ...  +  Gji\ 

If  we  write  —  a  in  the  place  of  a,  we  obtain 

{x  -  a)"=  aj"  +  G,  (-  a)  «»-'  +  G^  (-  afx^'-'+C^i-'  a)  V-'+ . . .  +  GJi^a)* 
=  ic"  -  G^ax""-'  +  (7,aV-»  -  C^^aV-'  +.:.+(-  l)"Cy. 

Thus  the  terms  in  the  expansion  of  (as  +  a)"  and  {pa —  a)*  are 
wwmerically  the  same,  but  in  \x  -  a)"  they  are  alternately  positive 
and  negative,  and  the  last  term  is  positive  or  negative  according 
as  ^  IS  even  or  odd. 
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Example  1.    Find  the  expansion  of  (x+y)^. 
By  the  fonnnla, 

=afi+63fyf  +  15x^y*+20x^  +  15a^+6xy'^ +y^t 
on  calculating  the  valaes  of  ^C^ ,  'C,,  'C,, 

Example  2.    Find  the  expansion  of  (a  -  2xy. 
{a  - 2xy=a7 - 7Ci a«  (2ar)  +7(7, a^  (2a;)« - ^Og a* (2a;)8+ to  8  terms. 

Now  remembering  that  '^(7^=**(7„_^,  after  calculating  the  coefficients  np  to 
'(7,,  the  rest  may  be  written  down  at  once;  for  ^€^="^0^;  ^€^=^€2;  and  so  on. 
Hence 

(a-2«)7=a7-7a«(2x)  +  ^a»(2x)a-J^44a*(2a;)»+ 

l.Z  l.iS.O 


=  a^  -  7a«  (2a;)  +  21a»  (2a;)«  -  35a*  (2a;)»  +  36a»  (2x)< 

-  21a9  (2a;)«  +  7a  (2a;)«  -  (2xf 

=:a7  -  Ua^x  +  84a»a;«  -  280o*a;'+  660a»«* 

-  672aV  +  USaafi  -  128a;^ 

Example  3.    Find  the  value  of 

(a  +  jW^iy + (a  -  Jc^^y. 

We  have  here  the  sum  of  two  expansions  whose  terms  are  nmnerically 
the  same ;  bnt  in  the  second  expansion  the  second,  fourth,  sixth,  and  eighth 
terms  are  negative,  and  therefore  destroy  the  corresponding  terms  of  the  first 
expansion.    Hence  the  value 

=2{a7  +  21a»(a«-l)  +  35a»(a2-l)«  +  7a(a2-l)»} 

= 2a  (64a«  -  112a< + 66a«  -  7). 

166.  In  the  expansion  of  (x  +  a)",  the  coefficient  of  the  second 
term  is  "C^ ;  of  the  third  term  is  "(7, ;  of  the  fourth  term  is  "C, ; 
and  so  on;  the  suffix  in  each  term  being  one  less  than  the 
number  of  the  term  to  which  it  applies;  hence  "(7^  is  the  co- 
efficient of  the  (r+,1)*^  term.  This  is  called  the  general  term, 
because  by  giving  to  r  different  numerical  values  any  of  the 
coefficients  may  be  found  from  "C^;  and  by  giving  to  x  and  a 
their  appropriate  indices  any  assigned  term  may  be  obtained. 
Thus  the  (r  +  1)*^  term  may  be  written 

■(7X-V.  or  ^{n-l)(n-2)...(n-r+l)^_^^^ 

\t 

In  applying  this  formula  to  any  particular  case,  it  should  be 
observed  that  the  index  of  a,  is  the  same  as  the  suffix  of  C^  <uxsd» 
that  the  sum  of  the  indices  of  a  and  a  is  n. 
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Example  1.    Find  the  fifth  term  of  {a  +2a^)^'^. 

The  required  term  =  ^W^  a^'  (2x^)* 

17.16.15.14 


1.2.3.4 

=38680ai»a;i2. 


xl6ai»a;" 


Example  2.    Find  the  fourteenth  term  of  (3  -  a)^. 

The  required  term  =  "Cu  (3)a  ( -  a)" 

=i«C72x(-9a^»)  [Art.  146.] 

=  -  945ai«. 

167.  The  simplest  form  of  the  binomial  theorem  is  the  ex- 
pansion of  (1  +  x)*.  This  is  obtained  from  the  general  formula 
of  Art.  163,  by  writing  1  in  the  place  of  x,  and  x  in  the  place 
of  a.     Thus 

(l  +  a;)"  =  l +"C7,a;  +  "C7,a;"+ ... +-(7X+  •• +''C^X 
,  w(n-l)    , 

the  general  term  being 

n(7i-l)(n-2) (n-r+l)    ^ 

I  X  . 

Ir. 

The  expansion  of  a  binomial  may  always  be  made  to  depend 
upon  the  case  in  which  the  first  term  is  unity ;  thus 


(.H-y)-  =  {«;(l+|)}' 


=  a5*(l  +  «)*,  where  2  =  - . 


Example  1.    Find  the  coeflfioient  of  x^^  in  the  expansion  of  (sfi  -  2x)i«. 

We  have    (««  -  2a;)w=aj»>  ^1  -  ^\  *; 

/      2\i* 
and,  since  a;*>  multiplies  every  term  in  the  expansion  of  ( 1  -  -  J   ,  we  have  i 

this  expansion  to  seek  the  coefficient  of  the  term  which  contains  —^ . 


Hence  the  required  coefficient =^''C4  ( -  2)* 

10.9.8.7 


xl6 


1.2.3.4 
=  3360. 

In  some  cases  the  following  method  is  simpler. 
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Example  2.    Find  the  coefficient  of  a^  in  the  expansion  of  ( ^'+ ^ )  . 
Suppose  that  x^  occurs  in  the  {p  + 1)^  tenn. 

The  ip  + 1)*  term  =  *Cp  {x^)^~p  (^i  V 

But  this  term  contains  af ,  and  therefore  2n-5p=r,orp  =  — — -  . 

5 

Thus  the  required  coefficient =*Cp=*C2„_y 


i(2w-r) 


I/O 

g(3n  +  r) 


On        A* 

Unless  — = —  is  a  positive  integer  there  will  be  no  term  containing  x^  in 
the  expansion. 

168.  In  Art.  163  we  deduced  the  expansion  of  (x  +  ay  from 
the  product  of  n  factors  (x  +  a)(x  +  b)  ..,  (x  +  k\  and  the  method 
of  proof  there  given  is  valuable  in  consequence  of  the  wide  gene- 
rality of  the  results  obtained.  But  the  following  shorter  proof  of 
the  Binomial  Theorem  should  be  noticed. 

It  will  be  seen  in  Chap.  xv.  that  a  similar  method  is  used 
to  obtain  the  general  term  of  the  expansion  of 

(a4-6  +  c+ )". 

169.  To  prove  the  Binomial  Theorem. 

The  expansion  of  (x  +  a)"  is  the  product  of  n  factors,  each 
equal  to  a;  +  a,  and  every  term  in  the  expansion  is  of  n  dimen- 
sions, being  a  product  formed  by  multiplying  together  n  letters, 
one  taken  from  each  of  the  n  factors.  Thus  each  term  involving 
xT^W  is  obtained  by  taking  a  out  of  any  r  of  the  factors,  and  x 
out  of  the  remaining  n  —  r  factors.  Therefore  the  number  of 
terms  which  involve  oT'W  must  be  equal  to  the  number  of  ways 
in  which  r  things  can  be  selected  out  of  n ;  that  is,  the  coefficient 
of  a;""''©''  is  "C^,  and  by  giving  to  r  the  values  0,  1,  2,  3,  ...  n  in 
succession  we  obtain  the  coefficients  of  all  the  terms.     Hence 

(x  +  ay  =  «"  +  "(7,aj"-»a  +  "C^-'a'  +  . . .  +  ""GX-'a"  +...+«", 
since  "G^  and  "C^  are  each  equal  to  unity. 
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EXAMPLES.    XTTT.  a. 

Expand  the  following  binomials : 

1.     (:i?-3)6.  2.     (3:P+2y)*.  a     {^-yf. 

4.    (l-3a2)«.  5.    [a^+xf.  6.    {l-xyf. 

Write  down  and  simplify : 

13.    The  4*»»  term  of  (or -5)15.       14.    The  10»>»  term  of  (1  -  2^p. 

15.    Thel2«»termof(2a?-ip.    16.    The  28*>»  term  of  (5^+8y)«>. 

17.  The  4*»»  term  of  (^  +  96^ 

18.  The  b^  term  of  Ua  -  -V  . 

19.  The  T"*  term  of  ^y  -  ~  y  . 


\io 


B.  8 


20.  The  5"*  term  of  ( -j  -  ^, 

Find  the  value  of 

21.  (a?+V2y+(a7-V2)*.  22.    (V^?^^+^)*-(V^^^-^)«. 

23.    (v^2+l)«-(V2-l)«.  24.    (2-Vr^)«+(2+v/r::i)«. 

25.  Find  the  middle  term  of  (^  +  -Y^ . 

\x     a) 

26.  Find  the  middle  term  of  /^l  -"^^ . 

27.  Find  the  coefficient  of  x^^  in  ^^72+—^^  . 

28.  Find  the  coefficient  of  x^^  in  (o^  -  hx)^, 

(I      1\16 

3a~--j  . 
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(n  1    \9 

32.  Find  the  13"^  term  of  fda;  -  gV)^^- 

33.  If  a:^  occurs  in  the  expansion  of  ( a?+  - )   ,  find  its  coefl&cient. 

/  l\3ii 

34.  Find  the  term  independent  of  a;  in  I  a: — g )    . 

35.  If  a;P  occurs  in  the  expansion  of  f  ^+-  j    ,  prove  that  its  co- 


efficient is 


\2n 


^(2n+i?) 


170.  In  the  expansion  of{i+  x)^  the  coefficients  of  terms  equi- 
distant from  the  beginning  and  end  a/re  equal. 

The  coefficient  of  the  (r  +  1)***  term  from  the  beginning  is 
"(7,. 

The  {r+iy^  term  from  the  end  has  7i+  1— (r+1),  or  n-r 
terms  before  it;  therefore  counting  from  the  beginning  it  is 
the  (n  — r4- 1)*^  term,  and  its  coefficient  is  "C^_^,  which  has  been 
shewn  to  be  equal  to  "(7^.  [Art.  145.]  Hence  the  proposition 
follows. 

171.  To  find  tJie  greatest  coefficient  in  the  expansion  of 
(1  +  x)^ 

The  coefficient  of  the  general  term  of  (1  +  x)"  is  *G^ ;  and  we 
have  only  to  find  for  what  value  of  r  this  is  greatest. 

By  Art.  154,  when  n  is  even,  the  greatest  coefficient  is  "C^ ; 

i 
and  when  n  is  odd,  it  is  "(7^_p  or  '*C'^+,;  these  two  coefficients 

being  equal. 

172.  To  find  the  greatest  term  in  the  expansion  of(x  +  a)^ 

We  have  (a;  +  a)"  =  a;"  (  1  +  -j  ; 

therefore,  since  a;"  multiplies  every  term  in  f  1  +  -j  ,  it  will  be 
sufficient  to  find  the  greatest  term  in  thia  latt^x  «x.pax^\QVi.. 
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Let    the  r***   and    (r+1)*^  be   any  two   consecutive    terms. 
The  (r  +  1)*^  term  is  obtained  by  multiplying  the  r**^  term  by 

*'-::^.  .  I;  that  is,  by  (^^  -  l)  ?.  [Art.  166.] 

The  factor 1   decreases   as   r  increases :   hence  the 

r 

(r+  1)***  term  is  not  always  greater  than  the  r^  term,  but  only 
until  I M  ~  hecomes  equal  to  1,  or  less  than  1. 


Now 


(■v^-')i>'' 


so  long  as  1  >  -  > 


a 

, ,    .  .  w  +  1      aj     - 

that  IS,  >  -  +  1, 

r         a 

n+\  ,-. 

or  >r  (1). 

X 

-  +  1 
a 

If  — ^  be  an  integer,  denote  it  by  jp ;  then  if  r  =  jt?  the 

-  +  1 
a 

multiplying  factor  becomes  1,  and  the  (p  +  Vf^  term  is  equal  to  the 

p^^ ;  and  these  are  greater  than  any  other  term. 

If  -^—  be  not  an  integer,  denote  its  integral  part  by  o'; 

-  +  1 
a 

then  the  greatest  value  of  r  consistent  with  (1)  is  q\  hence  the 

{q  4- 1)'^  term  is  the  greatest. 

Since   we  are  only  concerned  with  the  numerically  greatest 

term,  the  investigation  will  be  the  same   for  (x-aY;  therefore 

in  any  numerical  example  it  is  unnecessary  to  consider  the  sign 

o£  the  second  term  of  the  binomial.     Also  it  will  be  found  best 

to  work  each  example  indepencj^^ntly  of  the  general  formula. 
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Example  1.    If  a;  =  - ,  find  the  greatest  term  in  the  expansion  of  (l  +  4x)^ 
Denote  the  i*^  and  (r  +  1)*^  terms  by  T^  and^T^j. respectively;  then 


9-r     4 
3 


X  oX^V; 


hence  T^i>2'y, 

9-  ?•     4 
so  long  as  -     x  o>l; 

r        o 

that  is  36-4r>3r, 

or  36>7r. 


The  greatest  value  of  r  consistent  with  this  is  5 ;  hence  the  greatest  term 
is  the  sixth,  and  its  value 


=«o.x(|y=»(;,x(|y= 


57344 
243   • 


Example  2.  Find  the  greatest  term  in  the  expansion  of  (3  -  2ar)*  v\rhen 
x  =  l. 

(3-2xr==d^(l-^y; 

(2x\^ 

Here  ^r+i= •  -5-  x  T^,  numerically, 

T  O 

_10-r     2 

hence  ^r+i  -^  ^r » 

10-r     2     , 

so  long  as  x  5>  1 ; 

r         o 

that  is,  .  20  >  fir. 

Hence  for  all  values  of  r  up  to  3,  we  have  r^,>ry;  but  if  r=4,  then 
r^i  =  Ty,  aud  these  are  the  greatest  terms.  Thus  the  4**»  and  6**^  terms  are 
numerically  equal  and  greater  than  any  other  term,  and  their  value 


=  3»  X  «C3  X  (|)'=3«  X  84  X  8=489888. 


H.  H.  A. 


AV^ 
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173.  To  find    the  sum  of  the  coefficients  in  the   eaepansion 

0/(1 +x)^ 

In  the  identity   (1  +  a;)"  =  1  +  C^x  +  C^  +  G^  +  . . .  +  C^a", 

put  x  —  \\  thus 

2"=l  +  C7,  +  C',  +  (73+...  +  (7. 

=  sum  of  the  coefficients. 

Cor.  C^4-C,  +  (73+...  +  (7,  =  2"-1; 

that  is  "the  total  number  of  combinations  of  n  things"  is  2"  -  1. 
[Art.  153.] 

174.  To  prove  that  in  the  expcmsion  o/*  (1  +  x)",  the  su/in  of 
tJie  coefficients  of  the  odd  terms  is  eqvAil  to  the  sum  of  the  coefficients 
oftlie  even  terms. 

In  the  identity  (1  +  a;)"  «=  1  +  G^x  +  G^  +  G^af  +  ...  +  Gaf", 
put  x  =  —l;  thus 

0=l-(7,  +  (7.~(73+(7,-(7,+ ; 

.-.  l  +  (7,  +  (7,+ =G,-^G^  +  G,+ 

=  ^  (sum  of  all  the  coefficients) 


=  2"-\ 

175.  The  Binomial  Theorem  may  also  be  applied  to  expand 
expressions  which  contain  more  than  two  terms. 

Example,    Find  the  expansion  of  {x* +2x- 1)'. 

Regarding  2a;  - 1  as  a  single  term,  the  expansion 

=  (ar^)'  +  3  (sB2)a  (2a;  - 1)  +  Sx*  {2x  - 1)2  +  (2aj  - 1)» 
=afi+^a^+9x^  -  4j^  -  9a;2+6a;  —  1,  on  reduction. 

176.  The  following  example  is  instructive. 
Example,     If       (1+x)^=Cq+c^x  +  c^+ +0^0*, 

find  the  value  of        Cq  +  2c^  +  ^2+^3+ +  (^+^<^n W* 

and  Ci2+2c2«+3c82+ +nc^^ (2). 

The  series  (l)  =  (Co+Ci+Cs+ +cj  +  (ci+2c,  +  3c3+ +ncj 

^2n+n{l  +  (n-.l)+<"-y<^-"'U +1} 

=  2«+n(l  +  l)»-i 
=  2'»+7i.2~-i. 
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To  find  the  valne  of  the  series  (2),  we  proceed  thus : 

=nx  n  +  (n-l)aB+  ^ ^^ ^-x^-^ +a;*-i^ 


,n-l. 


=nx{l+x) 
henoe,  by  changing  x  into  -  ,  we  have 

X 


£i  +  ?£?  +  ?^3^        +^  =  L*/'l+iV''  (3). 

X      x^      a:'       x^      x\      xj       ^  ' 

Also  Cq+CiX  +  c^x^^ +c^x^=(l+x)^ (4). 

If  we  multiply  together  the  two  series  on  the  left-hand  sides  of  (3)  and  (4), 

we  see  that  in  the  product  the  term  independent  of  a;  is  the  series  (2) ;  hence 

n  /      IX'^i 

the  series  (2)     =term  independent  of  :c  in  -{l+x)^{l  +  -j 


n 


= term  independent  of  a;  in  -—  (1 + ob)**"^ 


X* 


= coefficient  of  x**  in  n  (1 + o;)**"^ 


=nx**-iC^ 


2W-1 


w-1  n-V 


EXAMPLES.   XTTT.  b. 

In  the  following  expansions  find  which  is  the  greatest  term : 

1.  {x-y)^  when  ^=11,  y  =  4. 

2.  (207  -  3y)28  when  ^= 9,  y  =  4. 

3.  (2a + 6)^*  when  a  =  4,  6=5. 

5 

4.  (3  +  2j7)i*  when  -^  =  «  • 

In  the  following  expansions  find  the  value  of  the  greatest  term : 

2 

5.  (1+^)**  when  ^=^,  n=6. 

6.  (a+a;)»  when  o=5  ,  «=;,  »=9. 

Aft— "i 


148  HIGHER  ALGEBRA. 

7.  Shew  that  the  coefficient  of  the  middle  term  of  (1+^)^  is 
equal  to  the  sum  of  the  coefficients  of  the  two  middle  terms  of 

8.  If  A  be  the  sum  of  the  odd  terms  and  B  the  sum  of  the 
even  terms  in  the  expansion  of  (a7+a)",  prove  that  A^  —  B^={a;'^  —  a^)^. 

9.  The  2"'*,  3"*,  4"»  terms  in  the  expansion  of  C^+y)**  are  240,  720, 
1080  respectively ;  find  a?,  y,  n, 

10.  Find  the  expansion  of  (1  +  2^;  -  x^y, 

11.  Find  the  expansion  of  {Sa;^-2aa:+3a^y, 

12.  Find  the  r^  term  from  the  end  in  {x  +  a)* 

13.  Find  the  (p  +  2)"»  term  from  the  end  in  f  ^  -  -  j 

14.  In  the  expansion  of  (1  +a;)^  the  coefficients  of  the  (2r + 1)***  and 
the  (r+2)***  terms  are  equal;  find  r. 

15.  Find  the  relation  between  r  and  n  in  order  that  the  coefficients 
of  the  3r***  and  (r+2)**»  terms  of  (1  +^)^  may  be  equal. 

16.  Shew  that  the  middle  term  in  the  expansion  of  (1  +^)2»  is 

If  Co,  Ci,  Cg, ...  c„  denote  the  coefficients  in  the  expansion  of  (1  +.r)**, 
prove  that 

17.  Ci+2c2+3c3+ +«c„=ra.2''-i. 

18.  Co+|  +  t+ +i;XT  =  ^TZT^- 

2      o  w+1        n+1 

Ci     2c2,3c8  nc^      n  {n+l) 

1». 1 1 r H = r . 

Cq        Ci         C^  ^n-1  ^ 

20.  (Co+Ci)  (^c^+ci, fa-i+c«)  =  ^' to^"^^^"  • 

21.  2o.+?Ji  +  23^  +  ?^3^ ^^^^.^ 

2         3         4  n+1         n+1 


\27l 

22.    c^^+c^^  +  c.^+ +  c„2= 


\2n 


23.      CQC^  +  CiCr+i  +  C./!^  +  2+ +C„_,.C„  = 


\n  —  r  \n+r ' 


CHAPTER  XIV. 
Binomial  Theorem.    Any  Index. 

177.  In  the  last  chapter  we  investigated  the  Binomial 
Theorem  when  the  index  was  any  positive  integer ;  we  shall  now 
consider  whether  the  formulae  there  obtained  hold  in  the  case 
of  negative  and  fractional  values  of  the  index. 

Since,  by  Art.  167,  every  binomial  may  be  reduced  to  one 
common  type,  it  will  be  sufficient  to  confine  our  attention  to 
binomials  of  the  form  (1  +  a:)". 

By  actual  evolution,  we  have 

1         111 

(1  -{■  xY  =  y/l  +  X  =  1  +  ^  X  -■^x''  +  yxx''  - ; 


and  by  actual  division, 

{I  - x)-'  =  jY^y^l  +  ^x+  3x'  +  W  + ; 

[Compare  Ex.  1,  Art.  60.] 

and  in  each  of  these  series  the  number  of  terms  is  unlimited. 

In  these  cases  we  have  by  independent  processes  obtained  an 

1 

expansion  for  each  of  the  expressions  (1  +  a;)'  and  (1  +  x)~'.     We 

shall  presently  prove  that  they  are  only  particular  cases  of  the 

general  formula  for  the  expansion  of  (1  +  oj)",  where   n  is  any 

I'ational  quantity. 

This  formula  was  discovered  by  Newton. 

178.     Suppose  we  have  two  expressions  arranged  in  ascending 
powers  of  x,  such  as 

i  +  ^+!:i^)v+'^ii^:^f^^^>«:'+ (1), 

and      l+„x+?L^«^  +  «J!lZ^^^a:3  + .^V 
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The  product  of  these  two  expressions  will  be  a  series  in  as- 
cending powers  of  x;  denote  it  by 

1  ■{■  Ax  +Baf  ■{■  Ca^  +  Dx*  + ; 

then  it  is  clear  that  A,  B,  (7,  are  functions  of  m  and  n, 

and  therefore  the  actual  values  of  -4,  J5,  G,  in  any  particular 

case  will  depend  upon  the  values  of  m  and  n  in  that  case.     But 
the  way  in  which  the  coefficients  of  the  powers  of  a?  in  (1)  and  (2) 

combine  to  give  A,  B,  Cj is  quite  independent  of  m  and  n  ; 

in  other  words,  wliatever  values  m  cmd  n  may  havCf  A,  B,  C, 

preserve  the  same  vn,va/r%ahle  form.     If  therefore  we  can  determine 

the  form  of  -4,  J5,  C, for  any  value  of  w  and  ti,  we  conclude 

that  -4,  -B,  C, will  have  the  same  form  for  all  values  of  m 

and  n. 

The  principle  here  explained  is  often  referred  to  as  an  example 
of  "the  permanence  of  equivalent  forms ; "  in  the  present  case  we 
have  only  to  recognise  the  fact  that  in  any  algebraical  product  the 
form  of  the  result  will  be  the  same  whether  the  quantities  in- 
volved are  whole  numbers,  or  fractions ;  positive,  or  negative. 

We  shall  make  use  of  this  principle  in  the  general  proof  of 
the  Binomial  Theorem  for  any  index.  The  proof  which  we 
give  is  due  to  Euler. 

179.  To  prove  the  Binomial  Theorem  when  the  index  is  a 
positive  fraction. 

Whatever  he  the  value  of  m,  positive  or  negative,  integral  or 
fractional,  let  the  symbol /(m)  stand  for  the  series 

-  w(m-l)    -     m(w-l)(m  — 2)   a 

1 +^  +  _^__V  +  -5^^-jA3— V+ ... ; 

then  f(n)  will  stand  for  thfe  series 

If  we  multiply  these  two  series  together  the  product  will  be 
•  another  series  in  ascending  powers  of  a;,  whose  coefficients  wUl  he 
unaltered  i/nform  whatever  m  and  n  m^y  he. 

To  determine  this  invariable  form  of  the  product  we  may  give 
to  m  and  n  anj  values  that  are  moat  convenient ;  for  this  purpose 
suppose  that  m  and  n  are  positive  integers.     In  this  case  f{m) 

is  the  expanded  form  of  (1  +  x)*",  a,nd  f(n)  is  the  expanded  form  of 

("l  +  a:)";  and  therefore 
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f{m)  x/{n)  =  (1  +  a;)-  x  (1  +  x)"  =  (1  +  «)-+-, 

but  when  m  and  n  are  positive  integers  the  expansion  of  (1  +  aj)*""^" 

1      /  X        (m -\- n)  (m  +  n  -  1)   ^ 

IS  1  +  {m+n)x+^ -^a -a^  + 

1 .  J 

This  then  is  the  form  of  the  product  of  /(m)  ^/(n)  in  all 
cases,  whatever  the  values  of  m  and  n  may  be ;  and- in  agreement 
with  our  previous  notation  it  may  be  denoted  hj/(m  +  n) ;  there- 
fore ybr  cUl  valines  qfm.  and  n 

/(m)  x/(ri)  =/(m  +  n). 
Also  /(m)  x/(w)  x/(p)  =/(m  +  n)x/{  p) 

=y*(m  +  n+^),  similarly. 

Proceeding  in  this  way  we  may  shew  that 
f{m)  x/{n)  x/(p).,,to  k  factors  =/(m  +  ra  +jt?  +...to  A;  terms). 

Let  each  of  these  quantities  r?i,  w,  jp, be  equal  to  -j- , 

where  h  and  k  are  positive  integers  ; 

but  since  A  is  a  positive  integer, /(A)  =  (1  +  a;)* ; 

but  f\i\  stands  for  the  series 

T       h        k\k       J    9  . 


.-.     (1  +  a) 


k  1.2 


which  proves  the  Binomial  Theorem  for  any  positive  fractional 
index. 
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180.  To  prove  the  Binomial  TJieorem  when  the  index  is  any 
negative  quantity. 

It  has  been  proved  that 

/(m)  x/(w)  =/(m  4-  n) 

for  all  valuer  of  m  and  n.     Replacing  m  hy  —n  (where  n  is 
positive),  we  have 

/(-w)x/(7i)=/(-n  +  n) 

=/(0) 
-1, 
since  all  terms  of  the  series  except  the  first  vanish ; 

but/(n)  =  (l  +  a;)",  for  any  positive  value  of  w; 

or  (l  +  x)-"=/(-n). 

But  f{—n)  stands  for  the  series 

l+(-ti)a;  +  ^ — 4j>— ^^ ^V+ ; 

1 .  n 

/-I        \—      1      /      V        (-n)(—n-'\)    a 
.-.     (l  +  a?)  »=l+(-n)a;  +  > ^-f-^ ^a;'  + ; 

which  proves   the  Binomial  Theorem  for  any   negative    index. 
Hence  the  theorem  is  completely  established. 

181.  The  proof  contained  in  the  two  preceding  articles  may 
not  appear  wholly  satisfactory,  and  will  probably  present  some  dif- 
ficulties to  the  student.  There  is  only  one  point  to  which  we 
shall  now  refer. 

In  the  expression  ior/(m)  the  number  of  terms  is  finite  when 

m  is  a  positive  integer,  and  unlimited  in  all  other  cases.     See 

-4/T^.  28^,     It  is  therefore  necessary  to  enquire  in  what  sense  we 
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are  to  regard  the  statement  that  ^(m)  x  f{n)  =/{m  +  n).  It  will 
be  seen  in  Chapter  xxi.,  that  when  «<  1,  each  of  the  series /{m)j 
/{n)y/{m  +  n)  is  convergent^  Sind/{7n  +  n)  is  the  true  arithmetical 
equivalent  oi  f{m)  '^/{n).  But  when  a;>l,  all  these  series  are 
divergent^  and  we  can  only  assert  that  if  we  multiply  the  series 
denoted  hj/(m)  by  the  series  denoted  by  /{71),  the  first  r  tenns 
of  the  product  will  agree  with  the  first  r  terms  of  /(m  +  n), 
whatever  finite  value  r  may  have.     [8ee  Art.  308.] 

3 
Example  1.     Expand  (1  -  x)^  to  four  terms. 

•   3.  ,  iB,-«..IMiH..., 


{l^x)^=l  +  -{-x)+      \^2^(-"^^'+  1.2.3 ^(-^)'  + 


-,     ^       3,1, 

=  1 X  +  —  X''-i ^  X*  + 

2       8        16 


Example  2.    Expand  (2  +  Sx)~*  to  four  terms. 

3a;\-* 


(2  +  3x)-4  =  2-*(l  +  J) 


182.     In  finding  the   general   term  we  must   now  use   the 
formula 


w(n-l)(n-2) (7i-r  +  l) 


x" 


written  in  full ;  for  the  symbol  "(7^  can  no  longer  be  employed 
when  n  is  fractional  or  negative. 

Also  the  coefficient  of  the  general  term  can  never  vanish  unless 
one  of  the  factors  of  its  numerator  is  zero ;  the  series  will  there- 
fore stop  at  the  r'^  term,  when  n  —  r+l  is  zero ;  that  is,  when 
r—n+l;  but  since  r  is  a  positive  integer  this  equality  can  never 
hold  except  when  the  index  n  is  positive  and  integral.  Thus  the 
expansion  by  the  Binomial  Theorem  extends  to  w  +  1  terms  when 
n  is  a  positive  integer,  and  to  an  infinite  number  of  terms  in  all 
other  cases. 
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1 
Example  1.    Find  the  general  term  in  the  expansion  of  (l+x)^. 


Kr'MHria —) 


The  (r+1)^  termi=  ^  (  ^^ 


l(-l)(-3)(-5) (-2r  +  3) 


The  nmnber  of  factors  in  the  numerator  is  r,  and  r  - 1  of  these  are  nega- 
tive; therefore,  by  taking  - 1  out  of  each  of  these  negative  factors,  we  may 
write  the  above  expression 


"^^   — wv^ — '^• 


1 

"Example  2.    Find  the  general  term  in  the  expansion  of  (1  -  iu£)^* 

ifi-l)(i-2) fl-r  +  l) 

The  (r  + 1)**^  term  =:     >         /   >         f  >  <  ( -  nxf 

^l(l-n)(l-2n)         (l-F3T^) 

vFW  ^      ' 

^/    lx.l(l-^)(l-2>>) (l-.r"^.n)^, 

(n-l)(2n-l) (TTl.n-l)  ^^ 

—  —  ;  • X  I 

since  {-!)'(- 1)*"*  =  ( - 1)*"^=  - 1. 


Example  3.    Find  the  general  term  in  the  expansion  of  (1  -  a;)"'. 
The  (r^xr^^=^.zMzMz3■^M■A=lznA  (_,)r 

_  (r+l)(r+2) 
1.2 

bjr  removing  like  faetora  from  the  nmnerator  and  denominator. 


a:'*. 
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EXAMPLES.  XIV.  a. 

Expand  to  4  terms  the  following  expressions: 

1  s  8 

1.    (l+^)«.  2.    (1  +  ^)2.  3.     (1-^)^ 

1  1 

4.    (1+^-2.  5.    {l-3a;f,  6.    (l-3a?)"8. 


8 


10.     (l  +  |a)     •  11.    (2+^)-».  12.    (9  +  2a?)2. 

2  8  1 

13.    (8+12a)3.  14,    (9_6^)"2.  15.    (4a-Sx)'~^, 

Write  down  and  simplify : 

16.  The  8"*  term  of  (1  +  2a7)"2. 

n 

17.  The  11*>»  term  of  (1  -  2a;S)2. 

16 

la    The  10**»  term  of  (1  +  3a2)3. 

19.  The  5«»  term  of  (3a  -  2b)  -  K 

20.  The(r+l)*»>termof(l-4?)-2. 

21.  The  (r  +  l)^  term  of  (1  -a?)"*. 

1 

22.  The  (r  + 1)*>»  term  of  (1  +  a;f, 

11 

23.  The  (r + !)"» term  of  (1  +  a')3. 

13 

24.  The  14"»  term  of  (2io  -  2^07)2. 

u 

25.  The  T^  term  of  (3^  +  6*^)*. 

183.     If  we  expand  (1— a;)""  by  the  Binomial  Theorem,  we 
obtain 

{l-a;)"'=l  +  2a;  +  3iK'+4a;»+  ; 

but,  by  referring  to  Art.  6O,  we  see  that  this  result  is  only  true 
when  X  is  less  than  1.  This  leads  us  to  enquire  whether  we  are 
always  justified  in  assuming  the  truth  of  the  statement 


(l+xY  =  l  +nx+  -\ — o~"^aj'  + 
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and,  if  not,  under  what  conditions  the  expansion  of  (1  +  a;)'  may- 
be used  as  its  true  equivalent. 

Suppose,  for  instance,  that  n  =  —l;  then  we  have 

(l-x)~^  =  1  +x  +  x'  +  x''-{-x*+ (i); 

in  this  equation  put  a;  =  2  ;  we  then  obtain 

(-l)-'=l-f  2-f-2»  +  2'  +  2*+ 

This  contradictory  result  is  sufficient  to  shew  that  we  cannot 

take 

^  w(n~l)     g 

I  +nx-\-  — > — 2~    ^  + 

as  tlie  true  arithmetical  equivalent  of  (I  +a;)"  in  all  cases. 

Now  from  the  formula  for  the  sum  of   a  geometrical  pro- 
gression,  we    know   that  the  sum   of   the  first  r  terms  of  the 

series  (1)  =  -^ 

^  ^  1  —x 

1  x' 


l-x     l-x' 

and,  when  x  is  numerically  less  than  1,  by  taking  r  sufficiently 

x" 
large  we  can  make  z as  small  as  we  please ;  that  is,  by  taking 

a  sufficient  number  of  terms  the  sum  can  be  made  to  differ  as 

little  as   we   please  from    :j .      But  when  x  is   numerically 

L  ~'  X 


X' 


greater  than  1,  the  value  of  ■= increases  with  r,  and  therefore 

no  such  approximation  to  the  value  of  :j is  obtained  by  taking 

any  number  of  terms  of  the  series 

1  +  a;  +  05*  +  05^  -f- 

It  will  be  seen  in  the  chapter  on  Oonvergency  and  Diver- 
gency of  Series  that  the  expansion  by  the  Binomial  Theorem 
of  (1  +xy  in  ascending  powers  of  x  is  always  arithmetically  in- 
telligible when  X  is  less  than  1. 

But  if  X  is  greater  than  1,  then  since  the  general  term  of 
the  series 

I  +71X+  -~ jr— ^  x^+ 

1    .    A 
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contains  x^^  it  can  be  made  greater  than  any  finite  quantity  by 
taking  r  sufficiently  large ;  in  which  case  there  is  no  limit  to  the 
value  of  the  above  series;  and  therefore  the  expansion  of  (1  ^-xf 
as  an  infinite  series  in  ascending  powers  of  x  has  no  meaning 
arithmetically  intelligible  when  x  is  greater  than  1. 

184.  We  may  remark  that  we  can  always  expand  {x  +  y)* 
by  the  Binomial  Theorem ;  for  we  may  write  the  expression  in 
either  of  the  two  following  forms  : 


^(^^S"'   y'(}^t)' 


and  we  obtain  the  expansion  from  the  first  or  second  of  these 
according  as  x  is  greater  or  less  than  y. 

185.     To  find  in  its  simplest  form  the  general  term,  in  the 
expansion  q/*  (1  —  x)"'*. 


The  (r  +  1)*^  term 

(-n){-n-'l)(-n-2),..(-n-r-^l) 


i-xy 


=  (_  ly  '^{n+l)(n  +  2)...(n  +  r-l) 
=  /    lyr  n(n+l)(n+2)...(n  +  r-l)  ^, 


X 


_n(n-rl){n-\-2)  ...  (n  +  r—l) 


xT, 


From  this  it  appears  that  every  term  in  the  expansion  of 
(1  -  a;)""  is  positive. 

Although  the  general  term  in  the  expansion  of  any  binomial 
may  always  be  found  as  explained  in  Art.  182,  it  will  be  found 
more  expeditious  in  practice  to  use  the  above  form  of  the  general 
term  in  all  cases  where  the  index  is  negative,  retaining  the 
form 


n(n-  l)(n-2)  ...  (n- r  +  I)    , 
—         —     _ ^ 


only  in  the  case  of  positive  indices. 
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1 


Example,     Find  the  general  term  in  the  expansion  of  - 


,yi-3x' 


•ra=<^-^>"^- 


The  (r +!)**»  term 


\r 


1.4.7 (3r-2)y.^^ 


«»•. 


1.4.7 (3r-2) 

_i 
If  the  given  expression  had  been  (1  +  3a;)  '  we  should  have  used  the  same 

formula  for  the  general  term,  replacing  3a;  by  -  3a;. 

186.  The  following  expansions  should  be  remembered : 

(1  -a;)"*  =  l  -hx  +  af  +  ix^+ +«'+ 

{l-xy'=^l  +  2x+3af  +  4:af+ +(r+l)af+ 

(1 -«)-»=  l+3aj  +  6a:'  + 10a;' + ^  (r+ 1)  (r  +  2)  ^,^ 

1 .  ^ 

187.  The  general  investigation  of  the  greatest  term  in  the 
expansion  of  (1  +  as)",  when  n  is  unrestricted  in  value,  will  be 
found  in  Art.  189 ;  but  the  student  will  have  no  difficulty  in 
applying  to  any  numerical  example  the  method  explained  in 
Art.  172. 

Example,    Find  the  greatest  term  in  the  expansion  of  (l+a;)~**  when 

2 

a;=5,  and  71=20. 
o 

___  W-4"  1*  —  1 

We  have  ^r+i= ,xxT^,  numerically, 

,  2(19  +  r)     , 

so  long  as  —^ >  1 ; 

or 

that  is,  38  >r. 

Hence  for  all  values  of  r  up  to  37,  we  have  r^i>  T^;  but  if  r=38,  then 
.7^j==T^,  and  these  are  the  greatest  terms.    Thus  the  88***  and  39***  terms 
Are  equal  numerically  and  greater  than  any  otiiex  term. 
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188.     Some  useful  applications  of  the  Binomial  Theorem  are 
explained  in  the  following  examples. 

Example  1.    Find  the  first  three  terms  in  the  expansion  of 

1  1 

(l  +  3a;)*(l-2a;)"». 

Expanding  the  two  binomials  as  far  as  the  term  containing  a^,  we  have 

/3     2\        „/8     »    2     9\ 
=  ^  +  H2''3)-*-^%9  +  2-5-8) 

,13       55    „ 
=  ^+6-^'*'72^- 

If  in  this  Example  a;='002,  so  that  fl^= '000004,  we  see  that  the  third 

term  is  a  decimal  fraction  beginning  with  5  ciphers.    If  therefore  we  were 

required  to  find  the  numerical  value  of  the  given  expression  correct  to  5  places 

13 
of  decimals  it  would  be  sufficient  to  substitute  *002  for  a;  in  1  +  -k-  x,  neglect- 

0 

ing  the  term  involving  a^. 

Example  2.    When  a;  is  so  small  that  its  square  and  higher  powers  may 
be  neglected,  find  the  value  of 

[l  +  ^xj    +JJ+%x 

Since  a?  and  the  higher  powers  may  be  neglected,  it  will  be  sufficient  to 

retain  the  first  two  terms  in  the  expansion  of  each  binomial.    Therefore 

1 


the  expression 


the  term  involving  x'  being  neglected. 
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Example  3.     Find  the  value  of  -.—  to  four  places  of  decimals. 

1  --  --     1  /        2  \   2 

^^=(47)  '=(7^-2)  .=-(!--,) 

1/       1      3^61         \ 

~7  V       7^''"2  '74  "'"2  •7«"^--7 

1      1^     3     1^     6     1 

—  7  +  73  +  2 '7*"*"  2  '77+'-' 

To  obtain  the  values  of  the  several  terms  we  proceed  as  follows : 

7)i 1 

7  )  -142857 =  ^, 

7 )  -020408  ^ 

7  )  -002915. =  =8, 

7 )  -000416  J 

-000069 =  ^; 

5     1 

and  we  can  see  that  the  term  -  .  =^  is  a  decimal  fraction  beginning  with 

5  ciphers. 

.-.  -i-  =  -142857  +  -002915  +  -000088 

\/47 

=  •14586, 
and  this  result  is  correct  to  at  least  four  places  of  decimals. 

Example  4.    Find  the  cube  root  of  126  to  5  places  of  decimals. 

1  1 

(126)8=  (53  +  1)3 


1 
5V 


~     V       3*53     9*5«'^81*69       '") 

1    2_1    i      i    i  _ 
~    ■^3*52     9 '65  "^81*  57      •" 

1^2      1^      1^_ 

~    "^3*102     9'105"^81  *107      •• 

^  -04   -00032   -0000128 

=  5h 1 

3  9  81 

=  5-r -013333  ...--000035  ...+... 
=  5-01329,  to  five  places  of  decimals. 
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EXAMPLES.  XIV.  b. 

Find  the  (r+1)***  term  in  each  of  the  following  expansions : 

_i  1 

1.    {l+a;)K  2.     (l-ai)-^.  3.    (l+3ar)3. 


s 


4.       (1+07)3.  5,       (l+;p2)-3.  Q        (l-2a7)"2. 

7.    {a+ba;y\  8.    (2-^)-2.  9.    sf^a^-ar^y, 

10.     -7=^=.  11.     „     ^  12.     -7=L=. 

VI +  2^  V(l-a^7)2  y/a^-ruv 

Find  the  greatest  term  in  each  of  the  following  expansions  : 

4 

13.  (l+x)''^  when  x=r-r  . 

15 

»  2 

14.  (1  +^)2  when  a*=  -  . 

-y  1 

15.  (1  -  7:p)  *when.r=-. 

o 

16.  (2.t7 + 5y )i2  when  ^ = 8  and  y = 3. 

17.  (5  -'4x)~'^  when  .v  =  „  • 

18.  (az^*+4y3)-n  when  .r=9,  y  =  2,  w  =  16. 

Find  to  five  places  of  decimals  the  value  of 

19.  \/98.  20.    4^998.  21.    ^1003.  22.    v2400. 

23.    1^.         24.    mhf.        25.    (630)"i.  26.    ^3128. 

If  ^  be  so  small  that  its  square  and  higher  powers  may  be  neglected, 
find  the  value  of 

27.     (l-7ar)3(l  +  2a;)"*.  28.    Vl^^i.  ^3-|)"'. 

(8  +  3.)i  ^     (l  +  |.)"\(4+3.)^- 


(2  +  3^)V4-5x  J^ 


^.  A*  A. 


A\ 
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1 
2 


33.  Prove  that  the  coefficient  of  a^  in  the  expansion  of  (1  -  4a;) 
.      |2!1 

34.  Provethat  (l+.)»=2-{l-»;-^%'-i^)(;-^y }. 

35.  Find  the  first  three  terms  in  the  expansion  of 

1 

(1  +  07)2  Vr+li; ' 

36.  Find  the  first  three  terms  in  the  expansion  of 

8 

(1  +  ^;)*+ VI +  537 

37.  Shew  that  the  n^^  coefficient  in  the  expansion  of  (1  -  a;)~^  is 
double  of  the  (n-1)*^ 

189.     To  find  the  numerically  greatest  term  in  the  expansion 
o/*  (1  +  x)**,  for  any  rational  value  ofn. 

Since  we  are  only  concerned  with  the  numerical  value  of  the 
greatest  term,  we  shall  consider  x  throughout  as  positive. 

Case  I.     Let  w  be  a  positive  integer. 

The  (r  +  1)***  term  is  obtained  by  multiplying  the  r^  term 

fl.^  f  ^  \  /fl  4-1  \ 

by  .  x;  that  is,   by  I 1  )  ^;   and  therefore  the 

terms  continue  to  increase  so  long  as 

4.U  4.  •  {n+l)x     ^ 

that  IS,  ^ ^—  >  1  +  05, 

r 

(n  +  l)x 
or  1- i-  >r. 

1  +x 
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xTh  "4"  1 1  iC 

If  ^-Tj —  be  an  integer,  denote  it  by  ji?;  then  il  r=p,  the 

X     *T"    flj 

multiplying  factor  is  1,  and  the  (p  +  1)*^  term  is  equal  to  the 
p^,  and  these  are  greater  than  any  other  term. 

If       ..  be  not  an  integer,  denote  its  integral  part  by  q ; 

then  the  greatest  value  of  r  is  q,  and  the  (^  + 1)*^  term  is  the 
greatest. 

Case  II.     Let  w  be  a  positive  fraction. 

As  before,  the  (r+l)^  term  is  obtained  by  multiplying  the 
r*^  term  by  ( Ijx, 

(1)  If  03  be  greater  than  unity,  by  increasing  r  the  above 
multiplier  can  be  made  as  near  as  we  please  to  —  a; ;  so  that  after 
a  certain  term  each  term  is  nearly  x  times  the  preceding  term 
numerically,  and  thus  the  terms  increase  continually,  and  there 
is  no  greatest  term. 

(2)  If  X  be  less  than  unity  we  see  that  the  multiplying 
factor  continues  positive,  and  decreases  until  r>w+  1,  and  from 
this  point  it  becomes  negative  but  always  remains  less  than  1 
numerically ;  therefore  there  will  be  a  greatest  term. 

As  before,  the    multiplying  factor    will   be  greater  than  1 

(n+l)x 
so  long  as  ■^-= ^—  >  r. 

X  "r  X 

If  ^-Tj —  be  an  integer,  denote  it  by  jt? ;  then,  as  in  Case  I., 

X    "T*  X 

the  {p  +  \y^  term  is  equal  to  the  p^y  and  these  are  greater  than 
any  other  term. 

ith  ^  1 1  £15 

If  ^j —  be  not  an  integer,  let  q  be  its  integral  part ;  then 

the  (g  +  1)**^  term  is  the  greatest. 

Case  III.     Let  n  be  negative. 

Let  w  =  —  m,    so  that  m  is  positive ;    then   the   numerical 

7lfh  +  f*  ~~  1 

value  of  the  multiplying  factor  is  .  x ;  that  is 

w— =1. 
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(1)  If  a;  be  greater  than  unity  we  may  shew,  as  in  Case  II., 
that  there  is  no  greatest  term. 

(2)  If  a?  be  less  than  unity,  the  multiplying  factor  will  be 
greater  than  1,  so  long  as 


that  is, 

T 


—  >  1  —  as, 


(m—Vix 

or  ^— T '—  >  r. 

1  -a; 

ifn  -~  1^  a? 

If  ^-= '—  be  a  positive  integer,  denote  it  by  |? ;  then  the 

1  —  a? 

(p  +  1)*^  term  is  equal  to  the  p^^  term,  and  these  are  greater  than 
any  other  term. 

If  ^— = —  be  positive  but  not  an  integer,  let  ^  be  its  inte- 

X ""  a? 

gral  part ;  then  the  {q  + 1)'**  term  is  the  greatest. 

\T¥h  —  1 1  au 

If   ^— —  be  negative,  then  m  is  less  than  unity ;  and  by 

A  ~~  a? 

writing  the  multiplying  factor  in  the  form  (1 j  as,   we 

see  that  it  is  always  less  than  1 :  hence  each  term  is  less  than 
the  preceding,  and  consequently  the  first  term  is  the  greatest. 

190.     To  find  the  number  ofhomogeneous  prodtujta  qfr  dimen- 

Hone  that  can  be  formed  out  of  the  n  letters  a,  b,  c, and  their 

powers. 

By  division,  or  by  the  Binomial  Theorem,  we  have 

Ti =  1  -^^  ax  ■{■  a^a^  +  a^a^  ■¥ , 

1  — oa; 

:i — r-  =  1  +  6aj  +  6V  +  6V+ , 

1  —  oa;  ' 

T =  1  +  ca;+  cV+  d^a^+ , 

1  -  ca;  ' 
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Hence,  by  multiplication, 

1              1              1 
I —  ax  '  1  —bx  *  1  —  ex 

=  (1  +ax  +  a'af+  ...)  (1 +  5a5  +  6V+  ...)  (1 +  ca:  +  cV+  ...)... 

=  l+a;{a  +  6  +  c+...)+ic'(a'+a5+ac  +  6'  +  6c  +  c'+...)+... 

=  1  +  SjX  +  S^af  +  S^x^  + suppose ; 

where  S^y  S^y  S^y  are  the  sums  of  the  homogeneous  pro- 
ducts of  one,  two,  three, dimensions  that  can  be  formed  of 

a,  b,  c, and  their  powers. 

To  obtain  the  number  of  these  products,  put  a,  b,  <?, each 

equal  to  1 ;  each  term  in.  S^,  S^,  S^, now  becomes  1,  and  the 

values  of  /S^^,  S^,  S^^, so  obtained  give  the  number  of  the 

homogeneous  products  of  one,  two,  three, dimensions. 

Also  1.1.1       

1  —  oa;     1  —  bx     l  —  ex 

becomes  t^ rr  or  (1  —  x)~", 

(I  —  X)         ^         ' 

Hence     S^  =  coefficient  of  «*"  in  the  expansion  of  (1  —  a?)"" 

w(ti-f  l)(yt  +  2) (n  +  r-1) 

=  t 

JTj  +  r— 1 
jr  In— 1 

191.     To  find  the  number  of  terms  in  the  expaimon  of  any 
multinomial  when  the  index  is  a  positive  integer. 

In  the  expansion  of 

(a,  +  a,  +  a^+ +a,)", 

every  term  is  of  n  dimensions  j  therefore  the  number  of  terms  is 
the  same  as  the  number  of  homogeneous  products  of  n  dimensions 
that  can  be  formed  out  of  the  r  quantities  a,,  a  ,  ...  a^,  and  their 
powers ;  and  therefore  by  the  preceding  article  is  equal  to 

|r  +  n  —  1 
In  |r-l 
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192.  From  the  result  of  Art.  190  we  may  deduce  a  theorem 
relating  to  the  number  of  combinations  of  n  things. 

Consider  n  letters  a,  6,  c,  d, ;  then  if  we  were  to  write 

down  all  the  homogeneous  products  of  r  dimensions  which  can  be 
formed  of  these  letters  and  their  powers,  every  such  product 
would  represent  one  of  the  combinations,  r  at  a  time,  of  the  n 
letters,  when  any  one  of  the  letters  might  occur  once,  twice, 
thrice,  ...  up  to  r  times. 

Therefore  the  number  of  combinations  of  n  things  r  at  a  time 
when  repetitions  are  allowed  is  equal  to  the  number  of  homo- 
geneous products  of  r  dimensions  which  can  be  formed  out  of  n 

Iw  +  r— 1 
letters,  and  therefore  equal  to  '  ,  or  "*'  ^C^. 


\r  |w-l  ' 


That  is,  the  number  of  combinations  of  n  things  r  at  a  time 
when  repetitions  are  allowed  is  equal  to  the  number  of  com- 
binations of  n  +  r—l  things  r  at  a  time  when  repetitions  are 
excluded. 


193.     We   shall   conclude  this  chapter   with  a   few  miscel- 
laneous examples. 

Example  1.    Find  the  coefficient  of  x**  in  the  expansion  of  ^ ^  . 

The  expression = (1  -  4a; + 4iX^)  (1  +pjX  +p^  + . . .  +PrX^  + . . .)  suppose. 

The  coefficient  of  x^  will  be  obtained  by  multiplying  p^,  Pr-i*  Pr-3  by  1, 
-  4,  4  respectively,  and  adding  the  results ;  hence 

the  required  coefficient  =p^  -  Ap^^ + 4p,._j . 
But  2>,=  ( -  l)r  (^+y-H2)  ^^  3^  ^^  ^g^^ 

Hence  the  required  coefficient 

=  ^^^[(r  +  l)(r  +  2)  +  4r(r  +  l)+4r(r-l)] 
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Example  2.    Find  the  value  of  the  series 

24.-^4--^  4-illl?4. 
'2.3  '^"iS.sa'*'  14. 8»  '*'  •• 


Ti,«  n^««»a«v.«      o^^-^      13. 5. 7      1      3.5.7.9      1 
ine  expression  =2h — ^r-  .  rrs+ .  — u : ,  — u 

^  12       3»  |3  3«  U  8* 

35  367  ?5Z? 

2*2    2a     2*2*2    2'     2'2*2'2    2* 

=  2  4> —  +  .  — k I- 

|2       33  13  3»  |4  *3-*      "• 

3  3     5  5    5    7 

2    2     2*2    /2y     2*2*2    /2y 

-■^■^1*3'^    |2    'W   "^       li       '  W  "^   '" 

S  3 


-('-r-G) 


=  32=3^3. 

Example  3.     If  n  is  any  positive  integer,  shew  that  the  integral  part  of 
(3  +\/7)**  is  an  odd  number. 

Suppose!  to  denote  the  integral  and/  the  fractional  part  of  (3+^/7)^ 
Then        I+/=3'*+Ci3'»-V7+C72  3*-».  7  +  C,  3'»-»  (^7)' +  (1). 

Now  3  -  ^7  is  positive  and  less  than  1,  therefore  (3  -  ^7)^  is  a  proper 
fraction ;  denote  it  by  /' ; 

.•./'  =  3«-ai3»-iV7  +  Ca3»-«.7-C7,3*-»(V7)»+ (2). 

Add  together  (1)  and  (2) ;  the  irrational  terms  disappear,  and  we  have 

I+/+/'=2(3'»  +  Cj8'»-a.7+ ...) 
=an  even  integer. 

But  since/  and/'  are  proper  fractions  their  sum  must  be  1 ; 

.*.  I=an  odd  integer. 


EXAMPLES.    ZIV.  c. 

Find  the  coefficient  of 
1.    x^^  in  the  expansion  of 


(1-^)2* 

ft        12  •    *i.  •        fi  4+2a-a2 

2.  a*^  in  the  expansion  of     .        >  3  -  . 

3.  af^  in  the  expansion  of 


x+x^ 


.2  • 
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4.  Find  the  coeflBcieut  of  ;i:*  in  the  expansion  of   .        .^   . 

5.  Prove  that 

1    1      1.3    1      1.3.5    1      1.3.5.7    1^_      ^      /2 
2'2'*'2.4'2^     2.4.6'23"^2.4.6.8'2*     •"      \  3' 

6.  Prove  that 

,«     ^     3     3.5      3.5.7 

^/8=l  +  -+_+^-^-^2  + 


7.    Prove  that 


2n     2w(2w+2)     2yt(2y^+2)  (2?t+4)  . 
^■*'"3"'^'~3T6~"'*'  37679  "*" • 


8.  Prove  that 

'   V^7^    7.14    ^      7.14.21      ^ J 

,   ..  fi  ,^  ,  ^(^  +  1)  ,  n(n+l)in+2)  \ 

~      V     2'*'     2.4     "^        2.4.6  J  * 

9.  Prove  that  approximately,  when  x  in  very  small, 

1  1 

'      /,      9    \i  266 

10.  Shew  that  the  integral  part  of  (5  +  2  V6)**  is  odd,  if  n  be  a 
ix)sitive  integer. 

11.  Shew  that  the  integral  part  of  (8  +  3^7)**  is  odd,  if  n  be  a 
positive  integer. 

12.  Find  the  coeflficient  of  af^  in  the  expansion  of 

(l-2a;+3a;8-4tr«+ )"«. 

13.  Shew  that  the  middle  term  of  f  a? + - )    is  equal  to  the  coefficient 

of  a^  in  the  expansion  of  (1  -4a:)  ^    ^, 

14.  Prove  that  the  expansion  of  (1  -jt^)*  may  be  put  into  the  form 

I  *  z 
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15.  Prove  that  the  coefficient  of  af^  in  the  expansion  = -^  is 

1,0,  - 1  according  as  n  is  of  the  form  3w,  3m  - 1,  or  3m+ 1. 

16.  In  the  expansion  of  (a+b+c)^  find  (1)  the  number  of  terms, 
(2)  the  sum  of  the  coefficients  of  the  terms. 

17.  Prove  that  if  n  be  an  even  integer, 

1.11  1  2*-i 

+ 


|l|7t-l  ^|3ln-3      |5|n-5"^ tlilL      1^   * 


18.  If  Cq,  c^,  Cg, Cn  are  the  coefficients  in  the  expansion  of 

(1+4?)**,  when  nis  a  positive  integer,  prove  that 

(1)      Co~Ci  +  C,-C3  + +  (-l)rc,=  (-l/-_^=:i-^  . 

(2)  Co-2Ci+3ca-4c3  + +  (-l)'*(/J+ 1)0^=0. 

(3)  Co^-c,^+c^^-c,^+ +  (_l)n^^2^0,  or  {-l)K, 

'J 
according  as  n  is  odd  or  even. 

19.  If  «n  denote  the  sum  of  the  first  n  natural  numbers,  prove  that 

(1)     {l-a:)-^=8i-h8^+8sx^  + +«„^-i  +  ... 

|2n+4 


(2)      2(«i«2n  +  *2*2n-l+ +  *»^n  +  l)  — 


|5|2w--l' 


^      j^         1.3.5.7 (2w-l)  ... 

20.  If  j,=--^-^-^-^_^-^^  prove  th^ 

(1)  ?2n  +  l  +  S'i?2n+M2n-l+ +5'n-l^n  +  2  +  ?nS'n  +  l  =  2 ' 

(2)  2{2'2n-?lfe-l  +  M2n-2+ +("  l)'*-^^n-l5'n  +  l} 

21.  Find  the  sum  of  the  products,  two  at  a  time,  of  the  coefficients 
in  the  expansion  of  (1+^)**,  when  ?i  is  a  positive  integer. 

22.  If  (7 + 4  v/3)* =p + ft  where  n  and  p  are  positive  integers,  and  /S 
a  proper  fraction,  shew  that  (l-)9)(jp+)9)==l. 

23.  If  Cq,  Ci,  Cg, c^  are  the  coefficients  in  the  expansion  of 

(1 +^)**,  where  7i  is  a  positive  integer,  shew  that 

C_^2  +  i3..  (-1)"-'C.      1,1,1,  1 

"»     2  +  3     +         n ^  +  2+3+ +K- 


CHAPTER  XV. 


Multinomial  Theorem. 


194.  We  have  already  seen  in  Art.  175,  how  we  may 
apply  the  Binomial  Theorem  to  obtain  the  expansion  of  a  multi- 
nomial expression.  In  the  present  chapter  our  object  is  not 
so  much  to  obtain  the  complete  expansion  of  a  multinomial  as 
to  find  the  coefficient  of  any  assigned  term. 

Example,    Find  the  ooefficient  of  M^c^cP  in  the  expansion  of 

The  expansion  is  the  product  of  14  factors  each  equal  toa+&  +  c  +  d,  and 
every  term  in  the  expansion  is  of  14  dimensions,  being  a  product  formed  by 
ta^g  one  letter  out  of  each  of  these  factors.  Thus  to  form  the  term  a^b^c^cP, 
we  take  a  out  of  any /our  of  the  fourteen  factors,  h  out  of  any  two  of  the  re- 
maining ten,  e  out  of  any  three  of  the  remaining  eight.  But  the  number  of 
ways  in  which  this  can  be  done  is  clearly  equal  to  the  number  of  ways  of  ar- 
ranging 14  letters  when  four  of  them  must  be  a,  two  &,  three  c,  and  five  d ; 
that  is,  equal  to 

lii 

ilMil*  [Art.  151.] 


This  is  therefore  the  number  of  times  in  which  the  term  a^&V<2^  appears 
in  the  final  product,  and  consequently  the  coefficient  required  is  2522520. 

195.  To  find  the  coefficient  of  any  assiffned  term  in  the  ex- 
pansion of  (a  +  b  +  c  +  d  4-  . .  .)P,  where  p  w  a  positive  inieg&r. 

The  expansion  is  the  product  of  p  factors  each  equal  to 
a  +  6  +  c  +  fl?  +  ...,  and  every  term  in  the  expansion  is  formed  by 
taking  one  letter  out  of  each  of  these  p  factors ;  and  therefore 
the  number  of  ways  in  which  any  term  a^b^cyd^  ...  will  appear 
in  the  final  product  is  equal  to  the  number  of  ways  of  arranging 
p  letters  when  a  of  them  must  be  a,  13  must  be  b,  y  must  be  c; 
and  so  on.     That  is, 

\p 

the  coefficient  of      af^cpfd^  ...  is  ; — r^= — r^ — , 

[a[^|y|8... 

where  a  +  )8  +  y  +  8  +  ...  =p. 
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Cor.     In  the  expansion  of 

the  term  involving  a^Cfd}  ...  is 

or  ,    ,^^,^ —  a^dYd^  ...  a:^+»y+M+... , 

where  a  +  ^  +  y  +  8+ ...  =j?. 

This  may  be  called  ^Ae  general  term  of  the  expansion. 

Example,    Find  the  coefficient  of  2*  in  the  expansion  of  (a + 6^; + ex*)*. 
The  general  term  of  the  expansion  is 

-^a^lfic-'J'^^ (1), 

where  a+j8+7=9. 

We  have  to  ohtain  by  trial  all  the  positive  integral  valaes  of  /3  and  y 
which  satisfy  the  equation  /3+27=5 ;  the  valaes  of  a  can  then  be  found  from 
the  equation  a+/3+7=9. 

Putting  7=2,  we  have  /3=1,  and  a=6; 
putting  7=1)  we  have  /3=3,  and  a=5; 
putting  7=0,  we  have  j3=5,  and  a =4. 

The  required  coefficient  will  be  the  sum  of  the  corresponding  values  of  the 
expression  (1). 

Therefore  the  coefficient  required 

19  19  19 

= 262a«6c»  +  604a»6»c  +  126a<6». 

196.     To  find  the  general  term,  in  the  expansion  of 

(a  +  bx  +  cx*+dx*4-  ...)«*, 
where  n  is  any  rational  quantity. 

By  the  Binomial  Theorem,  the  general  term  is 
where  jo  is  a  positive  integer. 
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And,  by  Art.  196,  the  general  term  of  the  expansion  of 

|iS[y|8_... 
where  ^,  y,  S  . . .  are  positive  integers  whose  sum  is  p. 

Hence  the  general  term  in  the  expansion  of  the  given  ex- 
pression is 

n{n^l)(n^2)       (n-p^l)  ^,.,^^^3      ^+^+33^.., 

where  P+y  +  S+  ...  =p. 

197.     Since  (a -k- hx -h  ca^  +  (hf  +  ,  .)*  may  be  written  in  the 
form 

a*  (1  +  -a;  +  -aj*+  -03*+  ... ) , 
\       a        a         a  J 

it  will  be  sufficient  to  consider  the  case  in  which  the  first  term 
of  the  multinomial  is  unity. 

Thus  the  general  term  of 

(1  +fta5  +  caj*  +  c?aj'+  ...)" 

.^  n(n-l)(n-2)       (n^^+1)  ^^^       ^+^+8a+.., 

|£|y.[i 

where  ^  +  y  +  8+ ...=j?. 

Example.    Find  the  coefficient  of  d^  in  the  expansion  of 

s 
(l-3a?-2a?»+6a«)». 

The  general  term  is 

'^'"'^     |£^|l        '''^      <-^>'<-'>'<')'^'''"'" «• 

We  have  to  obtain  by  trial  all  the  positive  integral  values  of  p,  7,  d  which 
satisfy  the  equation  p+2y+Bd=B\  and  then  p  is  found  from  the  equation 
P=/3-t-y+d.    The  required  coefficient  will  be  the  sum  of  the  corresponding 
valnea  of  the  expreaaion  (1). 
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In  finding  j3,  7,  d, ...  it  will  be  best  to  commence  by  giving  to  d  successive 
integral  values  b^inning  with  the  greatest  admissible.  In  tiie  present  case 
the  values  are  found  to  be 

8=1,    7=0,    /3=0,    i)=l; 

8=0,    7=1,    /3=1,    p=2; 

8=0,    7=0,    j8=3,    j)=3. 

Substituting  these  values  in  (1)  the  required  coefficient 

-(l)<"Hi)(-9'-'>'-'>'^^^'-' 


i-'^y 


"       3     S^S* 


198.     Sometimes  it  is  more  expeditious  to  use  the  Binomial 
Theorem. 

Example,    Find  the  coefficient  of  o:^  in  the  expansion  of  (1  -  2x-\-Sx^)~K 

The  required  coefficient  is  found  by  picking  out  the  coefficient  of  x^  from 

the  first  few  terms  of  the  expansion  of  (1  -  2x  -  3:e*)~'  by  the  Binomial 
Theorem;  that  is,  from 

l  +  8(2x-3a;«)  +  6(2x-3««)«  +  10(2x-3x2)8+16(2a;-3a^)*; 

we  stop  at  this  term  for  all  the  other  terms  involve  powers  of  x  higher 
thanx^. 

The  required  coefficient=6 .  9  + 10 .  3  (2)«  ( -  3)  + 16  (2)* 

=  -66. 


EXAMPLES.    XV. 

Find  the  coefficient  of 

1.  a^I^d^d  in  the  expansion  of  (a  -  6  -  c+d)^^, 

2.  a^b^d  in  the  expansion  of  {a+b—c-df. 

3.  a^¥c  in  the  expansion  of  (2a+b+^y, 

4.  a^t/^!^  in  the  expansion  of  (cm?-  fty +<»)•. 

5.  ^  in  the  expansion  of  (I  +3a;-2a?*)^ 

6.  ar*  in  the  expansion  of  (I  +  2r + 3^)^®. 

7.  a;*  in  the  expansion  of  (I  +  2r  -  a?*)^. 

8.  a;®  in  the  expansion  of  (I  -  Sa+Sa^  -  43(?Y» 
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Find  the  coeflBcient  of 

9.    a^  in  the  expansion  of  (1  -  2a' + 3^*  —  ot*  —  a'*)^ 

_i 

10.  a^  in  the  expansion  of  (1  -2a7+3a;2)  2. 

1 

11.  a^  in  the  expansion  of  (1  —  2x+Zx^  —  4a^y. 

13.  ^  in  the  expansion  of  (2  -  4^ + 3^)  ~  ^. 

14.  sfi  in  the  expansion  of  (1  +  4^ +10^4- 20a;*)  *. 

15.  x^^  in  the  expansion  of  (3  - 15^ + 18^)  ~  ^ 

1 

16.  Expand  (1  -  20?  -  2a^^)*  as  far  as  a^, 

2 

17.  Expand  (1  +  3^  -  ^)"^  as  far  as  x^. 

4 

18.  Expand  (8  -  9^ + 18ar*)3  as  far  as  afi. 

19.  If  (1+^+^  + ■\-xPY=a^-\-a^x-\-a^^+ a^pXl^, 

prove  that 

(1)  ao+ai+a2+ +a„p=0?  +  l)^ 

(2)  ai+2a2+3a,+ +wp.  anp=2^i?(i?+l)~. 

20.  If  ^0,  %,  o^,  ^3 ...  are  the  coefficients  in  order  of  the  expansion 
of  (1  +^+^)*i  prove  thiat 

21.  If  the  expansion  of  (1 +57+0?*)** 

be  aQ-\-a'^x-\-a^+  ...  +a^  +  ...  +«2»^c**, 

shew  that 


CHAPTER  XVI. 


Logarithms. 

199.  Definition.  The  logarithm  of  any  number  to  a  given 
base  is  the  index  of  the  power  to  which  the  base  must  be  raised 
in  order  to  equal  the  given  number.  Thus  if  a'  =  i^,  a;  is  called 
the  logarithm  of  iT  to  the  base  a. 

Examples.    (1)  Since  3^=81,  the  logarithm  of  81  to  base  S  is  4. 
(2)  Since  10i=10, 10«=100, 10»=1000, 

the  natural  nnmberB  1,  2,  8,...  are  respectively  the  logarithms  of  10,  100, 
1000, to  base  10. 

200.  The  logarithm  of  iV  to  base  a  is  usually  written  log,i\r, 
so  that  the  same  meaning  is  expressed  by  the  two  equations 

o'  =  iV;  a;  =  log.i^. 
From  these  equations  we  deduce 

an  identity  which  is  sometimes  useful. 

Example,    Find  the  logarithm  of  32 4^4  to  base  2^/2. 

Let  z  be  the  required  logarithm ;  then, 
by  definition,  (2^2)* =324^4; 

1  9 

.-.  (2.2«)«=2».2»; 

.-.  2«*=:2'^«; 

3       27 

hence,  by  equating  the  indices,      o  ^= ~F  > 

o 
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201.  When  it  is  understood  that  a  particular  system  of 
logarithms  is  in  use,  the  sufSx  denoting  the  base  is  omitted. 
Thus  in  arithmetical  calculations  in  which  10  is  the  base,  we 
usually  write  log  2,  log  3, instead  of  log^^,  2,  log,^,  3, 

Any  number  might  be  taken  as  the  base  of  logarithms,  and 
corresponding  to  any  such  base  a  system  of  logarithms  of  all 
numbers  could  be  found.  But  before  discussing  the  logarithmic 
systems  commonly  used,  we  shall  prove  some  general  propositions 
which  are  true  for  all  logarithms  independently  of  any  particular 
base. 

202.  The  loga/rithm  oflisO, 

For  a**  =«=  1  for  all  values  of  a ;  therefore  log  1=0,  whatever 
the  base  may  be. 

203.  The  loga/rithm  of  the  base  itself  is  1. 
For  a*  =  a ;  therefore  log^a  =  1. 

204.  Tojmd  the  loga/rithm  of  a'producL 

Let  MN  be  the  product ;  let  a  be  the  base  of  the  system,  and 
suppose 

a;  =  log.il/;         y  =  log.i\r; 
so  that  a'  =  ilf ,  a"  =  iV. 

Thus  the  product         MN—a*  x  «" 

=  a'+'; 
whence,  by  definition,  \o%^MN=^ «  +  y 

=  log,J/"+log,ir. 
Similarly,  log^MNP  =  log. J/"+  log,ir+ log.P; 
and  so  on  for  any  number  of  factors. 

Example.  log  42 = log  (2  x  3  x  7) 

=log2+log3  +  log7. 

205.  To  find  the  logarithm  of  a  fraction. 

M 
Let  -T^  be  the  fraction,  and  suppose 

a;  =  log.iJf,         2/  =  log.iV^.: 
BO  that  a'  =  M^  a'^K 


Thus  the  fraction 
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=  a-- 


M 
whence,  by  definition,     log,  —-=zx  —  y 


=  log.J/-log.iV\ 

30 

Example.        log  (4f )  =  log  — 

=  log  30 -log  7 

=  log(2x3xo)-Iog7 

=log2+log3+log5-log7. 

206.  To  find  the  logarithm  of  a  number  raised  to  any  powevy 
integral  or  fractional. 

Let  log,(J/'')  be  required,  and  suppose 

X  =  log„ M,  so  that  a'  =  M; 
then  M'  =  (a'Y 

=  a^', 
whence,  by  definition,     log^{M^)  =  px ; 
that  is,  log^  (if)  =  p  log„  M. 

I       1 
Similarly,  log„  (if)  =  -  log^M. 

r 

207.  It  follows  from  the  results  we  have  proved  that 

(1)  the  logarithm  of  a  product  is  equal  to  the  sum  of  the 
logarithms  of  its  factors ; 

(2)  the  logarithm  of  a  fraction  is  equal  to  the  logarithm  of 
the  numerator  diminished  by  the  logarithm  of  the  denominator ; 

(3)  the  logarithm  of  the  p^  power  of  a  number  is  p  times  the 
logarithm  of  the  number ; 

(4)  the  logarithm  of  the  ?•'**  root  of  a  number  is  equal  to  -th 

of  the  logarithm  of  the  number. 

Also  we  see  that  by  the  use  of  logarithms  the  operations  of 
multiplication  and  division  may  be  replaced  by  those  of  addition 
and  subtraction ;  and  the  operations  of  involution  and  evol^5l^ss^ 
by  those  of  multiplication  and  division. 

JJ.  U.  A.  VL 


L7H 

.41i;Uui]!:  ^JUkSBIUL 

Jijnmsft,-:, 

'^                  J,—   •*           ■■  '•          .jr  '•k  •     :i_    - 

jCxgiRf*  •am  nipBffiaiin.  ir  -^  at  xoanif 

:iM|.-. 

■w 

=  -  inc  t  -  joic  r  — jiip  T^ 

ic  JMif '..  Jii(;9.  ami 


K  .-  ^,     . 

^.riwm^^  X     B  Mil  s  avira.  •ffli*  «yuUiUiiL  ** ..  ?"•*  =  >»^ .. 

e  IJitur  t  -  ir  joc  •?  =  'fe  —  I  aJic  J  l 
..   ff  IniF'i -1"  Jiir  r  -  JjtJif  ji  =ijc  J  .. 


■.    .ff=: 


jTor  *  -  iiur  •:  -  *  lise  h 


4.    -O^^^  f/>  NkM^  %  arid  K/jO  v^  htmit  -01. 
5^    '^/ff)!  t/'  ^^<M6  '^il,  a&d  'i  tn»  base  9^^ 

1.     Y'mA  tbft  vaIii*  fyf 

^«|12«,    I'>JSi^j^,    ^«»81'    ^^«»«^- 

KxpreM  the  folk>wJtig  fteven  l^jgarithms  in  tenns  of  logo,  logft,  and 
log<?. 
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11.    log(VF25  X  z^^Fs).  12.    log(>y^^V5'4-VP7^). 

13.    log ,.  14.    logjfgri^j     -^Uv^s)}- 

15.    Shew  that  log  ,f  ^ '  ^^.  =  i  log5  - 1  log2  - 1  log.3. 

4^18V2     4  ^  3 


16.  SimpUfy  log  V   V29  V  0  - 1 .  27  s. 

17.  Prove  that   log^-2  log^+log^=log2. 


Solve  the  following  equations : 

18.     a''  =  cb^.  19.    a2«.&3«=c5. 


on      a*"^*       2,  21.     a2x.53y^^6 

20.     5^1=^''. 


Ct2x    53y^^6^ 

22.  If  log  (47^3)  _^^  ajj(j  iog-=5j  find  log^  and  logy. 

23.  If  a3-«.  i>6«=a«+6.  &3x^  shew  that  a7log^-^=loga. 

24.  Solve  the  equation 

(a*-2a262+fc4)x-i=,(«_5)2x(^^5)-2. 


Common  Logarithms. 

208.  Logarithms  to  the  base  10  are  called  Oommon  Logax- 
ithms;  this  system  was  first  introduced,  in  1616,  by  Briggs,  a 
contemporary  of  Napier  the  inventor  of  logarithms. 

From  the  equation  10'  =  ir,  it  is  evident  that  common  logar- 
ithms will  not  in  general  be  integral,  and  that  they  will  not 
always  be  positive. 


For  instance         3154  >  10'  and  <  10* ; 

.  •.  log  31 54  =  3  +  a  fractioxL. 


VL— "L 
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k-i 


Again,  -06  >  10"'  and  <  lO" 

.  •.  log  '06  =  -  2  4-  a  fraction. 

209.  Definition.     The  integral  part  of  a  logarithm  is  called 
the  characteristic,  and  the  decimal  part  is  called  the  mantissa. 

The  characteristic  of  the  logarithm  of  any  number  to  the 
base  10  can  be  written  down  by  inspection,  as  we  shall  now  shew. 

210.  To  determine  the  characteristic  of  the  logarithm  of  anij 
numher  greater  than  unity. 

Since  10'  =  10, 

10'=  100, 
10^=1000, 


it  follows  that  a  number  with  two  digits  in  its  integral  part  lies 
between  10'  and  10";  a  number  with  three  digits  in  its  integral 
part  lies  between  10'  and  10*;  and  so  on.  Hence  a  number 
with  n  digits  in  its  integral  part  lies  between  10""*  and  10". 

Let  iV^  be  a  number  whose  integral  part  contains  n  digits; 
then 

,y  _  1  q(»  - 1)  +  a  fraction . 
. *.  log ir=(n-l)  +  a  fraction. 

Hence  the  characteristic  is  w  -  1 ;  that  is,  the  characteristic  of 
the  logarithm  of  a  number  greater  than  unity  is  less  by  one  than 
the  number  of  digits  in  its  integral  part,  and  is  positive, 

211.  To  determine  the  characteristic  of  the  logarithm  of  a 
decimal  fraction. 

Since  10"=  1, 
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it  follows  that  a  decimal  with  one  cipher  immediately  after  the 
decimal  point,  such  as  0324,  being  greater  than  '01  and  less 
than  •!,  lies  between  10"'  and  10"';  a  number  with  two  ciphers 
after  the  decimal  point  lies  between  10"*  and  10"';  and  so  on. 
Hence  a  decimal  fraction  with  n  ciphers  immediately  after  the 
decimal  point  lies  between  10"^"***  and  10"". 

Let  2)  be  a  decimal  beginning  with  n  ciphers ;  then 

j^  _  iQ- (»+!)  + a  fraction. 

.*.  log  i>  =  ~(w+l)  +  a  fraction. 

Hence  the  characteristic  is  -  (/*  +  1) ;  that  is,  tJte  cha/racteristic 
of  the  logarithm  of  a  decimal  fraction  is  greater  by  unity  than  the 
numher  of  ciphers  immnediately  after  the  decimal  pointy  and  is 
negative, 

212.  The  logarithms  to  base  10  of  all  integers  from  1  to 
200000  have  been  found  and  tabulated ;  in  most  Tables  they  are 
given  to  seven  places  of  decimals.  This  is  the  system  in  practical 
use,  and  it  has  two  great  advantages  ; 

(1)  From  the  results  already  proved  it  is  evident  that  the 
characteristics  can  be  written  down  by  inspection,  so  that  only 
the  mantissse  have  to  be  registered  in  the  Tables. 

(2)  The  mantissge  are  the  same  for  the  logarithms  of  all 
numbers  which  have  the  same  significant  digits;  so  that  it  is 
sufficient  to  tabulate  the  mantissse  of  the  logarithms  of  integers. 

This  proposition  we  proceed  to  prove. 

213.  Let  i\r  be  any  number,  then  since  multiplying  or 
dividing  by  a  power  of  10  merely  alters  the  position  of  the 
decimal  point  without  changing  the  sequence  of  figures,  it  follows 
that  iVx  lO**,  and  iV^- 10',  where  p  and  q  are  any  integers,  are 
numbers  whose  significant  digits  are  the  same  as  those  of  N, 

Now        log  (iV  X  lO')  =  log  iV+p  log  10 

=  logiV+^ (1). 

Again,    log  (iT-f- 10«)  =  log  iV^-  g  log  10 

=  logir-g  (2). 

In  (1)  an  integer  is  added  to  logiV^,  and  in  (2)  an  integer  is' 
subtracted  from  log  iV;  that  is,  the  mantissa  or  decimal  '^x?^^^'^ 
of  the  logarithm  remains  unaltered. 
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In  this  and  the  three  preceding  articles  the  mantissce  have 
been  supposed  positive.  In  order  to  secure  the  advantages  of 
Briggs'  system,  we  arrange  our  work  so  as  always  to  keep  t/ie 
mantissa  positive^  so  that  when  the  mantissa  of  any  logarithm 
has  been  taken  from  the  Tables  the  characteristic  is  prefixed 
with  its  appropriate  sign  according  to  the  rules  already  given. 

214.  In  the  case  of  a  negative  logarithm  the  minus  sign  is 
written  over  the  characteristic^  and  not  before  it,  to  indicate  that 
the  characteristic  alone  is  negative,  and  not  the  whole  expression. 

Thus  4-30103,  the  logarithm  of  -0002,  is  equivalent  to  -4  +  -30103, 
and  must  be  distinguished  from  —  4-30103,  an  expression  in  which 
both  the  integer  and  the  decimal  are  negative.  In  working  with 
negative  logarithms  an  arithmetical  artifice  will  sometimes  be 
necessary  in  order  to  make  the  mantissa  positive.  For  instance, 
a  result  such  as  —  3-69897,  in  which  the  whole  expression  is 
negative,  may  be  transformed  by  subtracting  1  from  the 
characteristic  and  adding  1  to  the  mantissa.     Thus 

-  3-69897  =  -  4  +  (1  -  -69897)  =  4-30103. 

Other  cases  will  be  noticed  in  the  Examples. 

Example  1.    Required  the  logarithm  of  -0002432. 

In  the  Tables  we  find  that  3859636  is  the  mantissa  of  log  2432  (the 
decimal  point  as  well  as  the  characteristic  being  omitted) ;  and,  by  Art.  211, 
the  characteristic  of  the  logarithm  of  the  given  number  is  -4; 

.-.  log -0002432=4-3859636. 

Example  2.    Find  the  value  of  y^00000l65,  given 

log  165=2-2174839,  log  697424=5-8434968. 

Let  X  denote  the  value  required;  then 

1     1 
log  x= log  (•00000165)*  =  ^  log  (-00000165) 

=  I  (6-2174839); 

the  mantissa  of  log  -00000165  being  the  same  as  that  of  log  165,  and  the 
characteristic  being  prefixed  by  the  rule. 

Now  i  (6-2174839)  =  =  (10  +  4-2174839) 

=  2-8434968 
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and  '8434968  is  the  mantissa  of  log  697424;  hence  x  is  a  number  consisting 
of  these  same  digits  but  with  one  cipher  after  the  decimsJ  point.    [Art.  211.] 

Thus  x= -0697424. 

215.  The  method  of  calculating  logarithms  will  be  explained 
in  the  next  chapter,  and  it  will  there  be  seen  that  they  are  first 
found  to  another  base,  and  then  transformed  into  common  loga- 
rithms to  base  10. 

It  will  therefore  be  necessary  to  investigate  a  method  for 
transforming  a  system  of  logarithms  having  a  given  base  to  a 
new  system  with  a  different  base. 

216.  Suppose  that  the  logarithms  of  all  numbers  to  base  a 
are  known  and  tabulated,  it  is  required  to  find  the  logarithms 
to  base  h. 

Let  N  be  any  number  whose  logarithm  to  base  h  is  re- 
quired. 

Let  y  -  logi^,  so  that  h^  =  N\ 

that  is,  y  log  J)  =-  log^iV; 

•••      2^  =  1^6  ^^^S-^' 


Now  since  N  and  b  are  given,  log,iV  and  log^6  are  known 
from  the  Tables,  and  thus  log^N  may  be  found. 

Hence  it  appears  that  to  transform  logarithms  from  base  a 

to  base  h  we  have  only  to  multiply  them  all  by  r — -  j    this  is  a 

constant  quantity  and  is  given  by  the  Tables ;  it  is  known  as  the 
modvlv^, 

217.     In  equation  (1)  of  the  preceding  article  put  a  for  i\^; 
thus 

log.a  = , — ^f  X  log  a  =s  - — i  : 
^'      log.5        ^-       log.5^ 

.-.      log/^  X  logj&  =  1. 
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This  result  may  also  be  proved  directly  as  follows : 
Let  X  =  log,5,  so  that  a'  =  b; 

then  by  taking  logarithms  to  base  5,  we  have 

X  log^a  =  logfi 

.-.     log.5xlogja  =  l. 

218.  The  following  examples  will  illustrate  the  utility  of 
logarithms  in  facilitating  arithmetical  calculation ;  but  for  in- 
formation as  to  the  use  of  Logarithmic  Tables  the  reader  is 
referred  to  works  on  Trigonometry. 

4  5 

Example  1.    Given  log  3  = -4771213,  find  log  {(2-7)8  x  (-81)5-^(90)*}. 
The  required  value    =  3  log  ^  +  r  log  ^^  -  j  log  90 

=  3(log33-l)+|(log3*-2)-j(log32+l) 

.(..';-?)>.,.-(..M) 

Q7 
=  |^log3-5H 

=4-6280766-5-85 
=  2-7780766. 

The  student  should  notice  that  the  logarithm  of  5  and  its 
powers  can  always  be  obtained  from  log  2  ;  thus 

log  5  =  log  -^  =  log  10  —  log  2  =  1-  log  2. 

Example  2.    Find  the  number  of  digits  in  875^*,  given 

log  2  = -3010300,  log  7  = -8450980. 

log  (875i«)  =  16  log  (7  X 125) 

=  16(log7+ 31og5) 
=  16(log7  +  3-31og2) 
=  16x2-9420080 
=47-072128; 
Jience  the  number  of  digits  is  48.     [Art.  210.1 
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Example  3.    Given  log  2  and  log  3,  find  to  two  places  of  decimals  the 
value  of  X  from  the  equation 

Taking  logarithms  of  both  sides,  we  have 

(3  -  4x)  log  6  +  (a?  +  5)  log4=log  8; 

.-.  (3-4x)(log2  +  log3)  +  (a;  +  6)21og2  =  31og2; 

.-.  a;(-41og2-41og3  +  21og2)  =  31og2-31og2-31og3-101og2; 

101og2  +  31og3 


x  = 


21og2  +  41og3 

4-4416639 
"2-5105452 

=  1-77... 

EXAMPLES.    Xyi.b. 

1.  Find,  by  inspection,  the  characteristics  of  the  logarithms  of 
21736,  23-8,  350,  '035,  '2,  '87,  -875. 

2.  The  mantissa  of  log  7623  is  '882 1 259 ;  write  down  the  logarithms 
of  7*623,  762-3,  '007623,  762300,  '000007623. 

3.  How  many  digits  are  there  in  the  integral  part  of  the  numbers 
whose  logarithms  are  respectively 

4-30103,    1-4771213,    3*69897,    -56515? 

4.  Give  the  position  of  the  first  significant  figure  in  the  numbers 
whose  logarithms  are 

2-7781513,    -6910815,    5-4871384. 

Given  log  2  = -3010300,  log  3 =-477 1213,  log  7  = -8450980,  find  the 
value  of 

5.  log  64.  6.    log  84.  7.    log -128. 
8.     log '0126.                 9.     log  14-4                 10.    log4§. 


11.     logyi2.  12.    logA/^.  13.    Iog4^-O105. 


14.  Find  the  seventh  root  of  -00324,  having  given  that 

log  44092388  =  7*6443636. 

15.  Given  log  194*8445  =  2-2896883,  find  t\i€>e\€>N«ii>i)CLT<yi\»^i  V^f^*'^- 
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16.  Find  the  product  of  SV-SOS,  3*7203,  •003'7203,  372030,  having 
given  that 

log  37-203= 1-6705780,  and  logl916631  =  6-2823120. 

8  //3254\ 

17.  Given  log  2  and  log  3,  find  log^  /  (  -^  j  . 

18.  Given  log  2  and  log 3,  find  log(iy48  x  108*-hi!y6). 

19.  Calculate  to  six  decimal  places  the  value  of 

y /294  X  125^ 
V  V  42  X  32  /  ' 

given  log  2,  log  3,  log  7 ;  also  log  9076*226  =  3-9579063. 

20.  Calculate  to  six  places  of  decimals  the  value  of 

(330-^49)*-r-y22x70; 
given  log  2,  log  3,  log  7 ;  also 

logU  =  1-0413927,  and  log  17814-1516  =  4-2507651. 

21.  Find  the  number  of  digits  in  3^2  x  2*. 

(2i\ioo 
—  j     is  greater  than  100. 

23.    Determine  how  many  ciphers  there  are  between  the  decimal 

/I  \  1000 

point  and  the  first  significant  digit  in  Kj     . 

Solve  the  following  equations,  having  given  log  2,  log  3,  and  log  7. 
21    3«-2=6.  25.    6«=103.  26.    5«-8«=2«+2. 

27.     21«=22«+i.5^  28.     2«.6«-«=52?'.7i-* 


29.    2*+>=6>' 
3* 


=6>'         \  30.    3i-«^y=4-y  \ 

=3.2>  +  'j  22«-i   =33y-«J* 


31.  Given  logio2  =  -30103,  find  log26200. 

32.  Given  logio2  =  -30103,  log^o?  =  -84509,  find  logy ^2  and  logV27. 


CHAPTER  XVII. 

EXPONENTIAL  AND   LOGARITHMIC   SERIES. 

219.  In  Chap,  xvl  it  was  stated  that  the  logarithms  in 
common  use  were  not  found  directly,  but  that  logarithms  are 
iii*st  found  to  another  base,  and  then  transformed  to  base  10. 

In  the  present  chapter  we  shall  prove  certain  formulae  known 
as  the  Exponential  and  Logaxitliinic  Series,  and  give  a  brief  ex- 
planation of  the  way  in  which  they  are  used  in  constructing  a 
table  of  logarithms. 

220.  To  expa/nd  a*  vn  ascending  powers  o/*x. 
By  the  Binomial  Theorem,  if  7i>l, 

n) 

-  1      nxinX'-l)     1       woj  (tmc  - 1)  (rwj  -  2)     1 

n  \2  nr  3  n^ 


( 


xlx I      xlx — ]lx J 

|1         ^  13 


(1). 


By  putting  x=l,  we  obtain 


1.1  (i-i)(i-2) 


(2). 
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hence  t)ie  series  (1)  is  the  a^  power  of  the  eeries  (3);  that  is, 


I +1 


-=  (■-^)('-5 


and  this  is  true  however  great  n  may  be.     If  tlierefore  ti  be 
indefinitely  increased  we  have 

a?         !^         X*  /,        ,  1  1  1  V 


1        1        1 

iausually  denoted  by  e ;  hence 


"■•■"••  '^'*[l-[3-[J- 


,       ,  X'         3^         X' 

''■'  +  "|T  +  [3+5  + 

Write  ex  for  x,  then 

^.i  +  „+^  +  '^V 

Now  let  e'=a,   so  that  c  =  log,a;    by  substituting  for  a  we 
obtain 

»-.l+;,Ioaa  +  -^^+-A_|^  + 

This  is  the  Exponential  Theorem. 

Cob.     When  n  is  infinite,  the  limit  of  ( 1  +  -  j  -e. 

[See  Art.  266.] 

AJflo  08  in  the  preceding  investigation,  it  may  be  shewn  that 

■"""      'a  indefinitely  increased, 


(-3" 


•'*'*r^*r 
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that  is,  when  n  is  infinite,  the  limit  of  ( 1  +- J  =e'. 


X          1 
By  putting  -  = ,  we  have 


('-3-=(-r={('4)T' 


Now  m  is  infinite  when  n  is  infinite; 
thus  the  limit  of  (1  —  1  =  e~\ 

Hence  the  limit 


imit  of        (1 \  =e  \ 


221.     In  the  preceding  article  no  restriction  is  placed  upon 

the  value  of  x;  also  since  -  is  less  than  unity,  the  expansions  we 

have  used  give  results  arithmetically  intelligible.     [Art.  183.] 

But  there  is   another  point  in  the   foregoing   proof   which 
deserves  notice.     We   have   assumed   that  when   n  is   infinite 


x\ 


.,     r    -x    £        \       ^/   \       ^/       \  n   J  .     X 

the  limit  of  ,  is  t- 

Jor  all  vahiea  of  r. 

Let  us  denote  the  value  of 

E 

Then  Jk=i('a,_I:il)  =  ?_i+l. 

Since  n  is  infinite,  we  have 

—  =  -  ;  that  IS,  w^  =  -  u^_^ . 


by  w. 


w^-i      T  ^     r 


It  is  clear  that  the  limit  of  u^  is  r^;  hence  the  limit  of  iju  is 

«        2 

r^;  that  of  tt^  is  .-J ;  and  generally  that  of  u^  is  .— . 
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222.     The  series 

,,111 

^•^l^[2-'|3-'i4* ' 

which  we  have  denoted  by  e,  is  very  iinporta»nt  as  it  is  the  base 
to  which  logarithms  are  first  calculated.  Logarithms  to  this 
base  are  known  as  the  Napierian  system,  so  named  after  Napier 
their  inventor.  They  are  also  called  natural  logarithms  from  the 
fact  that  they  are  the  first  logarithms  which  naturally  come  into 
consideration  in  algebraical  investigations. 

When  logarithms  are  used  in  theoretical  work  it  is  to  be 
remembered  that  the  base  e  is  always  understood,  just  as  in 
arithmetical  work  the  base  10  is  invariably  employed. 

From  the  series  the  approximate  value  of  e  can  be  determined 
to  any  required  degree  of  accuracy ;  to  10  places  of  decimals  it  is 
found  to  be  2*7182818284. 

Example  1.    Find  the  Bum  of  the  infinite  series 

1     i     i      i 


We  have  «=i  +  i+     +~  +  -^+ ; 

and  by  patting  a;  =  - 1  in  the  series  for  e*, 

-1    1     1      1       1       1 

.•.e  +  e-'=2(l+i  +  ^+^+ ); 

hence  the  sum  of  the  series  is     „  (c  +  e~^). 


Example  2.    Find  the  coefficient  of  a;**  in  the  expansion  of  — — — —  , 


1-ax-x 


2 


gx        ={l-aX'X^)e- 


M  .x   fi  x^     x^  I'lyx^  ] 
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^  .     X         .    :,     (-1)**     i-iy-^a     (-l)*-* 

The  coefficient  required  =  ^  ,   '   -  ^  .  ' ^ — '-^ 

|r  ^r-1  |r-2 


=  <-^{l  +  ar-r(r-l)}. 


223.     To  expcmd  log,  (1  +x)  in  ascending  powers  of  x. 
From  Art.  220, 

In  this  series  write  \  +x  for  a ;  thus 
(1  +  xY 
=  l+yloge(l  +  a:)  +  |^  {log,  (l+a;)P+f^  {log,  (1 +«:)}«+  ...(1). 


Also  by  the  Binomial  Theorem,  when  a;  <  1  we  have 

Now  in  (2)  the  coefficient  of  y  is 

^^1.2^^    1.2.3    ^^      1.2.3.4      ^  ^ ' 

...                                  a^     a?     oc^ 
that  IS,  ^■~"9+"q""-7  + 

Equate  this  to  the  coefficient  of  y  in  (1)  ;  thus  we  have 

loge(l+aj)  =  aj-^+-^~;^+ 

This  is  known  as  the  Logarithmic  Series, 

Example,    If  a;  <  1,  expand  {log«  (1 + a;)}*  in  ascending  powers  of  x. 

By  equating  the  coefficients  of  y^  in  the  series  (1)  and  (2),  we  see  that  the 
required  expansion  is  doable  the  coefficient  of  y^  in 

y(y-i)^«  ,y(y-i)(y-2)^  ,y(y-i)(y-2)(y-3) 

1.2    "^  "*"       1.2.3       ^"*"  1.2.3.4  ^"^ ' 

that  is,  double  the  coefficient  of  y  in 

y-i  .  ■  (y-i)  (y-2) -. ,  (y-i)  (y  ■  2)(y-8)  ^ 

1.2'^*     1.2.8      *+        1,2.8.4        ^ 

Thus  {log.(l+a.)}«=2  {|a=»-l(l+i)^+i(l+i  +  iy- \. 
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224.  Except  when  x  is  very  small  the  series  for  log«(l  +x) 
is  of  little  use  for  numerical  calculations.  We  can,  however, 
deduce  from  it  other  series  by  the  aid  of  which  Tables  of  Logar- 
ithms may  be  constructed. 

By  writing  -  for  x  we  obtain  log^ ;  hence 

log,(«+l)-log.«  =  i-^.+  3L-  (1). 

1                                     n  -  I 
By  writing  —  for  x  we  obtain  log, ;  hence,  by  changing 

signs  on  both  sides  of  the  equation, 

log.n-log.(«-l)  =  i  +  gi,+  l-.+  (2). 

From  (1)  and  (2)  by  addition, 
log,(n+l)-log.(n-.l)  =  2  (-+^3 +  —,  +  ...)  (3). 

From  this  formula  by  putting  7i  =  3  we  obtain  logg4-logg2, 
that  is  log,  2 ;  and  by  effecting  the  calculation  we  find  that  the 
value  of  log, 2-  -69314718...;  whence  log, 8  is  known. 

Again  by  putting  7i  =  9  we  obtain  log,10-log,8;  whence  we 
find  log,10  =  2-30258509.... 

To  convert  Napierian  logarithms  into  logarithms  to  base  10 
we  multiply  by  :| :.    ,  which  is  the  modulus  [Art.  216]  of  the 

common  system,  and  its  value  is  ^^  —  ,  or  '43429448... 3 

we  shall  denote  this  modulus  by  /x. 

In  the  Proceedings  of  the  Royal  Society  of  London^  Vol.  xxvii. 
page  88,  Professor  J.  0.  Adams  has  given  the  values  of  e,  //, 
log,  2,  log,  3,  log,  5  to  more  than  260  places  of  decimals. 

225.  If  we  multiply  the  above  series  throughout  by  /a,  we 
obtain  formulsB  adapted  to  the  calculation  of  common  logarithms. 

Thus  from  (1),  /ilog,(w  +  1)  -  /i  log,n  =  ^  -  -^,  +  ^3-  -  ; 
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that  is, 

fog>+l)-log,n  =  ^-^+^,- (1). 

Similarly  from  (2), 

log.„«-log,>-l)  =  ^  +  ^,+£,+ (2). 

From  either  of  the  above  results  we  see  that  if  the  logarithm 
of  one  of  two  consecutive  numbers  be  known,  the  logarithm  of 
the  other  may  be  found,  and  thus  a  table  of  logarithms  can  be 
constructed. 

It  should  be  remarked  that  the  above  formulae  are  only  needed 
to  calculate  the  logarithms  of  priine  numbers,  for  the  logarithm 
of  a  composite  number  may  be  obtained  by  adding  together  the 
logarithms  of  its  component  factors. 

In  order  to  calculate  the  logarithm  of  any  one  of  the  smaller 
prime  numbers,  we  do  not  usually  substitute  the  number  in  either 
of  the  formulae  (1)  or  (2),  but  we  endeavour  to  find  some  value 
of  n  by  which  division  may  be  easily  performed,  and  such  that 
either  n+l  or  w  —  1  contains  the  given  number  as  a  factor.  We 
then  find  log  (n+l)  or  log(7i— 1)  and  deduce  the  logarithm  of 
the  given  number. 

Example,     Calculate  log  2  and  log  3,  given  /a=*43429448. 

By  putting  n=10  in  (2),  we  have  the  value  of  log  10 -log  9;  thus 
1  -  2  log  3  =  -043429448  +  -002171472  +  -000144765  +  -000010867 

+  -000000868  +  -000000072  +  -000000006 ; 

1-2  logs =-046757488, 
log  3 =-477121256. 

Putting  n=80  in  (1),  we  obtain  log 81 -log 80;  thus 
4  log  3  -  3  log  2  - 1  =  -006428681  -  -000033929  +  -000000283  -  -000000003 ; 

3  log  2  =  -908485024  -  -005395032, 
log  2 =-301029997. 

In  the  next  article  we  shall  give  another  series  for 
logg(ri  +  l)-log«n  which  is  often  useful  in  the  construction  of 
Logarithmic  Tables.  For  further  information  on  the  subject  the 
reader  is  referred  to  Mr  Glaisher's  article  on  Logarithins  in  the 
Encychpoidia  Britannica, 

H.  iL  A.  "^^ 
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226.  In  Art.  223  we  have  proved  that 

log.(l+a;)=a;- 2""^  3 -•-.; 
changing  x  into  —  ac,  we  have 

log.(l-a;)=-aJ-2  "  3  -••• 
By  subtraction, 

Put  J = ,  so  that  oj  =  -= =- :  we  thus  obtain 

log,  (71  +  1)  —  log,  n  =  2  •!  jr r    +    jr-r^ =-7-   +  -t^t =-r.  +  . . .  j"   . 

^•^         ^        ^*  \2w  +  l      3(271  +  1)'     5(271+1)*         J 

Note.    This  series  converges  very  rapidly,  but  in  practice  is  not  always 
so  convenient  as  the  series  in  Art  224. 

227.  The  following  examples  illustrate  the  subject  of  the 
chapter. 

Example  1.    It  a^  p  are  the  roots  of  the  equation  ax^-\-hx+c=Oi  shew 
that       \og(a-hx+cx^)=loga+(a+p)x ^g'+     ^^  sfi-.,. 


2  ■      3 


Since  o  +  fl=  — ,  a/3=- ,  we  have 
^        a*    '^    a 


a  -  bx  +  cx^=a  {1  +  (a+/3)  x+a^x^} 
=a{l  +  ax)(l+px), 
.',  log  {a-bx  +  cx^)  =  log  a  +  log  (1  +  ax)  +  log  (1  +px) 

o%»     aV  e^a^     ePafi 

=loga+ax-  -g-  +  -3— -•••+/3«-^  +  ^-..• 
=loga  +  (a+/3)a;--^a;«+-y^  «»-... 

Example   2.    Prove  that  the  coefficient   of   a;**  in   the  expansion    of 

2      1 
log  (l+x+a;^)  is  -  -  or  -  according  as  n  is  or  is  not  a  multiple  of  3. 
^  n      n 

log  (1  +  a; + a;2)  =iog  lz_  =  log  (1  -  a;8)  _  log  (1  _  a;) 

x  —  X 
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If  n  is  a  multiple  of  3,  denote  it  by  3r:  then  the  coefficient  of  a;**  is- - 

r 

from  the  first  series,  together  with  ^  from  the  second  series;  that  is,  the 

coefficient  is h  - 1  or  -  - . 

91     71  n 

If  n  is  not  a  multiple  of  3,  x*^  does  not  occur  in  the  first  series,  therefore 

the  required  coefficient  is  - . 

n 

228.     To  prove  that  e  is  incommensurable. 

For  if  not,  let  6  =  — ,  where  m  and  n  are  positive  integers ; 

.,  m     -      -      1       1  11 

then  —  =  1  +  1  +rn  +  ,-«  +  •••  +i-  + ^  +  •••• 

n  [2       3  [w      n+ 1 


multiply  both  sides  by  |n ; 

11-^  1  1  1 

.-.  m  n-l  =  integer  +  — -  +  , =-r^^ — ^^  +  } — i^T — ow — ^+-- 

°        71+1      (n-\-l){n+2)      (/i+l)(w+2)(w+3) 

^       J_  1  1 

n+l  '^{n+l){n+  2)  "^  (ri+ 1)  (/i  + 2)(n  + 3)"^  *** 

is  a  proper  fraction,  for  it  is  greater  than  =■  and  less  than  the 

geometrical  progression 

1  1  1 

/i+l"^(w+l)«"*"(n+l)«"*"**'^ 

that  is,  less  than  - ;  hence  an  integer  is  equal  to  an  integer  plus 
a  fraction,  which  is  absurd ;  therefore  e  is  incommensurable. 


EXAMPLES.    XVn. 

1.  Find  the  value  of 

2.  Find  the  value  of 

1    1  +^,-^+  ' 


2     2.2«  '  3.23     4,2*  '  S.'i? 
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3.     Shew  that 


log.(n+a)-log,(n-a)  =  2g  +  ^3  +  ^^*,+  ....). 


.r*     a^     .r* 


M                   Y  i>  *^                     *^                     *^ 

4.  If  '^=^'~2'*"  3"  I"^-' 
shew  that  x^y+^-  +  ?^  +  •••• 

5.  Shew  that 


a_6     1   /a-M2     1  /a-M3 


1001 


6.    Find  the  Napierian  logarithm  of  — -■    correct  to  sixteen  places 
of  decimals. 


/ 1       2       3  \ 

7.     Provethat      «  »  =  2( -^4- ,^+ .-^+....1  . 


8.    Prove  that 


log.(l  +x).-(l  -.«:)-'  =  2  (^2  +  O  +  0  +••••)  • 
9.    Find  the  value  of 

•'^-y'+ 1^  (^-y*)+ ,4  (•■^-y')+-- 

10.  Find  the  numerical  values  of  the  common  logarithms  of  7,  11 
and  13;  given  /i= '43429448,  log  2  = -30103000. 

11.  Shew  that  if  aa^  and  -^  are  each  less  than  unity 

12.  Prove  that 

log.(l +3i-+ar«)=3:p- ^  +  ^  -  1^  + ... ; 

and  find  the  general  term  of  the  series. 

13.  Prove  that 

^^S'l^ii^'^-^-T^-s — r-^-- 

and  find  the  general  term  of  the  series. 

IL    Expand     ^     in  a  series  of  ascending  powers  of  x. 
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15.  Express  ^  (e'* +«"'*)  in  ascending  powers  of  .r,  where  i'=  \^  —  1. 

16.  Shew  that 

(     A2  h^  h^  \ 

17.  If  a  and  ^  be  the  roots  of  .t?^  _  jt?.i*4-^ =0,  shew  that 

18.  If  a;  <  1 ,  find  the  sum  of  the  series 


2  3  4  5 


19.    Shew  that 


^^*y^  11)  ~^      2(n+l)     2.3(71  +  1)2     3-.4(/i  +  l)3     -• 

20.     If  log,z ^X~^  ^  expanded  in  a  series  of  ascending 

powers  of  .r,  shew  that  the  coefficient  of  a**  is  —  if  n  be  odd,  or  of 

3 

the  form  4?)i+2,  and  -  if  m  be  of  the  form  \m, 

'         n 


21.     Shew  that 


23      33      43 
^■*"J2"*']3"^]4"^-"  ''• 


22.    Prove  that 


2logen-log.(7i  +  l)-log.(n-l)  =  -2  +  2^  +  ^^+.... 

11  1 

23.  Shew  that      _ +^.^— ^-,  +  g-^_^+... 

»     2»>^3n»     •••• 

9  24  81 

24.  If  log.  —  =  -  a,  log.  —  =  -  6,  log.  g^  ==  <?,  shew  that 

loge2  =  7a-26  +  3<J,  log.3=lla-36  +  6c,  log. 6  =  16a -46+ 7c; 
and  calculate  log.  2,  log.  3,  log.  5  to  8  places  of  decimals. 


CHAPTER  XVIII. 


INTEREST  AND  ANNUITIES. 


229.  In  this  chapter  we  shall  explain  how  the  solution  of 
questions  connected  with  Interest  and  Discount  may  be  simplified 
by  the  use  of  algebraical  formulsB. 

"We  shall  use  the  terms  Interest^  Discount,  PresetU  Value  in 
their  ordinary  arithmetical  sense ;  but  instead  of  taking  as  the 
rate  of  interest  the  interest  on  ^100  for  one  year,  we  shall  find  it 
more  convenient  to  take  the  interest  on  XI  for  one  year. 

230.  To  find  the  interest  and  amount  of  a  given  sum  in  a 
given  time  ai  simple  interest. 

Let  F  be  the  principal  in  pounds,  r  the  interest  of  £1  for  one 
year,  n  the  number  of  years,  /  the  interest,  and  M  the  amount. 

The  interest  of  F  for  one  year  is  Fr,  and  therefore  for  n  years 
is  Fnr ;  that  is, 

I  =Fnr (1). 

Also                              if=P  +  7; 
that  is,  M=F(l+nr) (2). 

From  (1)  and  (2)  we  see  that  if  of  the  quantities  P,  n,  r,  7, 
or  F,  n,  r,  Jf,  any  three  be  given  the  fourth  may  be  found. 

231.  To  find  the  present  value  amd  discount  of  a  given  sum, 
due  in  a  given  tim£,  allowing  simple  interest. 

Let  F  be  the  given  sum,  V  the  present  value,  D  the  discount, 
r  the  interest  of  £1  for  6ne  year,  n  the  number  of  years. 
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Since  V  is  the  sum  which  put  out  to  interest  at  the  present 
time  will  in  n  years  amount  to  P,  we  have 

I  +nr 
And  D  =  P-V=P 


.\   I)  = 


Pnr 
I  +nr' 


Note.  The  value  of  D  given  by  this  equation  is  called  the  true  discount. 
But  in  practice  when  a  sum  of  money  is  paid  before  it  is  due,  it  is  customary 
to  deduct  the  interest  on  the  debt  instead  of  the  true  discount,  and  the 
money  so  deducted  is  called  the  banker^s  discount;  so  that 

Banker's  Discount =Pwr. 

Pnr 
True  Discount = 


1  +  nr' 

Example,  The  difference  between  the  true  discount  and  the  banker's 
discount  on  £1900  paid  4  months  before  it  is  due  is  6s.  8(2. ;  find  the  rate 
per  cent.,  simple  interest  being  allowed. 

Let  r  denote  the  interest  on  £1  for  one  year;  then  the  banker's  discount 

1900r 

is  — ^—  ,  and  the  true  discount  is  . 

1900r 

1900r         3  1 

3         7T"~3' 
l  +  ^r 

whence  1900r2=3+r; 

l=fcVrr22800_l=fcl51 
•'•  '*■"         3800  ~    3800   * 

Bejecting  the  negative  value,  we  have  *"  =007^7;  =  Kk  J 

.*.  rateper  cent.  =  100r=4. 

232.     To  find  the  interest  and  amount  of  a  given  sum  in  a 
given  time  at  compound  interest 

Let  P  denote  the  principal,  JR  the  amount  of  £1  in  one  year^ 
n  the  number  of  years,  /  the  interest,  and  M  \*\\^  ^mwoi^. 


m 
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The  amount  of  P  at  the  end  of  the  first  year  is  PR ;  and,  since 
this  is  the  principal  for  the  second  year,  the  amount  at  the  end  of 
the  second  year  is  PR  x  R  or  PR',  Similarly  the  amount  at  the 
end  of  the  third  year  is  Pi^,  and  so  on ;  hence  the  amount  in 
n  years  is  PJ^  ;  that  is, 

M^PR"; 

.-.     t==P{R''~-l), 

Note.    If  r  denote  the  interest  on  £1  for  one  year,  we  have 

233.  In  business  transactions  when  the  time  contains  a 
fraction  of  a  year  it  is  usual  to  allow  simple  interest  for  the 
fraction   of    the   year.      Thus   the  amount  of  £A  in  J  year  is 

T 

reckoned  1  +  «  ^  ^^^  ^^  amount  of  P  in  4f  years  at  compound 

interest   is   PR^  f  1  +  ^  r  ] .       Similarly    the    amount    of    -P    i 

w  +  —  years  is  Pi?"  ( 1  +  — ) . 

If  the  interest  is  payable  more  than  once  a  year  there  is  a 

distinction  between  the  nominal  annual  rate  of  interest  and  that 

actually  received,  which  may  be  called  the  time  annual  rate ;  thus 

if  the  interest  is  payable  twice  a  year,  and  if  r  is  the  nominal 

r 
annual  rate  of  interest,  the  amount  of  £1  in  half  a  year  is  1  +  ^  , 

and  therefore  in  the  whole  year  the  amount  of  £\  is  (14--], 

or    1  +  r  +  ^  :    so  that  the   true  annual    rate    of    interest    is 
4 

r" 

234.  If  the  interest  is  payable  q  times  a  year,  and  if  r  is 

the  nominal  annual  rate,  the  interest  on  XI  for  each  interval  is 

r 

- ,  and  therefore  the  amount  of  P  in  ti  years,  or  qn  intervals,  is 


P(l+-) 


In  this  case  the  interest  is  said  to  be  "converted  into  principal" 
^  times  a  year. 
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If  the  interest  is  convertible  into  principal  every  moment, 

then  q  becomes  infinitely  great.     To  find  the  value  of  the  amount, 

r      1 
put  -  =  -  ,  so  that  q  =  rxi  thus 
q     X 

the  amount  =  F  (\  +  -J  -  P  ^1  +  iV'=  P  Ul  +  iV l" 

=  Pe",  [Art.  220,  Cor.,] 
since  x  is  infinite  when  q  is  infinite. 

0 

235.     To  find  the  present  vcUiie  and  discount  of  a  given  sum 
due  in  a  given  time,  allowing  compound  interest. 

Let  F  be  the  given  sum,  V  the  present  value,  I)  the  discount, 
7?  the  amount  of  XI  for  one  year,  n  the  number  of  years. 

Since  V  is  the  sum  which,  put  out  to  interest  at  the  present 
time,  will  in  n  years  amount  to  F,  we  have 

F=VB''; 

.-.      V=^^  =  FB- 

and  I)  =  F  (1  -  R""). 

Example,     The  present  value  of  £672  due  in  a  certam  time  is  £126 ;  if 
compound  interest  at  4^  per  cent,  be  allowed,  find  the  time;  having  given 

log2=-30103,  log  3  = -47712. 

Here  ^=1^  =  ^' *^^  ^  =  8* 

Let  n  be  the  number  of  years ;  then 

,      25    ,     672 
.-.  nlog2^=log^-2e, 

,     100    ,     16 
or  nlog  gg  =logy; 

.-.  n  (log  100  -  log  96) = log  16  -  log  3, 

4  log  2  -  log  3 


n  = 


2-51og2-log8 


•72700     .,  , 

^^^01773'^     '  ^^^  nearly; 


thus  the  time  is  very  nearly  41  years. 
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EXAMPLES.    XVm.a. 

When  required  the  following  logarithms  may  be  used. 

log  2  =  -3010300,    log  3  =  -4771 213, 
log  7  =  -8450980,    log  1 1  =  1  -0413927. 

1.  Find  the  amount  of  £100  in  50  years,  at  5  per  cent,  compoimd 
interest;  given  log  114*674  =  2-0594650. 

2.  At  simple  interest  the  interest  on  a  certain  sum  of  money  is 
£90,  and  the  discount  on  the  same  sum  for  the  same  time  and  at  the 
same  rate  is  £80 ;  j&nd  the  sum. 

3.  In  how  many  years  will  a  sum  of  money  double  itself  at  5  per 
cent,  compound  interest  ? 

4.  Find,  correct  to  a  farthing,  the  present  value  of  £10000  due 
8  years  hence  at  5  per  cent,  compound  interest ;  given 

log  67683-94 = 4*8304856. 

5.  In  how  many  years  will  £1000  become  £2500  at  10  per  cent, 
compound  interest  ? 

6.  Shew  that  at  simple  interest  the  discount  is  half  the  harmonic 
mean  between  the  sum  due^and  the  interest  on  it. 

7.  Shew  that  money  will  increase  more  than  a  hundredfold  in 
a  century  at  5  per  cent,  compound  interest. 

8.  What  sum  of  money  at  6  per  cent,  compound  interest  will 
amount  to  £1000  in  12  years  I    Given 

log  106 = 2*0253059,    log  49697  =  4*6963292. 

9.  A  man  borrows  £600  from  a  money-lender,  and  the  bill  is 
renewed  every  half-year  at  an  increase  of  18  per  cent. :  what  time  will 
elapse  before  it  reaches  £6000  ?    Given  log  118  =  2*07 1882. 

10,    What  is  the  amount  of  a  farthing  in  200  years  at  6  per  cent. 
comiDound  interest  ?  Given  log  106 = 2*0253059,  log  1 1 5*1270  =  2*061 1 800. 


Annuities. 

236.  An  annuity  is*  a  fixed  sum  paid  periodically  under 
certain  stated  conditions ;  the  payment  may  be  made  either  once 
a  year  or  at  more  frequent  intervals.  Unless  it  is  otherwise 
stated  we  shall  suppose  the  payments  annual. 

An  annuity  certain  is  an  annuity  payable  for  a  fixed  term  of 
years   independent   of   any   contingency;   a  life  annuity  is   an 
annuity  which  is  payable  during  the  lifetime  of  a  person,  or  of 
tlie  survivor  of  a  number  of  persons. 
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A  deferred  annuity,  or  reversion,  is  an  annuity  which  does 
not  begin  until  after  the  lapse  of  a  certain  number  of  years ;  and 
when  the  annuity  is  deferred  for  n  years,  it  is  said  to  commence 
after  n  years,  and  the  first  payment  is  made  at  the  end  of  w  +  1 
years. 

If  the  annuity  is  to  continue  for  ever  it  is  called  a  perpetuity ; 
if  it  does  not  commence  at  once  it  is  called  a  deferred  perpetuity. 

An  annuity  left  unpaid  for  a  certain  number  of  years  is  said 
to  be  forborne  for  that  number  of  years. 

237.  To  find  the  amount  of  an  annuity  left  unpaid  for  a  given 
nuvnber  ofyears^  allowing  simple  interest 

Let  A  be  the  annuity,  r  the  interest  of  £1  for  one  year,  n  the 
number  of  years,  M  the  amount. 

At  the  end  of  the  first  year  A  is  due,  and  the  amount  of  this 
sum  in  the  remaining  n—\  years  is  A-\-(n  —  \)rA]  at  the  end  of 
the  second  year  another  A  is  due,  and  the  amount  of  this  sum  in 
the  remaining  (ti  —  2)  years  is  A  -\-{n  —  2)rA  ;  and  so  on.  Now 
M  is  the  sum  of  all  these  amounts ; 

.-.  if={.i  +  (n-l)r^}  +  {^  +  (7j-2)r^}+ +  {A-^rA)  +  A, 

the  series  consisting  of  n  terms ; 


.-.  Jlf=w-4 +(1 +  2  +  3+ +n-\)rA 

=  nA  +—^-0 — -ii'A, 

238.  To  find  the  a/mount  of  an  annuity  left  tmpaid  for  a 
given  nv/mher  of  year Sy  allowing  compound  interest. 

Let  A  be  the  annuity,  R  the  amount  of  JBl  for  one  year,  n 
the  number  of  years,  M  the  amount. 

At  the  end  of  the  first  year  A  is  due,  and  the  amount  of  this 
sum  in  the  remaining  w— 1  years  is  AR*'^]  at  the  end  of  the 
second  year  another  A  is  due,  and  the  amount  of  this  sum  in  the 
remaining  n  —  2  years  is  -4i?"~';  and  so  on. 

.-.  if=^7?-'  +  uli?"-*+ +AR'  +  AR-¥A 

=  -4(l+i2  +  i2'+ to?^  terms) 


204  HIGHER  ALGEBRA. 

239.  In  finding  the  present  value  of  annuities  it  is  always 
customary  to  reckon  compound  interest;  the  results  obtained 
when  simple  interest  is  reckoned  being  contradictory  and  un- 
trustworthy. On  this  point  and  for  further  information  on  the 
subject  of  annuities  the  reader  may  consult  Jones  on  the  Vahie 
of  Annuities  and  Reversionary  Payments,  and  the  article  Annuities 
in  the  Encyclopoedia  Britannica, 

240.  To  find  the  present  value  of  an  annuity  to  continue  for 
a  given  number  of  years,  allowing  compound  interest. 

Let  A  be  the  annuity,  H  the  amount  of  XI  in  one  year,  n 
the  number  of  years,  V  the  required  present  value. 

The  present  value  of  A  due  in  1  year  is  AE~^ ; 

the  present  value  of  A  due  in  2  years  is  AB~^ ; 

the  present  value  of  A  due  in  3  years  is  AR'^; 

and  so  on.    [Art.  235.] 

Now  V  is  the  sum  of  the  present  values  of  the  different 
payments ; 

.-.    V=-AE-'+AB-''  +  AE-''+ to  7j  terms 


=  AE 


^A 


Note.     This  result  may  also  be  obtained  by  dividing  the  value  of  My 
given  in  Art.  238,  by  i2».    [Art.  232.] 

Cor.     If  we  make  n  infinite  we  obtain  for  the  present  value 
of  a  perpetuity 

241.    If  lixA  is  the  present  value  of  an  annuity  A,  the  annuity 
is  said  to  be  worth  in  yeaxs'  purchase. 

A 
In  the  case  of  a  perpetual  annuity  inA  =  —  ;  hence 

1  100 


r      rate  per  cent. ' 


INTEREST  AND  ANNUITIES.  205 

that  is,  the  number  of  years'  purchase  of  a  perpetual  annuity  is 
obtained  by  dividing  100  by  the  rate  per  cent. 

As  instances  of  perpetual  annuities  we  may  mention  the 
income  arising  from  investments  in  irredeemable  Stocks  such  as 
many  Government  Securities,  Corporation  Stocks,  and  Railway 
Debentures.  A  good  test  of  the  credit  of  a  Government  is  fur- 
nished by  the  number  of  years'  purchase  of  its  Stocks ;  thus  the 
2|  p.  c.  Consols  at  96 J  are  worth  35  years'  purchase ;  Egyptian 

4  p.  c.  Stock  at  96  is  worth  24  years'  purchase ;  while  Austrian 

5  p.  c.  Stock  at  80  is  only  worth  16  years'  purchase. 

242.  To  find  the  'present  vcUue  of  a  deferred  annuity  to 
commence  at  the  end  of  p  years  and  to  continue  for  n  years,  allow- 
ing compound  interest. 

Let  A  be  the  annuity,  H  the  amount  of  XI  in  one  year,  V  the 
present  value. 

The   first   payment   is   made   at   the   end   of    {p  +  1)  years. 

[Art.  236.] 

Hence  the  present  values  of  the  first,  second,  third...  pay- 
ments are  respectively 

AR-'f'''\  AB-^''"\  ^i?-<'-^%  ... 

.-.   F=^J?'^'"''^+iii2~^''"''^+-4i2-^'+»>+ ton  terms 

1  ^  p—" 

"^^  l-i?-> 

AB'^     AR-^ 


-•-« 


~R-\      R-l 

Cor.  The  present  value  of  a  deferred  perpetuity  to  commence 
after  p  years  is  given  by  the  formula 

^'^R-l' 

243.  A  freehold  estate  is  an  estate  which  yields  a  perpetual 
annuity  called  the  rent ;  and  thus  the  value  of  the  estate  is  equal 
to  the  present  value  of  a  perpetuity  equal  to  the  rent. 

It  follows  from  Art.  241  that  if  we  know  the  number  of  years' 
purchase  that  a  tenant  pays  in  order  to  buy  his  farm,  we  obtain 
the  rate  per  cent,  at  which  interest  is  reckoned  by  dividing  100 
by  the  number  of  years'  purchase. 
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Example,  The  reversion  after  6  years  of  a  freehold  estate  is  bonght  for 
£20000;  what  rent  ought  the  purchaser  to  receive,  reckoning  compound 
interest  at  6  per  cent.  ?    Given  log  105  =  -0211893,  log  1-340096  =  -1271358. 

The  rent  is  equal  to  the  annual  value  of  the  perpetuity,  deferred  for  6 
years,  which  may  be  purchased  for  £20000. 

Let  £A  be  the  value  of  the  annuity;  then  since  J2=:l-05,  we  have 

«/www.    ^x(l-05)-« 

20000  = \^    ^     : 

-Oo 

.-.  ^x(l-05)-«=1000; 

log  ^-61og  1-05  =  3, 

log  A  =3-1271358= log  1340-096. 

.-.  ^=1340096,  and  the  rent  is  £1340.  U.  lid. 

244.  Suppose  that  a  tenant  by  pajdng  down  a  certain  sum 
has  obtained  a  lease  of  an  estate  for  p  +  q  years,  and  that  when 
q  years  have  elapsed  he  wishes  to  renew  the  lease  for  a  term 
p  +  n  years;  the  sum  that  he  must  pay  is  called  the  fine  for 
renewing  n  years  of  the  lease. 

Let  A  be  the  annual  value  of  the  estate;  then  since  the 
tenant  has  paid  for  p  of  the  p-^n  years,  the  fine  must  be  equal 
to  the  present  value  of  a  deferred  annuity  A,  to  commence  after 
p  years  and  to  continue  for  n  years ;  that  is, 

the  fine  =  ^^'  -  -^:^  •  [Art.  242.] 


EXAMPLES.    ZVnLb. 

The  interest  is  supposed  compound  imless  the  contrary  is  stated. 

1.  The  amount  of  an  annuity  of  £120  which  is  left  unpaid  for 
5  years  is  £672 ;  find  the  rate  per  cent,  allowing  simple  interest. 

2.  Find  the  amount  of  an  annuity  of  £100  in  20  years,  allowing 
compound  interest  at  4^  per  cent.     Given 

log  1-045  =  -0191163,     log  24*117= 1*3823260. 

3.  A  freehold  estate  is  bought  for  £2750 ;  at  what  rent  should  it 
be  let  so  that  the  owner  may  receive  4  per  cent,  on  the  purchase  money? 

4.  A  freehold  estate  worth  £120  a  year  is  sold  for  £4000;  find  the 
rate  of  interest 
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5.  How  many  years*  purchase  should  be  given  for  a  freehold 
estate,  interest  being  calculated  at  3^  per  cent.  ? 

6.  If  a  perpetual  annuity  is  worth  25  years'  purchase,  find  the 
amount  of  an  annuity  of  ^625  to  continue  for  2  years. 

7.  If  a  perpetual  annuity  is  worth  20  years'  purchase,  find  the 
annuity  to  continue  for  3  years  which  can  be  purchased  for  ^2522. 

8.  When  the  rate  of  interest  is  4  per  cent.,  find  what  sum  must 
be  paid  now  to  receive  a  freehold  estate  of  ^400  a  year  10  years  hence ; 
having  given  log  104 =2  01 70333,  log  6  75565  =  '8296670. 

9.  Find  what  sum  will  amount  to  £500  in  50  years  at  2  per  cent., 
interest  being  payable  every  moment ;  given  e~^  =  '3678. 

10.  If  25  years'  purchase  must  be  paid  for  an  annuity  to  continue 
n  years,  and  30  years'  purchase  for  an  annuity  to  continue  2/i  years, 
find  the  rate  per  cent. 

11.  A  man  borrows  £5000  at  4  per  cent,  compound  interest;  if  the 
principal  and  interest  are  to  be  repaid  by  10  equal  annual  instalments, 
find  the  amount  of  each  instalment;  having  given 

log  1*04= -01 70333  and  log  675565  =  5*829667. 

12.  A  man  has  a  capital  of  £20000  for  which  he  receives  interest 
at  5  per  cent. ;  if  he  spends  £1800  every  year,  shew  that  he  will  be 
ruined  before  the  end  of  the  17'**  year;  having  given 

log  2  ==-3010300,  log  3= -4771213,  log  7  =  "8450980. 

13.  The  annual  rent  of  an  estate  is  £500 ;  if  it  is  let  on  a  lease 
of  20  years,  calculate  the  fine  to  be  paid  to  renew  the  lease  when  7  years 
have  elapsed  allowing  interest  at  6  per  cent. ;  having  given 

log  106 = 2-0253059,    log4-688385  =  '6710233,    log3-118042 = '4938820. 

14.  If  a,  b,  0  years'  purchase  must  be  paid  for  an  annuity  to  con- 
tinue w,  2/1,  3»  years  respectively ;  shew  that 

15.  What  is  the  present  worth  of  a  perpetual  annuity  of  £10 
payable  at  the  end  of  the  first  year,  £20  at  the  end  of  the  second, 
£30  at  the  end  of  the  third,  and  so  on,  increasing  £10  each  year; 
interest  being  taken  at  5  per  cent,  per  annum  ? 


CHAPTER  XIX. 


INEQUALITIES. 


245.  Any  quantity  a  is  said  to  be  greater  than  another 
quantity  h  when  a -6  is  positive;  thus  2  is  greater  than  -3, 
because  2  -  (-  3),  or  5  is  positive.  Also  h  is  said  to  be  less 
than  a  when  6- a  is  negative;  thus  -5  is  less  than  —2,  because 
—  5_  (—  2),  or  —  3  is  negative. 

In  accordance  with  this  definition,  zero  must  be  regarded  as 
greater  than  any  negative  quantity. 

In  the  present  chapter  we  shall  suppose  (unless  the  contrary 
is  directly  stated)  that  the  letters  always  denote  real  and  positive 
quantities. 

246.  If  a  >  6,  then  it  is  evident  that 

a  +  c  >  6  +  c; 

a-o  b  —  c; 

ac  ^  be; 

a     b 

that  is,  an  ineqvxility  vrill  still  hold  after  each  side  has  been, 
increased,  dimi/nished,  multiplied,  or  divided  by  the  same  positive 
qtumtity. 

247.  If  a-c>6, 
by  adding  c  to  each  side, 

a>b  +  c; 

which  shews  that  i7i  an  ineqttality  any  term  may  be  transposed 
/roni  one  side  to  the  otiier  if  its  sign  be  cha/nged. 

If  a  >  b,  then  evidently      b  <  a; 

that  is,  if  the  sides  of  an  inequality  be  transposed,  the  sign  of 
tne^zialit^  must  he  reversed. 
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If  a  >  6,  then  a-b  is  positive,  and  b-a  is  negative  ;  that 
is,  —a  —  (—  b)  is  negative,  and  therefore 

—  a  <  —b; 

hence,  if  the  signs  of  aU  the  terms  of  an  ineqv^lity  be  changed^ 
the  sign  of  inequcdily  must  be  reversed. 

Again,  if  a  >  5,  then  —a  <  —  6,  and  therefore 

—  ac  <  —be; 

that  is,  if  the  sides  of  an  inequality  be  multiplied  by  the  same 
negative  quantity ^  the  sign  of  inequality  must  be  reversed. 

248.  If  «!  >  6j,  cjg  >  6„  ttg  >  6g,  ^m^^mi   ^^  ^   clear 

that 

and  »i»A  •••««>  ^^^8  •••*«• 

249.  If  a>b,  and  if  jt?,  q  are  positive  integers,  then  ^a>'J^b, 

or  a^  >  b^ ;  and  therefore  d*  >  b^ ;  that  is,  a"  >  5",  where  n  is  any 
positive  quantity. 

Further,    -r  <  t^  ;  that  is  a""  <  b'". 
a       0 

250.  The  square  of  every  real  quantity  is  positive,  and 
therefore  greater  than  zero.     Thus  (a  —  b)'  is  positive ; 

.-.     a'-2ab  +  b'>0; 

.'.    a'  +  b'  >  2db, 

Similarly  ~""9      ^  ^^^^ ' 

that  is,  the  arithmetic  Tnean  of  two  positive  qtccmtities  is  greater 
tluin  their  geometric  mean. 

The  inequality  becomes  an  equality  when  the  quantities  are 
equal. 

251^  The  results  of  the  preceding  article  will  be  found  very 
useful,  especially  in  the  case  of  inequalities  in  which  the  letters 
are  involved  symmetrically. 

H.  if.  A.  ^^ 
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Example  1.     If  a,  b,  c  denote  positive  quantities,  prove  that 

o*  +  6'  +  c-  >  6c  +  ca  +  a6 ; 
and  2(tt»  +  63  +  c3)>&c(6+c)  +  ca(c  +  a)  +  a6(a  +  &). 

For  b^  +  c^>2hc (1); 

c'  +  a*>2ca; 

whence  hy  addition  a-  +  b'^+c^>hc-\-ca-\-  ah. 

It  may  be  noticed  that  this  result  is  true  for  any  real  values  of  a,  b,  c. 

Again,  from  (1)  b^-bc  +  c^>bc (2); 

.-.  J8  +  c3>6c(6+c) (3). 

By  writing  down  the  two  similar  inequalities  and  adding,  we  obtain 
2  [a*  +  b^  +  c^)>bc{b+c)+ca{c  +  a)  +  ab{a  +  b). 

It  should  be  observed  that  (3)  is  obtained  from  (2)  by  introducing  the 
factor  h  +  Cy  and  that  if  this  factor  be  negative  the  inequality  (3)  will  no 
longer  hold. 

Example  2.    If  x  may  have  any  real  value  find  which  is  the  greater, 

a^  +  l--{x^+x)=a^-x^-{x--l) 
=  (x^-l){x-l) 
=  (a;-l)2(a;  +  l). 
Now  {x  - 1)2  is  positive,  hence 

a^  +  1  >  or  <  a^+x 
according  as  a; +  1  is  positive  or  negative;  that  is,  according  as  a:  >  or  <  -  1. 
If  a;  =  - 1,  the  inequality  becomes  an  equality. 

252.     Let  a  and  b  be  two  positive  quantities,  S  their  sum 
and  F  their  product;  then  from  the  identity 

4a5=(a  +  &/-(a-6)', 
we  have 

4:P  =  S^'-(a-'h)\  and  aS'' =  4P  +  (a - 5)*. 

Hence,  if  S  is  given,  P  is  greatest  when  a  =  ft ;  and  if  P  is 
given,  S  is  least  when 

a=  h] 

that  is,  if  the  sum  of  two  positive  quantities  is  given,  tlieir  product 
is  greatest  when  tliey  are  equal ;  and  if  the  product  of  two  positive 
4/uantities  is  given,  their  sum  is  least  wJien  tJiey  are  eqiial. 
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253.     To  find  the  greatest  value  of  a  prod/uct  the  sum  of  whose 
factors  is  constant. 

Let  there  be  n  factors  a,  5,  c,  ...  A;,  and  suppose  that  their 
sum  is  constant  and  equal  to  s. 

Consider  the  product  ahc ,,,  k,  and  suppose  that  a  and  b  are 
any  two  unequal  factors.     If  we  replace  the  two  unequal  factors 

a,  b  by  the  two  equal  factors     ^     ,    — ^  the  product  is  increased 

while  the  sum  remains  unaltered ;  hence  so  long  as  tlie  proditct 
contains  two  imeqttal  factors  it  can  be  increased  without  altering 
the  sum  of  the  factors;  therefore  the  product  is  greatest  when  all 
the  factors  are  equal.     In  this  case  the  value  of  each  of  the  n 

factors  is  -  ,  and  the  greatest  value  of  the  product  is  (- )  ,  or 

/a  +  b  +  c+  ...  +ky 

CoR.     li  a,  b,  c,  ...  k  are  unequal, 

(a  +  6  +  c+...+A;\"       _ 
.  I   >  aoc  . . .  a;  j 

that  is, 

a  +  b  +  c+  ...  +  k 


n 


>  {ahc  ...  ky. 


By  an  extension  of  the  meaning  of  the  terms  arithmetic  meam, 
and  geometric  m^ea/n  this  result  is  usually  quoted  as  follows : 

the  arithmetic  mea/n  of  am/y  number  of  'positive  quantities  is  greater 
than  the  geometric  mean. 

Example,    Shew  that  {l''+2»'+3''+ ...  +n'')*»>  n^^dn)**; 
where  r  is  any  real  quantity. 

Since  ■ ^— >  (F.  2*^.3*^ 0*»; 

.-.  /^*'+^+^+  "+w*'y^^^  y  y n^  that  is,  >(\ny; 

whence  we  obtain  the  result  required. 
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254.     To  find  the  greatest  value  ofsJ^h^c^, . .  when  a  +  b  +  c  +  ... 
is  constant;  m,  n,  p,...  being  positive  integers. 

Since  m,  w,  p,,,,  are  constants,  the  expression  a'"6V...  will 
be  greatest  when  f  — J  f-j  (-j...  is  greatest.  But  this  last 
expression  is  the  product  of  w  +  w+jp+  ...  factors  whose  sum  is 
m[— j +n[-j +^(-] +  ...,  or  a  +  &  +  c+...,  and  therefore  con- 
stant.    Hence  a^ftV...  will  be  greatest  when  the  factors 

a      h      c 
w     n     p 

are  all  equal,  that  is,  when 
Thus  the  greatest  value  is 


wTn* 


^  "'\m  +  n+p  +  ,,,J 


Example,    Find  the  greatest  value  of  {a+x)^{a-x)*  for  any  real  value 
of  X  numerically  less  than  a. 

(a  +  x\^  f(i  —  x\^ 
—= —  j   (  —J-  \  is  greatest ;  but 

the  sum  of  the  factors  of  this  expression  is  8  (  -q— )  +  4  (  -^  )  i  or  2a ; 

hence  (a+ a;)'  (a  -  xY  is  greatest  when  -^  =  -^ ,  or  «=  -  = . 

Thus  the  greatest  value  is     '     dJ, 

255.  The  determination  of  maximum  and  m,inimum,  values 
may  often  be  more  simply  effected  by  the  solution  of  a  quad- 
ratic equation  than  by  the  foregoing  methods.  Instances  of 
this  have  already  occurred  in  Chap.  ix. ;  we  add  a  further 
illustration. 

ExampU,    Divide  an  odd  integer  into  two  integral  parts  whose  product 
is  a  maximum. 

Denote  the  integer  by  2n+l;  the  two  parts  by  x  and  2n+l-a?;  and 
the  product  by  y ;  then  (2n + 1)  a?  -  x* = y ;  whence 

2a;=«(2»+l)=t^(2n+l)*-4y; 
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but  the  quantity  nnder  the  radical  must  be  positive,  and  therefore  y  cannot 

be  greater  than  j  (2n+l)\  orn^+n+ j;  and  since  y  is  integral  its  greatest 

value  must  be  n^+n;  in  which  case  a;=n+ 1,  or  n ;  thus  the  two  parts  are  n 
andn+1. 

256.     Sometimes  we  may  use  the  following  method. 

Example,    Find  the  minimum  value  of  ^ ^^ \ 

"^  c+x 

V\itc+x=y;  then 

XL                .              (a-c  +  y)(b-c+y) 
the  expression      =^ ^-^ 

(a-c)  (&-c)  .  , 

=:\ LS '^y^a-e+b-c 

y 

^(s[WEME3..  ^y^\a^c-,h-c^2  ^/(a-c)(6-c). 

Hence  the  expression  is  a  minimum  when  the  square  term  is  zero;  that 
is  when  y=»J{a-c)(b-c), 

Thus  the  minimum  value  is 

a-c  +  6~c  +  2  J{a-c)  {p-c)\ 

and  the  corresponding  value  of  x  is  a/ (a  -  c)  (6  -  c)  -  c. 


EXAMPLES.    TTTX.a. 


1.  Prove  that  {ah + xy)  {ax + by)  >  Aabxy. 

2.  Prove  that  (6 + c)  (c + a)  (a + 6)  >  8a6<?. 

3.  Shew  that  the  sum  of  any  real  positive  quantity  and  its 
reciprocal  is  never  less  than  2. 

^  4,  If  a*+6^=l,  and  ^+y2=l,  shew  that  ax+h/<l, 

5.  If  a2+62+c2=l,  and  a^+y^+z^=\y  shew  that 

6.  If  a  >  fc,  shew  that  a«6^  >  a^ft*.  and  log  -  <  log  ^p-— . 
'  '  °a       °l+a 

7.  Shew  that  (^r^ + y^«  +  «*^)  (^* +y«^ + -s^r*)  >  907*^ V. 

8.  Find  which  is  the  greater  Saft^  or  a'+263. 

9.  Prove  that  a^b  +  al^  <  a*  +  6*. 

10.  Prove  that  6abc '<bc{b+c)  +  ca(c+a)+ab  (a+b). 

11.  Shew  that  b^ + <^a^ + a^W  >  abc  (a  -Vb  -V  c^. 


/ 
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12.  Which  is  the  greater  a^  or  a^+x+2  for  positive  values  of  ^? 

13.  Shew  that  a^  +  IZa^x  >  5ow?"+ Oa^,  if  a?  >  a. 

14.  Find  the  greatest  value  of  x  in  order  that  7a,^+ll  may  be 
greater  than  sfi+VJx, 

15.  Find  the  minimum  value  of  ^- 12^7+40,  and  the  maximum 
value  of  24r  —  8  -  9a;*. 

16.  Shew  that  ( |w)*  >  w«,  and  2 . 4 . 6...2w  <  {n+\)\ 

17.  ^h&sff  \h&t  {x+y+zf>21xyz, 

18.  Shew  that  w*>  1 .3 . 6...(2w- 1). 

19.  If  71  be  a  positive  integer  greater  than  2,  shew  that 

2»>l+wV2«^*. 

20.  Shew  that  ( \ny  <  n^  (^)^ . 

21.  Shew  that 

(1)  {x-{'y-{-zf>V^1{y+z-x){z+x-y){x+y-z). 

(2)  xyz>{y+z-x){z+x  -y){x+y-z), 

22.  Find  the  maximum  value  of  (7  -  xY  {2+xY  when  x  lies  between 
7  and  -2. 

23.  Find  the  minunum  value  of  (^+>^)(^+^), 

1+x 


*257.     ^o  ^r(we  ^Aa<  if  a  cwi^  b  are  positive  and  unequal^ 
— ^ —  >•  ( ~~n~  )   >  except  when  m  i«  a  positive  proper  fraction. 

We    have    a"  +  ft- =  (^-^  +  -^ j    +  (^-^ ^j    ;    and 

since  is  less  than    — ^— ,  we  may  expand  each  of  these 

expressions  in. ascending  powers  of  —^  ,     [Art.  184.] 

•'•"~2~  ~V   2    >)    "*■      1.2      \'2~)      \   2    J 

m(m-l)(w-2)(m-3)  /a+.^V*  /^  -  ^  V 
^  172.3.4  V"¥  7      \    2   )  "*■•••• 
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(1)     If  m  is  a  positive  integer,  or  any  negative  quantity, 
all  the  terms  on  the  right  are  positive,  and  therefore 

r > 


fa  +  6\"» 

XT')  ' 


(2)     If  m  is    positive  and  less   than    1,  all   the   terms   on 
the  right  after  the  first  are  negative,  and  therefore 


oT  +  lr      /a  +  h 


fa  +  by 


2 
(3)     If  m  >  1  and  positive,  put  w  =  -  where  «*  <  1 ;  then 

(-2-;  =  C^-j  •' 

/a""  +  b'^y    a-hb 
•'•(-T-j"-2-- 

a~  +  ft'"      /a  +  by 


2 


> 


Hence  the  proposition  is  established.     If  m  =  0,  or  1,  the 
inequality  becomes  an  equality. 

*258.     If  there  are  n  positive  quantities  a,  b,  c,...k,  then 
a"*+b™  +  c™  +  ...  +  k™      /a  +  b  +  c+  ...  +k' 


/a-i-b  +  c+  ...+k\°' 


n 
unless  m  is  a  positive  proper  fraction. 

Suppose  m  to  have  any  value  not  lying  between  0  and  1. 

Consider   the   expression   a"*  +  6"*  +  c"*  +  ...  +  A;*,   and   suppose 
that  a  and  b  are  unequal ;  if  we  replace  a  and  b  by  the  two  equal 

quantities  — ^r— ,  ,  the  value  ofa  +  &  +  c+...+A;  remains  un- 

altered,  but  the  value  of  a"*  +  &"•  +  c"  +  . ..  +  A;"*  is  diminished,  since 


/o  +  ftN 

V  2  /• 
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Hence  so  long  as  any  two  of  the  quantities  a,  5,  c,...A;are  unequal 
the  expression  a*"  +  6"  +  c"*  +  . ..  +  A;"*  can  be  diminished  without 
altering  the  value  of  a  +  6  +  c  +  ...+A;;  and  therefore  the  value 
of  a'"  +  6'"  +  c"' +  ...  +  A;"  will  be  least  when  all  the  quantities 
a,  b,  Cf...k  are  equal.     In  this  case  each  of  the  quantities  is  equal 

a  +  b-hc-h  ,.,  +  k 

to  : 

n 

and  the  value  of  a"*  +  6*"  +  c"*  +  . . .  +  A;"*  then  becomes 

/a  +  b  +  c+  ...  +A;\"* 

Hence  when  a,  6,  c,...k  are  unequal, 

/a  +  b  +  c-h  ...  -hky 
\  n  )' 


a"*  +  6'"  +  c"*+...  +A;'"      /a  +  b  +  c-h  ...-hk'' 
> 


n 


If  m  lies  between  0  and  1  we  may  in  a  similar  manner  prove 
that  the  sign  of  inequality  in  the  above  result  must  be  reversed. 

The  proposition  may  be  stated  verbally  as  follows : 

The  a/rithmetic  mean  of  the  m*^  poiuers  of  n  positive  qv^omtities 
is  greaier  than  the  m^  power  of  their  arithmetic  mean  in  all  cases 
except  when  m  lies  between  0  and  1. 

*259.     If  a  and  b  are  positive  integers,  and  a>b,  and  if  x.  be  a 
positive  quantity,  (1+-)  >(l  +  i:)' 

For 

the  series  consisting  of  a  +  1  terms;  and 

(i.|)'=i...(a-^)|.(:-J)(,-|)^...,.,, 

the  series  consisting  of  6  + 1  terms. 

After  the  second  term,  each  term  of  (1)  is  greater  than  the 
corresponding  term  of  (2) ;  moreover  the  number  of  terms  in  (1) 
2s  greater  than  the  number  of  terms  in  (2) ;  hence  the  proposition 
Is  established. 
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*260.    To  prove  that  ^\^>  ^\^, 
if'x.  and  y  are  proper  frcLctiona  and  positive^  and  x  >  y. 


according  as  -  log  ^ >  or  <  -  log  ^j — -  . 

^^*  ^^Srr|  =  2(l-ff +  jV...),[Art.226]; 

and  ilog-l-±-y  =  2fl+^-.-^-f...V 

2/    ^l-y       \        3      5         / 

1 ,      1  +«     1 ,      \+y 
.  •.     ~  loff >  -  log  = — - , 

and  thus  the  proposition  is  proved. 

♦261.     To  prove  that  (1 +  xy+*  (1 -xy-">l,  if  x<l,  aiid  to 

'a  +  b\»+^ 


deduce  that 


Denote  (1  +xy*' (1  -aj)*"'  by  P;  then 

logjP=(l+aj)log(l  +a;)  +  (l  -a;)log(l  -x) 

=.  05  {log  (1  +  a;)  -  log  (1  -  03)}  +  log  (1  +  a?)  +  log  (1  -  x) 
„    /         of"      x'         \     ^/a^      X*      x'         \ 

/  (C*  X*  x'  \ 

Hence  log  F  is  positive,  and  therefore  F>1; 
that  is,  (l+a;y*'(l-a:)'-'>l. 


218  HIGHER  ALGEBRA. 

In  this  result  put  05=  - ,  where  u>z:  then 

Now  put  w  +  «  =  a,  w  -  «  =  5,  so  that  u  =  -^r—  ; 


♦EXAMPLES.    XIX.  b. 

1.  Shew  that  27  (a*+6*+c*)  >  (a+6+c)*. 

2.  Shew  that  ?i(7i+l)3<8(l»  +  2S  +  33+...+w3). 

3.  Shew  that  the  sum  of  the  m*^  powers  of  the  first  7i  even  num- 
bers is  greater  than  n  (w+ !)*»,  if  m  >  1. 

4.  If  o  and  fi  are  positive  quantities,  and  a  >  ft  shew  that 


Hence  shew  that  if  n  >  1  the  value  of  ( 1  +  - )    lies  between  2  and 
2-718... 

5.  Jf  a,  bj  c  are  in  descending  order  of  magnitude,  shew  that 

m'-  (£)'■ 

6.  Shew  that  ( j  <  a«6 V. .  .P. 

7.  Prove  that  -  log  (1  +  a*")  <  -  log  (1  +  a»*),  if  m  >  7i, 

8.  If  w  is  a  positive  integer  and  a*  <  1,  shew  that 

— n— < . 


INEQUALITIES.  219 

9.    If  OyhjC  are  in  H.  P.  and  n:>l,  shew  that  a*»+c* >  26*. 

10.  Find  the  maximum  value  of  a;'  (4a  -  j?)*  if  x  is  positive  and  less 

than  4a;  and  the  maximum  value  of  a^^i-xf  when  .r  is  a  proper 
fraction. 

11.  If  x  is  positive,  shew  that  log  (1  +:f)  <  a?  and  >  . 

Ill 

12.  If  47+^+0=1,  shew  that  the  least  value  of  - -\ h-  is  9; 

X     ^     z 

and  that  (1  -  x)  (1  -  y)  (1  -  2)  >  Sxt/z, 

13.  Shew  that  (a+5+c+rf)(a3+63+c3+cP)>  (a2+62+c2+c^2)2, 

14.  Shew  that  the  expressions 

a(a-b)(a-c)  +  b  {b-c)(b-a)+c  {c-a)(c-b) 
and  a*{a-b)(a-'C)  +  b^{b-c)(b-a)+c^(c-a){c-'b) 

are  both  positive. 

15.  Shew  that  (o?^ +y"*)*  <  {af^ +y*)'",  if  m>n. 


16.    Shewthat  a»6«<^^y"'^ 


17.  If  a,  5,  0  denote  the  sides  of  a  triangle,  shew  that 

(1)  a^{p-q)(j)-r)  +  b^(q-r){q-p)+<^(r-p)(r-q) 
cannot  be  negative ;  p,  q,r  being  any  real  quantities ; 

(2)  a*j/z + l^zx + <^x^  cannot  be  positive,  if  x+i/+z=0, 

18.  Shew  that  [1  |3  |6 |2^-1  >  ([w)« 

19.  If  a,  6,  c,  d, are  p  positive  integers,  whose  sum  is  equal 

to  n,  shew  that  the  least  value  of 

\a\b_[!L\± ^«  (|g)^-^(|g+l)S 

where  q  is  the  quotient  and  r  the  remainder  when  n  is  divided  by  p. 
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LIMITING  VALUES  AND  VANISHING  FRACTIONS. 


262.  If  a  be  a  constant  finite  quantity,  the  fraction  -  can 
be  made  as  small  as  we  please  by  sufficiently  increasing  x ;  that 
is,  we  can  make  -  approximate  to  zero  as  nearly  as  we  please 
by  taking  x  large  enough ;  this  is  usually  abbreviated  by  saying, 
"  when  X  is  infinite  the  limit  of  —  is  zero." 

X 

Again,  the  fraction  -  increases  as  x  decreases,  and  by  making 
X  as  small  as  we  please  we  can  make  -  as  large  as  we  please; 

X 

thus  when  x  is  zero  -  has  no  finite  limit;    this  is  usually  ex- 

X 

pressed  by  saying,  "  when  x  is  zero  the  limit  of  -  is  infinite." 

X 

263.  When  we  say  that  a  quantity  increases  without  limit 
or  is  infinite,  we  mean  that  we  can  suppose  the  quantity  to  become 
greater  than  any  quantity  we  can  name. 

Similarly  when  we  say  that  a  quantity  decreases  without 
limit,  we  mean  that  we  can  suppose  the  quantity  to  become 
smaller  than  any  quantity  we  can  name. 

The  symbol  oo  is  used  to  denote  the  value  of  any  quantity 
which  is   indefinitely  increased,  and  the  symbol  0  is  used  to 
denote  the  value  of   any  quantity  which  is  indefinitely  dimi- 
nished. 
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264.  The  two  statements  of  Art.  262  may  now  be  written 
symbolically  as  follows  : 

if  a;  is  00 ,  then  -  is  0 : 

X 

if  a;  is  0 ,  then  -  is  oo . 

X 

But  in  making  use  of  such  concise  modes  of  expression,  it 
must  be  remembered  that  they  are  only  convenient  abbreviations 
of  fuller  verbal  statements. 

265.  The  student  will  have  had  no  difficulty  in  understanding 
the  use  of  the  word  limitj  'Wherever  we  have  already  employed  it; 
but  as  a  clear  conception  of  the  ideas  conveyed  by  the  words 
limit  and  limiting  value  is  necessary  in  the  higher  branches  of 
Mathematics  we  proceed  to  explain  more  precisely  their  use  and 
meaning. 

266.  Definition.  If  y  =if{x),  and  if  when  x  approaches  a 
value  a,  the  function  f(x)  can  be  made  to  differ  by  as  little  as 
we  please  from  a  fixed  quantity  h,  then  h  is  called  the  limit  of 
y  when  x  =  a. 

For  instance,  if  S  denote  the  sum  of  n  terms  of  the  series 

Here  /S'  is  a  function  of  n,  and  jr;^^  can  be  made  as  small 

as  we  please  by  increasing  n ;  that  is,  the  limit  of  ^  is  2  when 
n  is  infinite. 

267.  We  shall  often  have  occasion  to  deal  with  expressions 
consisting  of  a  series  of  terms  arranged  according  to  powers  of 
some  common  letter,  such  as 

a  +  a^x  +  a  a?  +  ajx?  ■¥ 


where  the  coefficients  a„,  a^,  a^,  a,,  ...  are  finite  quantities 
independent  of  a;,  and  the  number  of  terms  may  be  limited  or 
unlimited. 

It  will  therefore  be  convenient  to  discuss  some  propositions 
connected  with  the  limiting  values  of  such  expressions  under 
certain  conditions. 
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268.  The  limit  of  the  series 

\  +  a^x  +  a^x*  +  a^x"  + 

when  x  is  indefinitely  diminished  is  a^. 

Suppose  that  the  series  consists  of  an  infinite  number  of  terms. 

Let  h  be  the  greatest  of  the  coefficients  a,,  a^,  O3,  ... ;  and 
let  us  denote  the  given  series  hj  a^-^-Sy  then 

and  if  a?  <  1,  we  have         S  <  -^ . 

i—x 

Thus  when  x  is  indefinitely  diminished,  S  can  be  made  as 
small  as  we  please ;  hence  the  limit  of  the  given  series  is  a^. 

If  the  series  consists  of  a  finite  number  of  terms,  S  is  less 
than  in  the  case  we  have  considered,  hence  a  fortiori  the  pro- 
position is  true. 

269.  In  the  series 

\  +  a^x  +  a^^*  +  a^x"  +  ... , 

hy  taking  x  smcUl  enough  we  may  make  any  term  as  large  as  we 
please  compared  with  Uie  sum,  of  all  thai  follow  it ;  and  hy  taking 
X  la/rge  enough  we  may  make  a/ny  term  as  large  a^  toe  please 
compared  vnth  the  su/m,  of  all  thai  precede  it. 

The   ratio  of  the  term  a  as"  to  the  sum  of  all  that  follow 

it   IS 


aoj"  a 

_n Qj.  n 


When  X  is  indefinitely  small  the  denominator  can  be  made 
as  small  as  we  please ;  that  is,  the  fraction  can  be  made  as  large 
as  we  please. 

Again,  the  ratio  of  the  term  ajx^  to  the  sum  of  all  that 
precede  it  is 

ax'  a 

?! Qj«    5 • 

a..,a^-'  +a..^-+  ... '        «._,y +  a._y  +  -  ' 
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When  X  is  indefinitely  large,  y  is  indefinitely  small ;  hence, 
as  in  the  previous  case,  the  fraction  can  be  made  as  large  as 
we  please. 

2 to.  The  following  particular  form  of  the  foregoing  pro- 
position is  very  useful. 

In  the  expression 


aa;"  +  a    ,a;"     + -i-a.x  +  a^, 

consisting  of  a  finite  number  of  terms  in  descending  powers  of  a;, 
by  taking  x  small  enough  the  last  term  a^  can  be  made  as  large 
as  we  please  compared  with  the  sum  of  all  the  terms  that  precede 
it,  and  by  taking  x  large  enough  the  first  term  a^a;"  can  be  made 
as  large  as  we  please  compared  with  the  sum  of  all  that  follow  it. 

Example  1.  By  taking  n  large  enough  we  can  make  the  first  term  of 
w*-  6w*  -  7n+ 9  as  large  as  we  please  compared  with  the  sum  of  all  the  other 
terms ;  that  is,  we  may  take  the  first  term  n^  as  the  equivalent  of  the  whole 
eitpression,  with  an  error  as  small  as  we  please  provided  n  be  taken  large 
enough. 

3/p3  _  2a;2  _  4 
Example  2.    Find  the  limit  of  r-g — 7 ^  when  (1)  a?  is  infinite ;  (2)  x  is 

zero. 

(1)  In  the  numerator  and  denominator  we  may  disregard  all  terms  but 

the  first ;  hence  the  limit  is  7-5 »  or  ^ . 

oar*         6 

(2)  When  x  is  indefinitely  small  the  limit  is  -^  ,  or  -  ^ . 

0  2 

•  /l  +  x 
Example  3.    Find  the  limit  of  ^^ when  x  is  zero. 

Let  P  denote  the  value  of  the  given  expression ;  by  taking  logarithms  we 
have 

log  P=-  {log  (1  +a:)  -  log  (1  -  X)] 

X 


=  2(l  +  |'  +  |^+...V  [Art.  226.] 


Hence  the  limit  of  log  P  is  2,  and  therefore  the  value  of  the  limit 
required  is  e*. 
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271.     Suppose  it  is  required  to  find  the  limit  of 

ic*  +  CMC  —  2a* 

when  x  =  a. 

If  we  put  x  =  a-hh,  then  h  will  approach  the  value  zero  as  x 
approaches  the  value  a. 

Substituting  a  +  hior  oCy 

a^  +  ax-'  2a'      Zah  +  h'  _  3a  +  /* 
ic'-a*       "  2ah  +  h*~  2a  +  h' 

and  when  h  is  indefinitely  small  the  limit  of  this   expression 

.    3 

^2- 

There  is  however  another  way  of  regarding  the  question;  for 

a^  +  ax  —  2a*  _  (x-^a)  (x  +  2a)  _  a;  +  2a 
a^-a'       ~    (aj  — a)(a5  +  a)        x  +  a* 

and   if    we  now   put  x  =  a    the    value    of    the    expression    is 

^ ,  as  before. 

T£  .     .  1        .                     .       of  +  <ix  —  2a*  .  J.   - 

If  in  the  given  expression  — -^ ^ —  we  put  x  =  a  before 

simplification  it  will  be  found  that  it  assumes  the  form  rr ,  the 

value  of  which  is  indeterminate;   also  we  see  that  it  has  this 

form    in    consequence   of    the   factor  aj  — o   appearing  in   both 

numerator  and  denominator.     Now  we  cannot  divide  by  a  zero 

factory  but  as  long  as  x  is  not  absolutely  equal  to  a  the  factor 

05 -a   may   be   removed,   and   we   then  find  that  the  nearer  x 

approaches  to  the  value  a,  the  nearer  does   the   value  of  the 

3 
fraction  approximate  to  -  ,  or  in  accordance  with  the  definition  of 

Art.  266, 

_,  ,,     ,.    ..     .a*  +  aa;-2a*.     3 

wiien  fl?  =  a,  the  limit  of 5 ;, —  is  - . 

or  —  a  2 
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272.     If  f{x)  and  ff>  (x)  are  two  functions  of  x,  each  of  which 
becomes  equal  to  zero  for  some  particular  value  a  of  a;,  the 

fraction    .\  I  takes  the  form  ;r,   and    is    called   a  Vanishing 

Fraction. 

Example  1.    If  x=S,  find  the  limit  of 

sfi-z^-5x-B 

When  x=St  the  expression  reduces  to  the  indeterminate  form  ^r ;  but  by 
removing  the  factor  x-S  from  numerator  and  denominator,  the  fraction 

{K?'-2x+l  1 

becomes-, — .r — r-.    When  x  =  S  this  reduces  to  -r,  which  is  therefore  the 
required  limit. 

Example  2.    The  fraction  J^x-a-Jx  +  a^  becomes  -  when  x=^a. 

x-a  0 

To  find  its  limit,  multiply  numerator  and  denominator  by  the  surd  con- 
jugate to  JZx-a--  /Jx  +  a;  the  fraction  then  becomes 

(Sx-a)-(x  +  a)  2 

i '      ^ '  ,  or ==: .  • 

{x-a)(J^x-a-\-Jx-^a)         J3x-a+jjx  +  a* 

whence  by  putting  a;=:a  we  find  that  the  limit  is  —j= . 

V2a 

X  —  ^x  0 

Example  3.    The  fraction ■= — ^  becomes  jr  when  x=l, 

i.  — '  i^x  u 

To  find  its  limit,  put  x=l  +  h  and  expand  by  the  Binomial  Theorem. 
Thus  the  fraction 

.. L_  ^_ 


5  ^  25 


Now  h=:0  when  x=l\  hence  the  required  limit  is  -r • 

273.  Sometimes  the  roots  of  an  equation  assume  an  in- 
determinate  form  in  consequence  of  some  relation  subsisting 
between  the  coefliicients  of  the  equation. 

H.  H.  A,  ^^ 
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For  example,  if  ttx  +  b  =  cx-hdj 

(a-c)a5  =  c?  — 5, 

d-h 
x  = . 

/J  —  h 

But  if  c  =  a,  then  x  becomes  ■,  or  oo  ;  that  is,  the  root  of 

a  simple  equation  is  indefinitely  great  if  the  coefficient  of  x  is 
indefinitely  small. 

274.     The  solution  of  the  equations 

ax  +  hy  +  c  =  0,      a'x  +  h'y  +  c'  =  0, 
he'  —  h'c  ca!  —  ca 


IS  aj  = 


db'^a'y  ^'ab'--a'h' 


If  ab'  -  a'h  =  0,  then  x  and  y  are  both  infinite.  In  this  case 
—  =  —  =  m   suppose ;    by    substituting    for    a',    h\    the    second 

equation  becomes  ax  +  hy-^  —  =0, 

c' 
If  —  is  not  equal  to  c,  the  two  equations  oa;  +  5y  +  c  =  0  and 

c' 
ax-hby+  —  =  0  differ  only  in  their  absolute  terms,  and  beins 
^      m  ''  »  o 

iwi(yn;8i»tent  cannot  be  satisfied  by  any  finite  values  of  x  and  y. 

If  —  is  equal  to  c,  we  have  -  =  _  =  _    and  the  two  equations 
m        ^  a      0      c  ^ 

are  now  identical. 

Here,  since  hd  -  6'c  =  0  and  ca  —  c'a  =  0  the  values  of  x  and  y 

each  assume  the  form  -r- ,  and  the  solution  is  indeterminate.     In 

fact,  in  the  present  case  we  have  really  only  one  equation 
involving  two  unknowns,  and  such  an  equation  may  be  satisfied 
by  an  unlimited  number  of  values.     [Art.  138.] 

The  reader  who  is  acquainted  with  Analytical  Geometry  will 
have  no  difficulty  in  interpreting  these  results  in  connection  with 
the  geometry  of  the  straight  line. 
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275.  We  shall  now  discuss  some  peculiarities  which  may 
arise  in  the  solution  of  a  quadratic  equation. 

Let  the  equation  be 

aa?  +  6a;  +  c  =  0. 

If  c  =  0,  then 

whence  a;  =  0,  or  —  j 

a 

that  is,  one  of  the  roots  is  zero  and  the  other  is  finite. 

If  6  =  0,  the  roots  are  equal  in  magnitude  and  opposite  in 
sign.     [Art.  118.] 

If  a  =  0,  the  equation  reduces  to  6a5  +  c  =  0;  and  it  appears 

that    in    this    case    the    quadratic    furnishes    only    one    root, 

ft 
namely  —  r  •     But  every  quadratic  equation  has  two  roots,  and  in 

order  to  discuss  the  value  of  the  other  root  we  proceed  as  follows. 

Write  -  for  x  in  the  original  equation  and  clear  of  fractions ; 
*/ 
thus 

cy*  +  6y  +  a  =  0. 
Now  put  a  =  0,  and  we  have 

h  c 

the  solution  of  which  is  y  =-•  0,  or  —  :  that  is,  as  =  oo,  or  —  r- . 

c         -  o 

Hence,  in  any  quadratic  equation  one  root  toUl  become  infinite 
if  the  coefficient  q/"x*  becomes  zero. 

This  is  the  form  in  which  the  result  will  be  most  frequently 
met  with  in  other  branches  of  higher  Mathematics,  but  the 
student  should  notice  that  it  is  merely  a  convenient  abbreviation 
of  the  following  fuller  statement : 

In  the  equation  asc^  +  6a;  +  c  =  0,  if  a  is  very  small  one  root  is 
very  large,  and  as  a  is  indefinitely  diminished  this  root  becomes 
indefinitely  great.     In  this   case  the  finite   root  approximates 

to  -  T  as  its  limit. 

0 

The  cases  in  which  more  than  one  of  the  coefficients  vanish 
may  be  discussed  in  a  similar  manner. 
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EXAMPLES.    XX. 

Find  the  limits  of  the  following  expressions, 

(1)  whena?=c»,  (2)  when  x=0, 

(2ar-3)(3-5a?)  (&gg-l)2 

l-3;8   .  1-^  ft     (3-^)(a?+5)(2-7^) 

°'    2a;3_i  •    2^  •  ^-         (7a?-l)(:r+l)3       ' 

Find  the  limits  of 

7.    -5 — i  ,  when  a?=  - 1.  8.    ,  when  x—0, 

a?*  —  1  X 

9.    r — 7^ \ »  when  ^=0.  10.    ,  when  x=a. 

rog(l+^)'  a;-a    ' 

V^-V2a+V^-2a      , 
11,    .  ,  when  a?=2a. 


14.      4 — ^ ^,  when  ii?=a. 

(a8-:c3)«+(a-a?)a 

15.     7= /         ,  when  ^=0. 

16.  if J j-     .when  71=00. 

17.  n log  I      ^k^^i  >  when  n=co. 


*  la^rX 


18.     A  / ,  when  x—(^. 
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276.  An  expression  in  which  the  successive  terms  are  formed 
by  some  regular  law  is  called  a  series ;  if  the  series  terminate  at 
some  assigned  term  it  is  called  a  finite  series ;  if  the  number  of 
terms  is  unlimited,  it  is  called  an  infinite  series. 

In  the  present  chapter  we  shall  usually  denote  a  series  by 
an  expression  of  the  form 


u^  +  u^  +  u^+ +^,+ 


277.  Suppose  that  we  have  a  series  consisting  of  n  terms. 
The  sum  of  the  series  will  be  a  function  of  w;  if  w  increases 
indefinitely,  the  sum  either  tends  to  become  equal  to  a  certain 
finite  limity  or  else  it  becomes  infinitely  great. 

An  infinite  series  is  said  to  be  convergent  when  the  sum 
of  the  first  n  terms  cannot  numerically  exceed  some  finite 
quantity  however  great  n  may  be. 

An  infinite  series  is  said  to  be  divergent  when  the  sum  of 
the  first  n  terms  can  be  made  numerically  greater  than  any  finite 
quantity  by  taking  n  sufficiently  great. 

278.  If  we  can  find  the  sum  of  the  first  n  terms  of  a  given 
series,  we  may  ascertain  whether  it  is  convergent  or  divergent 
by  examining  whether  the  series  remains  finite,  or  becomes  in- 
finite, when  n  is  made  indefinitely  great. 

For  example,  the  sum  of  the  first  n  terms  of  the  series 

1  -a" 

1 +aj  +  a;*  +  a5'+  ...  is  -= , 

1  -x 
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If  X  is  numerically  less  than  1,  the  sum  approaches  to  the 

1 
finite  limit  = ,  and  the  series  is  therefore  convergent. 

If  X  is  numerically  greater  than  1,  the  sum  of  the  first 
n  terms  is =-,  and  by  taking  n  sujQGLciently  great,  this  can 

X—  1 

be  made   greater  than  any  finite  quantity;   thus  the  series  is 
divergent. 

If  £c«=l,  the  sum  of  the  first  n  terms  is  w,  and  therefore  the 
series  is  divergent. 

If  03  =  -  1,  the  series  becomes 

1-1+1-1+1-1+ 

The  sum  of  an  even  number  of  terms  is  0,  while  the  sum 
of  an  odd  number  of  terms  is  1 ;  and  thus  the  sum  oscillates 
between  the  values  0  and  1.  This  series  belongs  to  a  class 
which  may  be  called  oscillating  or  periodic  convergent  series. 

279.  There  are  many  cases  in  which  we  have  no  method 
of  finding  the  sum  of  the  first  n  terms  of  a  series.  We  proceed 
therefore  to  investigate  rules  by  which  we  can  test  the  con- 
vergency  or  divergency  of  a  given  series  without  effecting  its 
summation. 

280.  An  infinite  series  in  which  the  terms  are  alternately/ 
positive  and  negative  is  convergent  if  each  term  is  numerically 
less  than  the  preceding  term. 

Let  the  series  be  denoted  by 

u^  —  u^  +  u^-u^  +  u^  —  u^-^ 

where  Ui>u^>u^>u^^u^ 

The  given  series  may  be  written  in  each  of  the  following 
forms : 

(w,-w,)  +  K-w,)  +  (w,-'w,)  +   (1), 

^i-K-'^8)-K-^6)-K-w7)- (2). 

From  (1)  we  see  that  the  sum  of  any  number  of  terms  is 
a  positive  quantity;  and  from  (2)  that  the  sum  of  any  number 
of  terms  is  less  than  u^ ;  hence  the  aetiea  Va  coiwet^ent. 
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281.     For  example,  the  series 

,       11111 

2     3     4     5     6      


is  convergent.     By  putting  as  =  1  in  Art.  223,  we  see  that  its 
sum  is  log«2. 

Again,  in  the  series 

2_3     4_5     6^7 

1      2'*"3     4'*'5     6"^ ' 

each  term  is  numerically  less  than  the  preceding  term,  and  the 
series  is  therefore  convergent.    But  the  given  series  is  the  sum  of 

-      1      1      1      1      1  ,.. 

and  1-1  +  1-1  +  1-1  + ,  (2). 

Now  (1)  is  equal  to  log,  2,  and  (2)  is  equal  to  0  or  1  according 
as  the  number  of  terms  is  even  or  odd.  Hence  the  given  series 
is  convergent,  and  its  sum  continually  approximates  towards 
loge  2  if  an  even  number  of  terms  is  taken,  and  towards  1  +  log,  2 
if  an  odd  number  is  taken. 

282.  An  infinite  series  in  which  all  the  terms  are  of  the  same 
sign  is  divergent  if  ea>ch  term  is  greater  than  some  finite  quamJtity 
however  small. 

For  if  each  term  is  greater  than  some  finite  quantity  a, 
the  sum  of  the  first  n  terms  is  greater  than  na\  and  this,  by 
taking  n  sufficiently  great,  can  be  made  to  exceed  any  finite 
quantity. 

283.  Before  proceeding  to  investigate  further  tests  of  con- 
vergency  and  divergency,  we  shall  lay  down  two  important 
principles,  which  may  almost  be  regarded  as  axioms. 

I.  If  a  series  is  convergent  it  will  remain  convergent,  and 
if  divergent  it  will  remain  divergent,  when  we  add  or  remove 
amy  finite  number  of  its  terms;  for  the  sum  of  these  terms  is 
a  finite  quantity. 

II.  If  a  series  in  which  all  the  terms  are  positive  is  con- 
vergent, then  the  series  is  convergent  when  some  or  all  of  the 
terms  are  negative;  for  the  sum  is  clearly  greatest  when  all 
the  terms  have  the  same  sign. 

We  shall  suppose  that  all  the  terms  are  positive,  unless  the 
contrary  is  stated. 


232  HIGHER  ALGEBRA. 

284.     An  in/mite  series  is  convergent  if  from,  and  after  some 
fixed  term  the  ratio  of  each  term  to  the  preceding  term  is  numerically 
less  than  some  qua/nJtUy  which  is  itself  nv/mericaMy  less  tha/n  unity. 

Let  the  series  beginning  from  the  fixed  term  be  denoted  by 

u^  +  u^  +  u^  +  u^+ ; 

and  let  -2<r,    -2<r,   -^<r,  , 

w,  u^  u^ 

where  r<l. 

Then  u^-^u^-^u^^  +  u^-^-  ... 


*  \      u^     u^  u^     u^  u^  u^  J 

^u^{\+r  +  i^  +  r^+ ); 


that  is,  <  :j — ^ ,  since  r  <  1. 
jl  —  r 

Hence  the  given  series  is  convergent. 

285.  In  the  enunciation  of  the  preceding  article  the  student 
should  notice  the  significance  of  the  words  "from  and  after  a 
fixed  term." 

Consider  the  series 

1  +  2aj  +  3£c*  +  405*  + +7w;"~'4- .... 


Here  — 2-= -  =  (1  + Ax\ 


and  by  taking  n  sufficiently  large  we  can  make  this  ratio  ap- 
proximate to  a;  as  nearly  as  we  please,  and  the  ratio  of  each  term 
to  the  preceding  term  will  ultimately  be  x.  Hence  if  re  <  1  the 
series  is  convergent. 

u                                                                   nx 
But  the  ratio  — —  will  not  be  less  than  1,  until  =-  <  1: 

U  '  7i— 1 

1" 

that  is,  until  n  >  = . 

1  —a; 

Here  we  have  a  case  of  a  convergent  series  in  which  the  terms 

may  increase  up  to  a  certain  point  and  then  begin  to  decrease. 

99                  1 
For  example,  if  as  =  .—r:;^ »  then  :; =  100,  and  the  terms  do  not 

100  1-33 

be^n  to  decrease  until  after  the  100*^  term. 


CONVERGENCr  AND  DIVERGENCY  OF  SERIES.  233 

286.  An  infinite  series  in  which  all  the  terms  a/re  qf  the  same 
sign  is  divergent  if  from  and  after  some  fixed  term  the  ratio  of  each 
term  to  the  preceding  term  is  greater  than  tmity,  or  equal  to  wrdty. 

Let  the  fbced  term  be  denoted  by  u^.  If  the  ratio  is  equal  to 
unity,  each  of  the  succeeding  terms  is  equal  to  w^,  and  the  sum 
of  n  terms  is  equal  to  nu^ ;  hence  the  series  is  divergent. 

If  the  ratio  is  greater  than  unity,  each  of  the  terms  after  the 
fixed  term  is  greater  than  u^ ,  and  the  sum  of  n  terms  is  greater 
than  nu^ ;  hence  the  series  is  divergent 

287.  In  the  practical  application  of  these  tests,  to  avoid 
having  to  ascertain  the  particular  term  after  which  each  term  is 
greater  or  less  than  the  preceding  term,  it  is  convenient  to  find 

the  limit  of  — —  when  n  is  indefinitely  increased ;  let  this  limit 

it^  1 

be  denoted  by  X. 

If  X  <  1,  the  series  is  convergent.     [Art.  284.] 

If  X>  1,  the  series  is  divergent.     [Art.  286.] 

If  X  =  l,  the  series  may  be  either  convergent  or  divergent, 
and  a  further  test  will  be  required;  for  it  may  happen  that 

1  biU  contintudly  a^pproaching  to  1  as  its  limit  when  n  is 


u 


■^  < 


u 

n—l 

indefinitely  increased.     In  this  case  we  cannot  name  any  finite 
quantity  r  which  is  itself  less  than  1  and  yet  greater  than  X. 

Hence  the  test  of  Art.  284  fails.     If,  however,  — —  >  1  but  con- 

tinually  approaching  to  1  as  its  limit,  the  series  is  divergent  by 
Art.  286. 


We  shall  use  "  Lim  — — "  as  an  abbreviation  of  the  words 

u 


con- 


**the  limit  of  — —  when  n  is  infinite." 

»— 1 

Example  1.    Find  whether  the  series  whose  n*^  term  is  ^ — ~ —  is 

vergent  or  divergent. 

TT                    «n      (n  + 1)  a;**      nx'^-^      (n+l)(n- 1)' 
Here  — 5-=i J. j-- — =^2=  -\ "-^f 

w« 
.*.     Lim — —=x; 
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hence  if  x  <  1  the  series  is  convergent ; 

if  x>  1  the  series  is  divergent. 

u 
If  05=  1,  then  Lim  — 2_=  i^  and  a  further  test  is  required. 

Example  2.    Is  the  series 

l^  +  2!^x  +  S^x^  +  4^a^+ 

convergent  or  divergent? 

„                               _.      M^      _.       n^aj*^! 
Here  Ltm  — -  =Ltm  -. ..xo  »  q=x. 

Hence  if  x  <  1  the  series  is  convergent ; 

if  x>l  the  series  is  divergent. 
If  x= 1  the  series  becomes  1* + 2' + 3^  +  4^  + . . . ,  and  is  obviously  divergent. 

Example  8.    In  the  series 

a+{a+d)^+(«  +  2d)r*+...  +  (a+  n-1 .  d)r**-i+..., 

_.      u^      _.    a  +  (n-l)d 

Lim  — =-=jLtm -. KT^^r^ri 

^n-i  a+(7i-2)d 

thus  if  r<l  the  series  is  convergent,  and  the  sum  is  finite.  [See Art.  60,  Cor.] 

288.  If  there  a/re  two  infinite  aeries  in  each  of  which  cUl  the 
terms  a/re  positive,  and  if  the  ratio  of  the  corresponding  terms  in 
the  two  series  is  always  finite,  the  two  series  are  both  convergent, 
or  both  divergent. 

Let  the  two  infinite  series  be  denoted  by 

and  Vj  +  i?j  + 1?3  +  v^  + 

The  value  of  the  fraction 

w,  +  w„  +  w.  + +u 

Vj+  v^+  ^3  + +v^ 

lies  between  the  greatest  and  least  of  the  fractions 

-i,    -», ^,  [Art.  14.] 

v^      v^  vj  J 

and  is  therefore  &  finite  quantity,  L  say ; 

Hence  if  one  series  is  finite  in  value,  so  is  the  other;  if  one 
series  is  inBnite   in  value,  so  is  the  other;   which   proves    the 
proposition. 
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289.  The  application  of  this  principle  is  very  important,  for 
by  means  of  it  we  can  compare  a  given  series  with  an  auxilia/ry 
series  whose  convergency  or  divergency  has  been  already  esta- 
blished. The  series  discussed  in  the  next  article  will  frequently 
be  found  useful  as  an  auxiliary  series. 


290.     The  infinite  series 


1 


p+ 2''*' 3'"^4'''^'" 
is  always  divergent  except  when  p  is  positive  and  greater  tham,  1. 

Case  I.    Letjp>l. 

The  first  term  is  1 ;  the  next  two  terms  together  are  less  than 

2  .  4 

^;  the  following  four  terms  together  are  less  thauj^;   the  fol- 

lowing  eight  terms  together  are  less  than  — ;  and  so  on.     Hence 
the  series  is  less  than      l+7Ts+-7i:+s;;+-"i 

2F       4P        ^r 

that  is,  less  than  a  geometrical  progression  whose  common  ratio 

2 

^  is  less  than  1,  since  jp  >  1 ;  hence  the  series  is  convergent. 

Case  II.     Letj9=l. 

rm^  .  ^  ,1111 

The  series  now  becomes    1  +  h  +  o  +  t  +  t+'" 

2      o      4      0 

2        1 
The  third  and  fourth  terms  together  are  greater  than  j  or  ^ ; 

4        1 
the  following  four  terms  together  are  greater  than  ^  or  ^ ;  the 

8         1 
following  eight  terms  together  are  greater  than  y^  or  -  ;  and  so 

on.     Hence  the  series  is  greater  than 

,1111 

^■'2-'2-*-2-'2-'  — 
and  is  therefore  divergent.  [Art.  286.] 

Case  III.     Let  jp  <  1,  or  negative. 

Each  term  is  now  greater  than  the  corresponding  term  in 
Case  II.,  therefore  the  series  is  divergent. 

Hence  the  series  is  always  divergent  except  in  the  case  when 
p  is  positive  and  greater  than  unity. 


236  HIGHER  ALGEBRA. 

Example.    Prore  that  the  series 


2     3     4  n+1 

l'*'4'*'9'^"*"*'    n«  "*"'" 
is  diTergent. 

Compare  the  giTen  series  with  l  +  5  +  g  +  ... +-+.... 

Thas  if  tf^  and  v^  denote  the  n^  terms  of  the  given  series  and  the 
anxiliary  series  respectiTely,  we  have 

«.     n  +  1     1     n+1 

hence  Xim  -^=1*  and  therefore  the  two  series  are  hoth  convergent  or  both 

divergent.    Bat  the  anziliazy  series  is  divergent,  therefore  also  the  given 
series  is  divergent. 

This  completes  the  solution  of  Example  1.    Art.  287. 

291.     In  the  application  of  Art  288  it  is  necessary  that  the 

limit  of  -2  should  be  finite :  this  will  be  the  case  if  we  find  our 

.  .     ^-     .     . 
auxiliary  series  in  the  following  way  : 


Take  u^  the  n^  term  of  the  given  series  and  retain  only  the 
highest  powers  of  n.     Denote  the  result  by  v^]  then  the  limit  of 


n 


—  is  finite  by  Art.  270,  and  v^  may  be  taken  as  the  n^  term  of 
the  auxiliary  series. 


Example  1.    Shew  that  the  series  whose  n*^  term  is    .;  —  is 

iy3n'+2n+5 
divergent. 


As  n  increases,  u^  approximates  to  the  value 

UW  4/2   JL^ 


ijm^'^'iii'A 


1  u       ^2 

Hence,  if  v,j=-j-,we  have  I.m-5  =  ^,  which  is  a  finite  quantity; 

therefore  the  series  whose  n^  term  is  —  may  be  taken  as  the  auziliaiy 

n" 
Banes.    But  this  series  is  divergent  [Art.  290];  therefore  the  given  series  is 
airezgent. 
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Example  2.    Find  whether  the  series  in  which 

is  convergent  or  divergent. 

Here  ''^^^  (v^  "^  »3  ~  l) 


=^(^  +  ^3-^«+--l) 


■"3n«     On*"*"- 


If  we  take  v- = -^ ,  we  have 


^"3     9n»"^- 


ti-     1 

But  the  auxiliary  series 

i.4.JL     Jl         JL 
12  "'■  2*^  32  "*"  •"  n^^*" 

is  convergent,  therefore  the  given  series  is  convergent. 

292.  To  shew  that  the  expcmsion  q/*  (1  +  x)"  hy  the  Binomial 
Theorem  is  coTvoergent  when  x  <  1. 

Let  u^y  w^^j  represent  the  r*^  and  (r  + 1)*^  terms  of  the  ex- 
pansion; then 

u..     w-r+l 

u  r 

r 

When  r>w+l,  this  ratio  is  negative;  that  is,  from  this 
point  the  terms  are  alternately  positive  and  negative  when  x 
is  positive,  and  always  of  the  same   sign  when  x  is  negative. 

Now  when  r  is  infinite,  Lim  -^^  =  x    numerically ;    therefore 

since  a?  <  1  the  series  is  convergent  if  all  the  terms  are  of  the 
same  sign ;  and  therefore  a  fortiori  it  is  convergent  when  some  of 
the  terms  are  positive  and  some  negative.     [Art.  283.] 

293.  To  shew  that  the  expansion  of  a*  in  ascending  powers 
of  a  is  convergervt  for  every  value  ofii. 

Here  — ^  = ^^ :  and  therefore  Lim  — —  <  1  whatever  be 

the  value  of  a;;  hence  the  series  is  conveT^enfc. 
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294.  To  shew  that  the  expansion  of  log(l  ^-x)  in  asc&nding 
powers  o/  X  is  convergent  when  x  is  nv/merically  less  than  1. 

Here  the  numerical  value  of  — *-  =  — x.  which  in  the  limit 

is  equal  to  x ;  hence  the  series  is  convergent  when  x  is  less  than  1. 

If  aj=l,  the  series  becomes   1— ^  +  ^-j-f-...,  and  is  con- 

vergent.     [Art.  280.1 

111 
If  03  =  —  1,    the   series   becomes  —  1— k— q-t— •••>    and   is 

i!         O         4; 

divergent.  [Art.  290.]  This  shews  that  the  logarithm  of  zero  is 
infinite  and  negative,  as  is  otherwise  evident  from  the  equation 
e-'*=0. 

295.  The  results  of  the  two  following  examples  are  important, 
and  will  be  required  in  the  course  of  the  present  chapter. 

Example  1.    Find  the  limit  of  ^—  when  x  is  infinite. 

X 

Put  a:=e>';  then 

logo;     y     y 


1 


also  when  x  is  infinite  y  is  infinite;  henoe  the  value  of  the  fraction  is  zero. 
Example  2.    Shew  that  when  n  is  infinite  the  limit  of  na;"=0,  when  x<l. 

Let  x^~ ,  so  that  y>l; 

if 

also  let  y^ = z,  so  that  n  log  ^ = log  z ;  then 

y»»     «'logy     logy*    z 

Now  when  n  is  infinite  z  is  infinite,  and  —^=0;  also  logy  is  finite; 

z 

therefore  Lim  na?**= 0. 

296.     It  is  sometimes   necessary  to   determine  whether  the 
product  of  an  infinite  number  of  factors  is  finite  or  not. 

Suppose  the  product  to  consist  of  n  factors  and  to  be  denoted  by 

^i^,«*8 ^,; 

then  if  as  n  increases  indefinitely  w,  <  1,  the  product  will  ulti- 

mately  be  zero,  and  if  w^  >  1  the  product  will  be  infinite ;  hence  in 

order  that  the  product  may  be  finite,  u^m\iat  tend  to  the  limit  1. 
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Writing  1  +  v,  for  w^,  the  product  becomes 

Denote  the  product  by  F  and  take  logarithms ;  then 

logP  =  log(l+Vj)  +  log(l  +v,)  +  ...+  log(l+vJ  (1), 

and  in  order  that  the  product  m8|.y  be  finite  this  series  must  be 
convergent. 

Choose  as  an  auxiliary  series 

^i+^a  +  'y8+ +^„ (2). 


1     a 

Now         Lim  '^^  ^'  '  '^"^  =  Lim  \  /  =  1, 


V  \ 


since  the  limit  of  t?  is  0  when  the  limit  of  w  is  1. 

Hence  if  (2)  is  convergent,  (1)  is  convergent,  and  the  given 
product  finite. 

Example,    Shew  that  the  limit,  when  n  is  infinite,  of 

13   3   6   5   7  2n-l    2n+l 

2'2*4'4'6'6 2n    '     2» 

iB  finite. 

The  product  consists  of  2n  factors;  denoting  the  snccesBiye  pairs  by 
tij, «,,  i<s,...  and  the  product  by  P,  we  have 

^=«i«a«3 «*n» 

2n-l    2n+l     -        1 
where  „^=_- .  ^_  =  1  _  _., 

but  logP=logUi+logti3+logti^  +  ...+logtt^ (1), 

and  we  have  to  shew  that  this  series  is  finite. 

Now  ^ogu,=loi(l-^^=-±-^^-...^, 

therefore  as  in  Ex.  2,  Art.  291  the  series  is  convergent,  and  the  given  product 
is  finite. 

297.  In  mathematical  investigations  infinite  series  occur  so 
frequently  that  the  necessity  of  determining  their  convergency  or 
divergency  is  very  important ;  and  unless  we  take  care  that  the 
series  we  use  are  convergent,  we  may  be  led  to  absurd  coiilcVqs^xis^. 
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For  example,  if  we  expand  (l-rc)"*  by  the  Binomial  Theorem, 
we  find 

(l-aj)-»=l  +  2a;4-3a;'  +  4a;»+ 

But  if  we  obtain  the  sum  of  n  terms  of  this  series  as  ex- 
plained in  Art.  60,  it  appears  that 

l+2a;+3a:'+  ...  +wa5""*  =  7^ Zi—^ ; 

(1  -  aj)*      1  -  05 ' 

whence 

1  1      o       o  J  ,_i         a;"  was" 

-,=  1  +  2aj+3ar+  ...  +rw;"  *  + 


(1-aj)*"^"'^'"^"*"  ^  ...^,.^         (l-ic)»      l-o;' 

By  making  n  infinite,  we  see  that  -j^ r,  can  only  be  re- 
garded as  the  true  equivalent  of  the  infinite  series 

1  +2a;  +  3ic'  +  4aj®+ 

when  Ti \%  +  1 vanislies. 

(1  —  £c)"     1  —  a; 

If  n  is  infinite,  this  quantity  becomes  infinite  when  re  =  1, 
or  05  >1,  and  diminishes  indefinitely  when  aj<l,  [Art.  295],  so 
that  it  is  only  when  a;  <  1  that  we  can  assert  that 

-r^,=:  l  +  2o5+3a5"  +  4o5"+ to  inf.; 


and  we  should  be  led  to  erroneous  conclusions  if  we  were  to  use 
the  expansion  of  (1  -  05)"*  by  the  Binomial  Theorem  as  if  it  were 
true  for  all  values  of  05.  In  other  words,  we  can  introduce  the 
infinite  series  1  +  2o5  +  305*  +  . . .  into  our  reasoning  without  error 
if  the  series  is  convergent,  but  we  cannot  do  so  when  the  series 
is  divergent. 

The  difficulties  of  divergent  series  have  compelled  a  distinction 
to  be  made  between  a  series  and  its  algehraicdl  equivalent.  For 
example,  if  we  divide  1  by  (1  -  05)*,  we  can  always  obtain  as 
many  terms  as  we  please  of  the  series 

1  +  2aj  +  3ic'+4a5*+  

whatever  x  may  be,  and  so  in  a  certain  sense  -p: ^  may  be 

called  its  algebraical  equivalent ;  yet,  as  we  have  seen,  the  equi- 
valence  does   not   really  exist  except  ^Vien  tKe  series  is  con- 
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vergent.     It  is  therefore  more  appropriate  to  speak  of  j^ r, 

as  the  generating  /unction  of  the  series 

1  +2a3  +  3ic'+ 

being  that   function  which  when  developed  by   ordinary   alge- 
braical rules  will  give  the  series  in  question. 

The  use  of  the  term  generating  /unction  will  be  more  fully 
explained  in  the  chapter  on  Recurring  Series. 


EXAMPLES.    XXI.  a. 

Find  whether  the  following  series  are  convergent  or  divergent : 

1     1_     1_+.J _!_  + 

x     x+a     a;+2a     a;+Sa    ' 

0!  and  a  being  positive  quantities. 

'     1.2^2.3^3.4^4.6^*  • 

3      1_  __!__.   __i 1 + 

'^'    xy     (a;+l)(y  +  l)     (:t;  +  2)(y  +  2)     (a;  +  3)(y+3)^ ' 

X  and  y  being  positive  quantities. 
.        X         .r2         ^        ^ 
*'     1.2^2.3^3.4^4.5^ 

X         x^        x^        x^ 
^-     1.2"^3.4"^5.6"^7.8"^ 

22     32      42  . 
6-     1+^+^+1+ 


8.     l  +  3a7  +  5.i;2+7^+9^+ 

Q      2      1      i.     A 

p"^2P"^3P"^4P^ 

X     x^     n^  ^ 

11.  -+i-^+iV+n^+-+fei^+ 

H.  H.  A.  ^^ 


242  HIGHER  ALGEBRA. 

2       6         14  2**  —  2 

12,       1  "^"  ^•^'•"q^'  ''    v?*^    +  ».«  +  gn_l_  1  *^         +.»»... 

13    L  +  L.1  +  1+ 

IP     3"     5"     7"    

1       2^      3^     4* 

16.  l+22'*"33"^4*"^5s"*" 

17.  Test  the  series  whose  general  terms  are 

(1)     jT^Ti-n.  (2)     x/w4+l-x/w*-l. 

18.  Test  the  series 

1      Jl_      _J_      J_ 
^^    .^■*"  07+1"*"  ^+2  "^07+3"*" ' 

^  '    a;     07-1      .v+l     x-2     07+2 
a?  being  a  positive  fraction. 

19.  Shew  that  the  series 

2P     3P      4P 

^^H+l+r 

is  convergent  for  all  values  of  p. 

20.  Shew  that  the  infinite  series 

Ui  +  u^  +  u^  +  u^  + 

is  convergent  or  divergent  according  as  Lim  ^u^  is  <  1,  or  >- 1. 

21.  Shew  that  the  product 

2     2     4    4     6  2n-2     2?i-2        2n^ 

1  •  3  •  3  *  5  •  5 2^^:13  •  2^:^  '  2/1^1 

is  finite  when  n  is  infinite. 

22.  Shew  that  when  07=1,  no  term  in  the  expansion  of  (1  4-a')h 
inBnite,  except  when  n  is  negative  ait\^  Ti\i\si<etvially  greater  than  unit 
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*298.  The  tests  of  convergency  and  divergency  we  have 
given  in  Arts.  287,  291  are  usually  sufficient.  The  theorem 
proved  in  the  next  article  enables  us  by  means  of  the  auxiliary 
series 

1     1      i  1 

to  deduce  additional  tests  which  will  sometimes  be  found  con- 
venient. 

*299.  If  ^ni  ^n  ®^^  ^^  general  terms  of  two  injmite  series 
in  which  all  the  terms  are  positive^  then  the  M-series  will  he  con- 
vergent  when  the  Y-series  is  convergent  if  after  soms  pa/rticuUvr  terra 

;  amd  the  u-series  vnU  he  divergent  when  the  y-series  is 


Un      .    ^n 


< 


^n-i       ^n-i 


divergent  if  — ^  >  — - 


Un-i        Vn-i 


Let  us  suppose  that  u^  and  v^  are  the  particular  terms. 

Case  I.     Let^<^,   ^<^, ;  then 

^1     ^.     ^.     -^8 

w,  +u^  +  u^+ 

(-       u„      u,     u„  \ 

that  is,  <  — *  (v,  +  Vg  +  «?8  "^  •••)• 


<  u. 


^i 


Hence,  if  the  v-series  is  convergent  the  i^series  is  also  con- 
vergent. 

Case  IL     Let  ^  >  -« ,   ^  >  -^ ;  then 

^1     «.      «*«     ^, 


Wj  +  Wj  +  1^3  + 


/-       w„      u,    u^  \ 

=  w.  ( 1  +  -^  +-^.  -^+  ...J 


A.^— ^ 
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that  is,  >  --  (^1  +  ^8  +  ^3+...). 

Hence,  if  the  v-series  is  divergent  the  w-series  is  also  di- 
vergent. 

*300.  We  have  seen  in  Art.  287  that  a  series  is  convergent 
or  divergent  according  as  the  limit  of  the  ratio  of  the  n*"^  term 
to  the  preceding  term  is  less  than  1,  or  greater  than  1.  In  the 
remainder  of  the  chapter  we  shall  find  it  more  convenient  to  use 
this  test  in  the  equivalent  form  : 

A  series  is  convergent  or  divergent  according  as  the  limit  of 
the  ratio  of  the  n^  term  to  the  succeeding  term  is  greater  than  1, 

or  less  than  1  :  that  is,  according  as  Lirti  — "-  >  1,  or  <  1. 

Similarly  the  theorem  of  the  preceding  article  may  be 
enunciated : 

The  t^series  will  be  convergent  when  the  -y-series  is  convergent 
provided  that  Lim  — ^  >  Lim  — =_  .  and  the  w-series  will  be  di- 
vergent  when  the  -y-series  is  divergent  provided  that 

Lim  — -  <  Lim     " 


'^n+i  ^n+, 


*301.     TJie  series  whose  general  term  is  u„  is  convergent  or  di- 
vergent according  as  Lim  ■[  n  f  — -  —  lj>>l,  or  <1. 

Let  us  compare  the  given  series  with  the  auxiliary  series 
whose  general  term.,  is  1,. 

When  ;?  >  1   the  auxiliary  series  is  convergent,  and  in  this 
case  the  given  series  is  convergent  if 


thatis.if  J^->l+?  +  H?^^,.,. 


«.+,     «' 


«.+  !  «  2»'' 


or  n 


that  is,  if  Lim  In  T-^  ~  Mf  ^P- 
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But  the  auxiliary  series  is  convergent  if  p  is  greater  than  1 
by  a  finite  quantity  however  small;  hence  the  first  part  of  the 
proposition  is  established. 

When  p<\  the  auxiliary  series  is  divergent,  and  by  proceed- 
ing as  before  we  may  prove  the  second  part  of  the  proposition. 

Example,    Find  whether  the  series 

X     1    x8      1_^  ^      1.3.5    3f_ 
i'^2*y^2.4*  6  '*"2.4.6'  7  ^ '" 

is  convergent  or  divergent. 

u        1 
Here  Lim  — —  =-^;  hence  if  a5<l  the  series  is  convergent,  and  if  a;>l 

the  series  is  divergent. 

Ifa5=l,  Zim — ^=1.    In  this  case 


^n+l 


w, 


_  1.3.5 (2n~  3)       1 

~2.4.6......(2n-2)*2w-l' 


and 


u^  2n(2n+l) 


w»+i     (2n-l)(2n-l)» 
••       Urn      ■'J"(2n-1)«' 

hence  when  a;=l  the  series  is  convergent. 

*302.     The  series  whose  general  term  is  u^is  convergent  or  di- 
vergent^ according  as  Lim  I  n  log  — --  j  >  1,  or  <  1. 

Let  us  compare  the  given  series  with  the  series  whose  general 

,         .     1 
term  is  — . 

When  p  >  1   the  auxiliary  series  is  convergent,  and  in  this 
case  the  given  series  is  convergent  if 

3l.>(^1  +  IY;  [Art.  300.1 

that  is,  if  log-^  >jo  log  ( 1  +  - ) ; 

1        ^        P        P 
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that  is,  if  Lim  \n  log  — =- j  >p. 

Hence  the  first  part  of  the  proposition  is  established. 

When  j[?  <  1  we  proceed  in  a  similar  manner ;  in  this  case  the 
auxiliary  series  is  divergent. 

Example.    Find  whether  the  series 

2««»     3»a:»     4*x*     6»x« 

*■*•  "ji;  ■*■  "(3;  ■*"]£■*"]£'*'••  • 

is  convergent  or  divergent. 


(-y 


.-.  im  -^  =  i  .  [Art.  220  Cor.]. 

u^i     ex  J 

Henoe  if  d;<-  the  series  is  convergent,  if  d;>  -  the  series  is  divergent. 
If«=i.then  ^^- 


.*.  log— ^=log<-nlogil  +  - I 

=^"**6-2;?+3;s«--) 

'"2n''3n*'*'"  ' 

,         lA,.  1         1 

hence  when  x=-  the  series  is  divergent. 

♦303.    If  Ztm  -^  =  1,  and  also  Lim  in  (^*    -  1^]  =  1,  the 
tests  given  in  Arts.  300,  301  are  not  applicable. 

To  discover  a  further  test  we  shall  make  use  of  the  auxiliary 

series  whose  general  term  is  — -. r-.     In  order  to  establish 

°  n  (log  ny 

the  convergency  or  divergency  of  this  series  we  need  the  theorem 

proved  in  the  next  article. 
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*304.  If  ^(n)  is  'positive  for  all  positive  integral  values  of  n 
arid  continually  diminishes  as  n  increases,  and  if  a,  be  any  positive 
integer,  then  the  two  infinite  series 

<^(1)  +  <^(2)  +  </»(3)  +  ...  +  <^(n)  +  ..., 

and  a</»(a)  +  a'</»(a*)  +  a'</»(a')  +  ...  +  a''<^(a'')  +  ... , 

are  both  convergent^  or  both  divergent 

In  the  first  series  let  us  consider  the  terms 

fl>{a'  +  l),  </»(a*  +  2),  ^(a*  +  3), </»(a*+')  (1) 

beginning  with  the  term  which  follows  <^(a*). 

The  number  of  these  terms  is  a*"*"^  -  a*,  or  a* (a  -  1),  and  each 

of  them  is  greater  than  ^(a*"*"^);  hence  their  sum  is  greater  than 

1 

a*(a- l)</»(a*'^^);  that  is,  greater  than  x  «*"*■*</»  (a*^*). 

a 

"By  giving  to  ^  in  succession  the  values  0,  1,  2,  3,...  we  have 

_  1 

</»(2)  +  </»(3)  +  ^(4)+ +^(a)> X  a(l}(a); 

a 

1 

</»{«  +  1)  +  <^(a  +  2)  +  <f}{a  +  3)  + +  </»(a*)  > x  a'<l}{a^) ; 

a 


therefore,  by  addition,       aS'j  -  ^(1)  > S^, 

a 

where  S^ ,  S^  denote  the  sums  of  the  first  and  second  series  respec- 
tively; therefore  if  the  second  series  is  divergent  so  also  is  the 
first. 

Again,  each  term  of  (1)  is  less  than  </»(«*),  and  therefore  the 
sum  of  the  series  is  less  than  (a-  1)  x  a*<^(a^). 

By  giving  to  A;  in  succession  the  values  0,  1,  2,  3...  we  have 

1^(2)  +</»(3)  4-</»(4)  + +</»(a)  <  (a-  1)  X  </»(!); 

^(a  +  l)4-^(a  +  2)  +  <^(a  +  3)+ +</»(«')<  (a -1)  x  a<l>(a); 


therefore,  by  addition 

S,-<l,{l)<{a-l){S,  +  <f>{l)}; 
hence  if  the  second  series  is  convergent  so  also  is  the  first. 

Note.    To  obtain  the  general  term  of  the  second  series  we  take  <^  (5i\  t\v4& 
general  term  of  the  first  series,  write  a^  instead  ot  u  «si<\Tii\i\&^  V^  o^  v 
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♦305.     The  aeries  whose  general  term  is  —7-1 r^  is  convergent 

(/*  p  >  1,  cmd  divergent  */*  p  =  1,  or  p  <  1. 

By  the  preceding  article  the  series  will  be  convergent  or 
divergent  for  the  same  values  of  j9  as  the  series  whose  general 
term  is 

„ 1_  1  1  I 

""  ^a-(loga-)'"  ^''  (nlogay"  '^''  (log a)"  ""  wf ' 

The  constant  factor  7= r-.  is  common  to  every  term  :  there- 

(log  a)'  -^ 

fore  the  given  series  will  be  convergent  or  divergent  for  the  same 
values  of  p  as  the  series  whose  general  term  is  — .  Hence  the 
required  result  follows.     [Art.  290.] 


n" 


*306.     The  series  whose  general  term  is  u^  is  convergent  or  di- 
vergent accorcUng  as  Lim  N  n  f  — - —  1  j  -  1  V  log  n    >  1,  or  <  1. 

Let  us  compare  the  given  series  with  the  series  whose  general 

te™  is        1^. 
nQogny 

When  j9  >  1    the  auxiliary  series  is  convergent,  and  in  this 
case  the  given  series  is  convergent  by  Art.  299,  if 

U^  ^  (n-fl)  {log  (7.^1)}^ 

^•+1  n{logny  ^  ^• 

Now  when  n  is  very  large, 

log  (ti  +  1)  =  log  w  +  logri+-j  =  log  w  +  -  ,  nearly ; 

Hence  the  condition  (1)  becomes 

^«+i      \        ^/ \        nlognj 

thatis,  ^^^(l^l)(l^P.); 

«*.+i      \        n/\        nlognj' 

.,    .  .  w        -      1  p 

that  is,  — =-  >  1  +  -  +     ^ 


u         ,      n     nlogn' 
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or  w  I  -  -»    -  1    >  1  + ,         , 

logn 


or 


Hence  the  first  part  of  the  proposition  is  established.  The 
second  part  may  be  proved  in  the  manner  indicated  in  Art.  301. 

Example,    Is  the  series 

22     22. 4«     22  .  42 .  62 
1  +  32  +  32    58  +  32,511.72+ 

convergent  or  divergent? 

Here  3^  =  (^=1  +  ^1    (1). 

.•.  Lim  — ^  =1,  and  we  proceed  to  the  next  test. 

r,0^(l).  „(^_l)=l  +  ^l (2). 

.'.  Lim  \n  (  — —  - 1  ]  [-  =  1,  and  we  pass  to  the  next  test. 
From(2).  {„  (^^-l) -l}log„  =  '^; 

since  Lim  -^^=0  [Art.  296];  hence  the  given  series  is  divergent. 
n 

*307.  We  have  shewn  in  Art.  183  that  the  use  of  divergent 
series  in  mathematical  reasoning  may  lead  to  erroneous  results. 
But  even  when  the  infinite  series  are  convergent  it  is  necessary  to 
exercise  caution  in  using  them. 

For  instance,  the  series 

,  of        x^        X*        x^ 

is  convergent  when  x=l,     [Art.  280.]     But  if  we  multiply  the 
series  by  itself,  the  coefficient  of  ic"'  in  the  product  is 

1^1^  1  1  J_ 
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Denote  this  by  a^^ ;  then  since 

1  1  1 

or  > 


n    >  — J —  ,  and  is  therefore  infinite  when  n  is  infinite. 
If  x=ly  the  product  becomes 

and  since  the  terms  a^,  «,„+ij  »a,+a  •••  ^^  infinite,  the  series  has 
no  arithmetical  meaning. 

This  leads  us  to  enquire  under  what  conditions  the  product 
of  two  infinite  convergent  series  is  also  convergent. 

♦308.     Let  us  denote  the  two  infinite  series 

a^  +  a^x  +  a^af  +  a^a?  +  . . .  +  ttg^a*"  +  •  • ., 

b^  +h^x  +  hjpc^  +h^oif+  ...  +b^x^'''\-  ... 

by  A  and  B  respectively. 

If  we  multiply  these  series  together  we  obtain  a  result  of 
the  form 

«o^o  +  i^A  +  «o*i)  ^  +  («A  +  ^A  +  ^oh)  a^  +  •  •  • 

Suppose  this  series  to  be  ccmtinued  to  infinity  and  let  us 
denote  it  by  (7 ;  then  we  have  to  examine  under  what  conditions 
C  may  be  regarded  as  the  true  arithmetical  equivalent  of  the 
product  AB, 

First  suppose  that  all  the  terms  in  A  and  B  are  positive. 

Let  A^^y  B  ,  C.  denote  the  series  formed  by  taking  the  first 
2n  +  l  terms  of  A,  i,  C  respectively. 

If  we  multiply  together  the  two  series  A^^,  B^^,  the  coefficient 
of  each  power  of  x  in  their  product  is  equal  to  the  coefficient  of 
the  like  power  of  as  in  (7  as  far  as  the  term  a;*";  but  in  A^^B^^ 
there  are  terms  containing  powers  of  x  higher  than  ic*",  whilst 
fie*"  is  the  highest  power  of  a;  in  C^^\  hence 

If  we  form  the  product  A^B^  the  last  terra  is  ajbjxf*;  but 
0^^  includes  all  the  terms  in  the  product  and  some  other  terms 
besides;  hence 
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Thus  C7,„  is  intermediate  in  value  between  A  B  and  A^  B,  , 
whatever  be  the  value  of  n. 

Let  A  and  B  be  convergent  series ;  put 

A^^A-^X,  B^  =  B-Y, 

where  X  and  Y  are  the  remainders  after  n  terms  of  the  series 
have  been  taken;  then  when  n  is  infinite  X  and  Y  are  both 
indefinitely  small. 

.-.    AB^  =  (A-'X){B--Y)='AB-BX-AY+XY', 

therefore  the  limit  of  A^B^  ia  AB,  since  A  and  B  are  both  finite. 

Similarly,  the  limit  of  A^^B^^  is  AB, 

Therefore  C  which  is  the  limit  of  G^^  must  be  equal  to  AB 
since  it  lies  between  the  limits  of  A^B^  and  A^^B^^. 

Next  suppose  the  terms  in  A  and  B  are  not  all  of  the  same 
sign. 

In  this  case  the  inequalities  A^B^^  >  (7,^  >  AJB^  are  not 
necessarily  true,  and  we  cannot  reason  as  in  the  former  case. 

Let  us  denote  the  aggregates  of  the  positive  terms  in  the 
two  series  by  P,  F*  respectively,  and  the  aggregates  of  the 
negative  terms  by  i\r,  N'\  so  that 

Then  if  each  of  the  expressions  P,  P',  iT,  N*  represents  a  con- 
vergent series,  the  equation 

AB^FF-  NF-  FN'  +  NN\ 

has  a  meaning  perfectly  intelligible,  for  each  of  the  expressions 
FF^  NFf  FN\  iOT  is  a  convergent  series,  by  the  former  part 
of  the  proposition ;  and  thus  the  product  of  the  two  series  A  and 
JS  is  a  convergent  series. 

Hence  the  product  of  two  series  mil  be  convergent  provided 
tliat  the  swm  of  all  the  terms  of  the  sa/me  sign  in  each  is  a  con- 
vergent series. 

But  if  each  of  the  expressions  P,  ilT,  F,  N'  represents  a 
divergent  series  (as  in  the  preceding  article,  where  also  F  =  F 
and  N'  =  N),  then  all  the  expressions  FF,  NF^  FN\  NN'  are 
divergent  series.  When  this  is  the  case,  a  careful  investiga- 
tion is  necessary  in  each  particular  example  in  order  to  ascertain 
whether  the  product  is  convergent  or  not. 
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^EXAMPLES.    XXI.  b. 


Find  whether  the  following  series  are  convergent  or  divergent 

1    a^     1.3.5    g*      1.3.5.7.9     sfi 
1.     •^■*"2*  "4  "^2.4.6  •  8  "^2.4.6.8. 10*  12"*" 


^     .    3.6^,    3.6.9   ^.    3. 6. 9. 12     ^ 
2.     1  +  7^+17.10^+7.10.13^  +  7.10.13.16''  "*" 

Q      ^      2^  ^  .      22 . 42    ^  ,        22.4g.62      ^ 

^-    ^"^3:4^'*"3.4.5.6'^'^3.4.  5.6.7.  8"^ ■*■•••• 

,      ,     2:f     320^2     43^     54>p4 

*•  '+]!"'li+li''T'' 

1        12         13         14 
5.     l  +  a^+^ar'+^x'  +  ^^-l- 

12     1».3«       1'.3'.5'^ 


,   ,  ffl(l-a)     (l+a)a(l-a)(2-«) 

'•       ^  +  12  +  12  .  22 

(2  +  «)(l  +  a)«(l-«)(2-a)(3-a) 
+  12.22.32 


a  being  a  proper  fraction. 

-      a  +  a;     (a  +  2a?)2      {a+^Y 
*•     ^-+— i2~  +~i3— + 


9.   i+-^.+l(£+2)4^)^ 

l.y  1.2.^(7+1) 

a(a  +  l)(a  +  2)gO+l)0+2) 
1.2.3.y(y+l)(y+2)       *^"^ 

10.    x2(log2)«+:i'»(log3)«+;ir» (log 4)«+ 


11      ,  ,      ,a(a+l)     a(a+l)(a+2) 
11.    l+a+^-2-+ j^273        + 


M.       M»+^m*-i+£«*-«+C»»-3+... 


12.    If  —  =  ■«*+a>^*-l+6«>-^+o^^3+.::• .  ^hei-e  *  is  a  positive 

integer,   shew   that   the   series    «*i+^+%+ is    convergent    if 

A-a-1  ia  positive,  and  divergent  if  A  -  a  - 1  is  negative  or  zera 
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Undetermined  Coefficients. 

309.  In  Art.  230  of  the  Elemervta/ry  Algebra^  it  was  proved 
that  if  any  rational  integral  function  of  x  vanishes  when  x  =  ay 
it  is  divisible  by  a;  —  a.     [See  also  Art.  514.     Cor.] 

Let  p^a^  +  p^x""'^  -^p^of'^  + +p^ 

be   a   rational   integral   function  of  a;  of   n  dimensions,   which 
vanishes  when  x  is  equal  to  each  of  the  unequal  quantities 

«1»     «a>     «3»    ^n' 

Denote  the  function  hy  /(x);  then  since  /(x)  is  divisible 
hy  x-a^y  we  have 

the  quotient  being  of  w  —  1  dimensions. 

Similarly,  since  y (a;)  is  divisible  by  a;  —  a^,  we  have 

Po^"-^ =  (aJ-«,)(Po«'""'+ )» 

the  quotient  being  of  n  —  2  dimensions ;  and 

Po^'"+ =  («^-«3)(n«""'+ )• 


Proceeding  in  this  way,  we  shall  finally  obtain  after  n  di- 
visions 

310.  If  a  rational  integral  /unction  o/n  dimensions  vanishes 
for  more  than  n  values  of  the  vo/riahley  ilve  coefficient  of  each  power 
of  the  va/riable  m,ust  he  zero. 

Let  the  function  be  denoted  hyf(x)y  where 

f(x)  =  p.x"  +  p^-'  +p^x""  + ^  P  ,S 
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and  suppose  that  y  (a?)  vanishes  when  x  is  equal  to  each  of  the 
unequal  values  a^  a^,  a^ a^;  then 

/(aj)=i>o(^-«i)(^ -«,)(«-««) i^-^n)' 

Let  c  be  another  value  of  x  which  makes  /{x)  vanish ;  then 
sincey(c)  =  0,  we  have 

/'o  (c -  a,)  (c - a«)  (c -  ^3) (c-aj  =  0', 

and   therefore  ;?o  =  0,    since,    by  hypothesis,  none  of   the  other 
factors  is  equal  to  zero.     Hence  ^  (a;)  reduces  to 

p^af~^  -^p^scr~*  +  Pj^'"'^-\- +p^. 

By  hypothesis  this  expression  vanishes  for  more  than  n  values 
of  X,  and  therefore  p^  =  0. 

In  a  similar  manner  we  may  shew  that  each  of  the  coefficients 
p^y  p^,  p^  must  be  equal  to  zero. 

This  result  may  also  be  enunciated  as  follows : 

If  a  rational  integral  /unction  of  n  dimen^ons  vanishes  for 
more  than  n  values  of  the  variable,  it  must  vanish  for  every  value 
of  the  variable. 

Cor.  If  the  function  f(x)  vanishes  for  more  than  n  values 
of  fic,  the  eqv>ation  f(x)  =  0  has  more  than  n  roots. 

Hence  also,  if  an  equation  of  n  dimensions  has  vnore  than  n 
roots  it  is  cm  identity. 

Example,    Prove  that 

[x  -  6)  (a;  -  c)     {x  -  c)  (x  -  a)      (x  -  a)  {x  —  h) __^ 
(a-6)(a-c)'^(6-c)(6-a)"*"(c-a)  (c-6)""  * 

This  equation  is  of  two  dimensions,  and  it  is  evidently  satisfied  by  each 
of  the  three  values  a,  b,c;  hence  it  is  an  identity. 

311.  If  tux)  rational  integral  functions  of  n  dimensions  a/re 
equal  for  more  than  n  values  of  the  variable,  they  are  equal  for 
every  value  of  the  vaHable, 

Suppose  that  the  two  functions 

p^x''+p^x'"'+p^'''-\-  +jp^, 

g'.a"  +  ^'jo;"-' +  g'.o;-"  + +q^, 

are  egual  for  more  than  n  values  of  x ;  then  the  expression 
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vanishes  for  more  than  n  values  of  x;   and  therefore,  by  the 
preceding  article, 

that  is, 

Hence  the  two  expressions  are  identical,  and  therefore  are 
equal  for  every  value  of  the  variable.     Thus 

if  two  rational  integral  functions  a/re  identically  eqtoaly  we  may 
equate  the  coefficients  of  the  like  powers  of  the  varwhle. 

This  is  the  principle  we  assumed  in  the  Elementa/ry  Algehra, 
Art.  227. 

Cor.  This  proposition  still  holds  if  one  of  the  functions  is 
of  lower  dimensions  than  the  other.     For  instance,  if 

we  have  only  to  suppose  that  in  the  above  investigation  q^  =  0, 
q^  =  0,  and  then  we  obtain 

JPo  =  0>  Pi  =  ^y  P»=9»y  Ps=9sy Pn  =  9.' 

312.  The  theorem  of  the  preceding  article  is  usually  referred 
to  as  the  Principle  of  Undetermined  Coefficients,  The  application 
of  this  principle  is  illustrated  in  the  following  examples. 

Example  1.     Find  the  sum  of  the  series 

1.2  +  2.3  +  3.4+ +n(n  +  l). 

Assume  that 

1.2  +  2.  3+3. 4+...+n(n+l)=^  +  Bn+C7n2+Dn»+JBn*+..., 

where  A,  B,  C,  D^  E,..,  are  quantities  independent  of  n,  whose  values  have 
to  be  determined. 

Change  n  into  n + 1 ;  then 
1.2  +  2.3+...+n(n  +  l)  +  (n+l)(w  +  2) 

=A+B  {n+l)  +  G  {n+l)HD  {n+l)^+E  {n+iy+ .... 
By  subtraction, 
(n  +  l)(n+2)=5+C7(2n+l)  +  D(3n2  +  3n  +  l)  +  ^(4M3  +  67ta+4n  +  l)  +  .... 

This  equation  being  true  for  aU  integral  values  of  n,  the  coefficients  of  the 
respective  powers  of  n  on  each  side  must  be  equal ;  thus  E  and  all  succeeding 
coefficients  must  be  equal  to  zero,  and 

3D  =  1;     3D  +  2C=3;     D  +  C+B  =  2; 

1  2 

whence  -^  =  q»     C=1,     -^  =  5. 
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Hence  the  sum  =  -4  +  -5-  +  n*  +  5  ?i^. 

To  find  At  put  n= 1 ;  the  series  then  reduces  to  its  first  term,  and 

2=^  +  2,  or  ^=0. 

Hence         1.2  +  2.  3  +  3.4+. ..+n (71+ l)  =  an(n  +  l)(n+2). 

Note.  It  wiU  be  seen  from  this  example  that  when  the  n^  term  is  a 
rational  integral  fmiction  of  n,  it  is  sufficient  to  assume  for  the  sum  a 
function  of  n  which  is  of  one  dimension  higher  than  the  n^  term  of  the 
series. 

Example  2.    Find  the  conditions  that  a?  +pix?  +  qx-{'r  may  be  divisible  by 

x^-\-ax+b. 

Assume  a?+pa?  +  qx+r={x+Jc)(x^-{-ax  +  b), 

Equating  the  coefficients  of  the  like  powers  of  a;,  we  have 

k  +  a—pf  ak  +  b  =  q,  kb=r. 

From  the  last  equation  A;=^  ;  hence  by  substitution  we  obtain 

:r  +  a=p,  and  — +6  =  gr; 

that  is,  r=  b  (p- a),  and  ar=b  {q-b); 

which  are  the  conditions  required. 


EXAMPLES.    XXn.  a. 

Find  by  the  method  of  Undetermined  Coefficients  the  sum  of 

1.  12+32  +  52+72+...ton  terms. 

2.  1.2.3+2.3.4  +  3. 4. 5  +  ...tow  terms. 

3.  1 .  22+2 .  32+3. 42+4. 52+. ..to  n  terms. 

4.  l3+33  +  53  +  73+...to7i  terms. 

5.  l*+2*+3*  +  4*  +  ...to  71  terms. 

6.  Find  the  condition  that  a^  —  3px-\-2q  may  be  divisible  by  a 
factor  of  the  form  ^ + 2flw?  +  a^, 

7.  Find  the  conditions  that  aa^ + ba^ +cx-{-d  may  be  a  perfect  cube. 

8.  Find  the  conditions  that  a^x*+bx^+ca^+dx+f^  may  be  a 
perfect  square. 

9.  Prove  that  aa^  +  2ba:i/ + cy2 + 2(iv + 2ey  +/  is  a  perfect  square, 
if  52=ac,  d^=aff  €^=^cf. 
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10.  If  aofi -{-hx^+cx+di^  divisible  by  ^  +  h\  prove  that  ad = he, 

11.  li  a^  —  hqx  4-  4r  is  divisible  by  {x  —  cf,  shew  that  g* = r*. 

12.  Prove  the  identities : 

.a?{x-h){x-c)     h'^{x-c){x-a)     <^  {po  -  a)  {x -h)  _^ 
^""^      {a--b){a-c)    "^    (6-c)(6-a)    "^    (c-a)(c-6)  ' 

.  .     {x-h){x-c){x-d)     {x-c){x-d){x-a) 
^^     {a'-h){a-c){a-d)^  {h-c){h-d){h-a) 

(x-d)(x-a)(x-h)     {x-a){x-b)(x-c)  _ 
"*■  (c-d){c-a){c-h)  '^{d-a)(d-b){d-c)~ 

13.  Find  the  condition  that 

ax^+2hxy  +  bi/^+2ffx  +  2fy+c 
may  be  the  product  of  two  factors  of  the  form 

14.  If  i=lx  +  mi/+nz,  rj—nx+li/+mz,  ^—nfuc+ny+lz^  and  if  the 
same  equations  are  true  for  all  values  of  x^  y,  z  when  {,  jy,  f  are  inter- 
changed with  x^  y,  z  respectively,  shew  that 

^+2m7i=l,    m^+2ln=^0,    n^+2lm'^0. 

15.  Shew  that  the  sum  of  the  products  n  —  r  together  of  the  n 
quantities  a,  a\  a^,  ...a'*  is 

(a»-^i~l)(a*-^2-l)...(a«»-l)    i(«-r)(«-r+i). 
(a-l)(a2-l)...(a»»-»--l)    " 

313.     7/*  the  infinite  series  a^  +  ajX  +  ax'  +  SgX^  +   is  eqiuil 

to  zero /or  every  finite  value  of  a  for  which  the  series  is  convergent^ 
then  ea>ch  coefficient  micst  be  eqiuil  to  zero  identically. 

Let  the  series  be  denoted  by  S,  and  let  S^  stand  for  the  ex- 
pression a^  +  a^x  +  a^x*  + ;  then  S=aQ  +  xSi ,  and  therefore, 

by  hypothesis,  a^  +  xS^  =  0  for  all  finite  values  of  x.  But  since  JS 
is  convergent,  S^  cannot  exceed  some  finite  limit;  therefore  by 
taking  x  small  enough  xS,  may  be  made  as  small  as  we  please. 
In  this  case  the  limit  of  o  is  a,, ;  but  S  is  always  zero,  therefore 
a^  must  be  equal  to  zero  identically. 

Removing  the  term  a^,  we  have  xS^  =  0  for  all  finite  values  of 
x;  that  is,  a^  +  a^x  +  a^oi?  + vanishes  for  all  finite  values  of  «. 

Similarly,    we   may   prove   in    succession   that   each   of  the 
coefficients  «!,  a,,  a^^ is  equal  to  zero  identically. 

H.  H.A.  17 
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314.  If  two  infinite  series  a/re  equal  to  one  another  for  every 
finite  value  of  the  variable  for  which  both  series  are  convergent^  the 
coefficients  of  like  pouters  of  the  variable  in  the  two  series  are  equal. 

Suppose  that  the  two  series  are  denoted  by 

a^  +  a^x  +  a^3(?  +  a^a?  + 

and  A^  +  A^x  +  A^a?  +  A^oi?-\- ; 

then  the  expression 

vanishes  for  all  values  of  x  within  the  assigned  limits ;  therefore 
by  the  last  article 

that  is,  ao  =  -^o>  »i=^i»  ^«=^a»  ^8  =  -^3» > 

which  proves  the  proposition. 

Example  1.    Expand  -z j  in  a  series  of  ascending  powers  of  x  as  far 

as  the  term  Involving  sfi, 

2  +  x^ 

Let  r- -;2i  —  ^0  +  ^l^  +  ^2^  +  ^9^+"f 

L-f-X  -"  X^ 

where  aQiaita2,a2i...  are  constants  whose  values  are  to  be  determined;  then 

2  +  a^={l  +  x-x^)  (aQ  +  OiX-^ 020^  +  0^3^+  ..). 

In  this  equation  we  may  equate  the  coefficients  of  like  powers  of  x  on 
each  side.  On  the  right-hand  side  the  coefficient  of  x^  is  an+^^n-i-^n-j* 
and  therefore,  since  x^  is  the  highest  power  of  x  on  the  left,  for  all  values  of 
w>2  we  have 

this  will  suffice  to  find  the  successive  coefficients  after  the  first  three  have 
been  obtained.    To  determine  these  we  have  the  equations 

a(,=2,  ai  +  ao=0,  a^+Oi-aQ^sl; 

whence  ^0=2,  ai=-2,  0^=5. 

Also  aj+Oj- ^=0,  whence  0^= -7; 

a^ + ttj  -■  a, = 0,  whence  a^ = 12 ; 
and  ttg + a^  -  a, =0,  whence  ag  =  - 19 ; 

^^o^  =4^t^=2-2x  +  6ar*-7aJ»+12a:*-19a^+... 

l+x-st^ 
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Example  2.    Prove  that  if  n  and  r  are  positive  integers 


'nT 


-n  (n-  !)»•+     ^        ^  (n- a)**-  -5^ r^J^ '  (n- 3)»-+ ... 


is  equal  to  0  if  r  be  less  than  n,  and  to  In  if  r=n. 

(3j           X^         X^  \  ** 

«  +  -j2  +I3-+14  + ) 

= a;* + terms  containing  higher  powers  of  a; ...  (1 ). 
Again,  by  the  Binomial  Theorem, 

(g«-l)*»=tf»«-we<»*-»>«+^§^lW»*- , (2). 

1  •  2 

By  expanding  each  of  the  terms  «**,  «^*~^>*,...  we  find  that  the  coeflacient 
of  a:**  in  (2)  is 

re_     (n - ly     n(n-l)   (n - 2^     n(n-l)(n-2)  (n - Sf 

and  by  equating  the  coefficients  of  a;**  in  (1)  and  (2)  the  result  follows. 

Examples.    If  y=ax+bx^+ca^+ , 

express  x  in  ascending  powers  of  y  as  far  as  the  term  involving  yK 

Assume  x=py  +  qy^  +  ry^+ , 

and  substitute  in  the  given  series ;  thus 

y=a{py-hqy^  +  ry^+...)  +  b(py+qy^+...)^-hc{py  +  qy'+...)^+ 

Equating  coefficients  of  like  powers  of  y^  we  have 

ap=l;  whence 2)=-. 

a 

aq  +  &p'=0 ;  whence  q=  — 3 . 

26'      c 
ar+2bpq  +  cp^=s0i  whence  r=— 5- — ^. 

a      a^  a^ 

This  is  an  example  of  Revenion  of  Series, 

Cor.     If  the  series  for  y  be  given  in  the  form 

y=:k  +  ax  +  hx^+ca^+ ... 
put  y-ft=«; 

then  z=ax+hx^+ca^-\'...; 

from  which  x  may  be  expanded  in  ascending  poweia  ot  z,  VSci&W^  ^l  '\)  -V.. 

Vi— "i. 
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EXAMPLES.     XXn.  b. 

Expand  the  following  expressions  in  ascending  powers  of  a;  as  far 
as  a^. 


Z  +  x  1 

4.     t: Q  •  &• 


2  —  x  —  a^'  '     l+cuc  —  ax^  —  x^' 

6.  Find  a  and  b  so  that  the  ti**"  term  in  the  expansion  of  ,,        ,, 

may  be  (Zn  -  2)^""^ 

7.  Find  a,  5,  c  so  that  the  coefficient  of  af^  in  the  expansion  of 

(1_^)3     maybe  7^2+1. 

8.  If  y^ + 2y = 07  (y + 1 ),  shew  that  one  value  of  y  is 

i^+J^-Ti5^+ 

9.  If  ca;^ + oa? — y = 0,  shew  that  one  value  of  x  is 

y     ^^     3c^      12c^^ 


a      a*        a^  a^^ 


Hence  shew  that  :r=  "00999999  is  an  approximate  solution  of  the 
equation  a^  +  100^-l=0.  To  how  many  places  of  decimals  is  the 
result  correct  ? 

10.  In  the  expansion  of  (1  +x)  (1 +cm7)  {\+a?x)  (1  -{-a^x) ,  the 

number  of  factors  being  infinite,  and  a  <  1,  shew  that  the  coefficient  of 

^  .  \ Ar{r-i) 

^^^  (l-a)(l-a2)(l-a3) (l-a'*) 

11.  When  a  <  1,  find  the  coefficient  of  af^  in  the  expansion  of 

1 

(1  - flw?)  (1  - a%) (1  - a^^) to  inf.* 

12.  If  w  is  a  positive  integer,  shew  that 

(1)  n~+i-n(7i-l)'»+i+^^^^^(w-2)»+i- =^yi|7i  +  l; 

if.  ' 

(2)  n^-{n+\){n-\Y  +  ^^  "^J^^  {n  -  2)*»  - =  1; 

the  series  in  each  case  being  extended  to  n  terms ;  and 

(3)  ln_n2»+^5^^^^3''- =  (-l)n|yi,. 

(4)  (n+jp)«»-n(y^+j?-l)^+^    ,~  \n-{-p-^Y- =  l7i; 

the  abriea  in  the  last  two  cases  being  extended  to  w+ 1  terms. 


CHAPTER  XXIII. 


Partial  Fractions. 


315.  In  elementary  Algebra,  a  group  of  fractions  connected 
by  the  signs  of  addition  and  subtraction  is  reduced  to  a  more 
simple  form  by  being  collected  into  one  single  fraction  whose 
denominator  is  the  lowest  common  denominator  of  the  given 
fractions.  But  the  converse  process  of  separating  a  fraction  into 
a  group  of  simpler,  or  pa/rtial^  fractions  is  often  required.     For 

example,  if  we  wish  to  expand  - — ^-g  in  a  series  of  ascend- 

ing  powers  of  aj,  we  might  use  the  method  of  Art.  314,  Ex.  1,  and 

so  obtain  as  many  terms  as  we  please.    But  if  we  wish  to  find  the 

general  term  of  the  series  this  method  is  inapplicable,  and  it  is 

simpler  to  express  the  given  fraction  in  the   equivalent  form 

1  2 

•= +  = — ^ .     Each  of  the  expressions  (1  —a?)"*  and  (1  —  3a;)""* 

X  ■"■  a;      JL  ^  ox 

can  now  be  expanded  by  the  Binomial  Theorem,  and  the  general 

term  obtained. 

316.  In  the  present  chapter  we  shall  give  some  examples 

illustrating  the  decomposition  of  a  rational  fraction  into  partial 

fractions.     For  a  fuller  discussion  of  the  subject  the  reader  is 

referred  to  Serret's  Gouts  d^Algehre  Supirieure,  or  to  treatises  on 

the  Integral  Calculus.     In  these  works  it  is  proved  that  any 

rational  fraction  may  be  resolved  into  a  series  of  partial  fractions; 

and  that  to  any  linear  factor  a;  —  a  in  the  denominator  there  cor- 

A 
responds  a  partial  fraction  of  the  form   ;    to   any   linear 

factor  x-b  occurring  ttvice  in  the  denominator  there  correspond 

two  partial   fractions,    — ^-  and  7 — ^to-     li  x  —  h  occurs  three 

x  —  h  (x  —  b) 

times,  there  is  an  additional  fraction  : — ^^^  •  asajSi  «i  wi.    ^^ 

(x-bY' 
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any    quadratic   factor    af-{-px  +  q    there    corresponds    a   partial 

Px  +  Q 

fraction  of  the  form  -5 — :  if  the  factor  x*  +  px  +  q  occurs 

ar-^px  +  q 

twice,  there  is  a  second  partial  fraction  7-3-^^ ^^ :  and  so  on. 

'  ^  {af+px-^qY' 

Here  the  quantities  A^,  B ,  B  ^  B^ P,  Q^  F ,  Q    are  all 

independent  of  x, 

"We  shall  make  use  of  these  results  in  the   examples  that 
follow. 

5x—  11 
Example  1.    Separate  ^-5 ^  into  partial  fractions. 

Since  the  denominator  2x^ + a;  -  6 = (a;  +  2)  (2a;  -  3),  we  assume 

5ar-ll  A  B 

+ 


2a;«+a;-6     x  +  2     2a:-3* 

where  A  and  B  are  quantities  independent  of  x  whose  values  have  to  be 
determined. 

Clearing  of  fractions, 

6a;-ll  =  ^(2a;-3)  +  B(ar  +  2). 

Since  this  equation  is  identically  true,  we  may  equate  coefficients  of  like 
powers  of  x;  thus 

2^+5  =  5,     -3-4  +  25= -11; 

whence  -4=3,     B=-l. 

5a;- 11    __    3  1 

•*•     2a;2  +  a;-6'~a:  +  2  "2a;-3' 

Example  2.    Resolve  r r-^ t\  into  partial  fractions. 

(X  ~~  a  J  yX  T"  Of 

,                                     ?wx+n             A  B 

Assume  , tt — rTT= 1- 


(x-a)(x+6)     x-a     x+h' 
.*.    mx  +  n=.4(x  +  6)+B(x-a) (1). 

We  might  now  equate  coefficients  and  find  the  values  of  A  and  £,  but  it 
is  simpler  to  proceed  in  the  following  manner. 

Since  A  and  B  are  independent  of  x,  we  may  give  to  x  any  value  we  please. 
In  (1)  put  x-a=0,  orx=a;  then 

ma-k-n 


A  = 

putting  x  +  &=0,  or  x= -&,        B= 


a  +  b  ' 
mb  —  n 


mx+n       _    1     /ma+n     mb-n\ 
(x-a)(x+6)'"a+6  \  x-a        x+bj' 
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2Sx  -  11a;* 

Example  3.    Resolve  -r^ tt-tt; «v  ^^  partial  fractions. 

^  (2x  - 1)  (9  -  ar') 

23a;  -  lla;*                 A           B          C  . 

^®^®  (2a;-l)(3+a;)(3-x)""2^^'*"3T^'*'3^ ^^^' 

.-.  23x-llar»=^(3+a;)(3-a;)+B(2a;-l)(3-x)  +  C(2x-l)(3  +  a:). 

By  patting  in  succession  2x~l=0,  3+s6=0,  3-a;=0,  we  find  that 

^  =  1,  B=4,  C=-l. 

23a;  -  lla;«  1  ^    _    i_ 

•*•    (2a;-l)(9-x»)~2x-l"*'3  +  «     3-aj* 

3^.2  ^  /p  _  2 
Example  4.    Resolve  -^ otan  _o  \  "^*^  partial  fractions. 

3a;''  +  a;-2             ABC 
Assume  ; prrrTi — ttt  =  ^i — s  ■  H s  + 


(a; - 2)'' (1  - 2a;)  "  1  - 2a;     x-2  •^(x-2)2' 
.-.    3x2  +  x-2  =  ^(x-2)2  +  B(l-.2a;)(x-2)  +  C(l-2x). 

Let  l-2x=0,  then  A=--\ 

«5 

let  X- 2=0,  then  C^-4c, 

To  find  £,  equate  the  coefficients  of  x' ;  thus 

3  =  ^-2B;  whence  B=-^. 


3x«  +  x-2 


••    (x - 2)'» (1  - 2x) "    3(l-2x)     3(x-2)      (x-2)»" 

42-19x 
Example  5.    Resolve  -^ — =y7 — jr  into  partial  fractions. 

(a»  + 1)  (X  —  4j 

.                                   42-19X         ix  +  B        C 
Assume  -7-= — =-r; t.  =  -s-t-t-  + 


(x«  +  l)(x-4)      x^  +  i  ^a;_4' 
.-.    42-19x=(4x+B)(x-4)  +  (7(x2+l). 

Let  x=4,  then  C=-2; 

equating  coefficients  of  x*,        0 = ii  +  0,  and  ^ = 2 ; 

equating  the  absolute  terms,  42=  -  4B  +  C,  and  B  =  - 11, 

42-19X     _2x-ll        2 
•'•    (aj»+l)(x-4)""  x2  +  l  "x-4* 

317.     The  artifice  employed  in  the  following  example  will 
sometimes  be  found  useful. 
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Example,    Resolve  -7 — ^vti ?t-  "ito  partial  fractions. 

^  (af-2)*(a+l) 

9««-24a;a+4ar        A         f(x) 

Assume  —, jrrTT — .   n\~  =  — TT  + 


(aj-2)*(a:  +  l)       a;  +  l  '  (a;-2)** 

where  ii  is  some  constant,  and  /  (x)  a  function  of  x  whose  value  remains  to 
be  determined. 

.-.    9«»-24««  +  48a!=.l(a;-2)<+(a;+l)/(x). 
Let  «=  - 1,  then  ^  =  - 1. 

Substituting  for  A  and  transposing, 

(aj  +  l)/(a;)  =  («-2)*+9a?-24aj»  +  48x=a5*  +  «»+16a;+16; 

.-. /(a;)  =  x«+16. 

To  determine  the  partial  fractions  corresponding  to  ~. — — ,  put  x-2=zz\ 

x8  +  16      («  +  2)»  +  16     z^  +  ^z^  +  12z  +  24. 

then  ■; jrr:  =  7 = i 

(x  -  2}*  z*  z^ 

_1      6^     12     24 

16  12  24 


"a;-2  "(a;-2)2  '  (x-^f  '  (a!-2)** 

9x»-24a?^  +  48a;_ L_4._i_  6  12  24 

•*•     "(^^)*(a;+l)  ~    ar  +  1     a:-2'*'(a;-2)2"^  (a;-2)»"^(^^p* 

318.  In  all  the  preceding  examples  the  numerator  has  been 
of  lower  dimensions  than  the  denominator ;  if  this  is  not  the  case, 
we  divide  the  numerator  by  the  denominator  until  a  remainder  is 
obtained  which  is  of  lower  dimensions  than  the  denominator. 

Example,    Resolve      ^^         .,   into  partial  fractions. 


By  division, 


6^  +  5x».7^2«.4-3+      '^-^ 


^a^-2x-l  •     ^%x^-2x-X' 


,                                 8a;-4             5  1 

and  -^-^ — ;  = 4- 


3a5«-2a5-l     3x  +  l     x-1' 

=  2x  +  3  +  r -  + 


3ic2-2a;-l  '     "^3a;+l^a;-l* 

319.     We   shall   now   explain   how   resolution    into    partial 
fractions  may  be  used  to  facilitate  the  expansion  of  a  rational 
fraction  in  ascending  powers  of  x. 
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Example  1.    Find  the  general  term  of  .  _m2/i  -9  \  ^^®^  expanded  in  a 
series  of  ascending  powers  of  x. 

By  Ex.  4,  Art.  316,  we  have 

3x*+ar-2  16  4 


(«- 2)2(1 -2a;)"    3(l-2«)     3(x-2)      {x-2y 

1  6 4 

""    3(l-2ar)'*"3(2-aj)     (2-a;)a 

=  _l(X-2.)-.4(l-|)--(l-|)-. 

Hence  the  general  term  of  the  expansion  is 

/     2»'     6     1     r+l\    ^ 

Example  2.    Expand  j= \  n  ^  v\  ^^  ascending  powers  of  x  and  find 

the  general  term. 

.  7  +  x A     ,  Bx  +  C 

^^®''°'®  (l  +  ^HlT^  "■  1+^  "*■  TTF  ' 

.-.     7  +  x=A(l  +  x^)  +  {Bx+G){l  +  x). 

Letl+x-O,  thenil=3; 

equating  the  absolute  terms,      7=A  +  C,    whence  C = 4 ; 

equating  the  coefficients  of  x^,    0=A  +  B,    whence  5  =  -  3. 

7+x  3        4-3x 


(1  +  X)(H-X2)        1  +  X"^1  +  X2 

=3(l+x)-i  +  (4-3x)(l+x2)-i 

=  3{l-x  +  x8- +  {-.l)PxP+...} 

+  {i-3x)  {l^x^  +  a^- +  (-l)Pa:«P+...}. 

To  find  the  coefficient  of  x^ : 

r 

(1)  If  r  is  even,  the  coefficient  of  x*"  in  the  second  series  is  4  ( - 1)  * ; 

r 

therefore  in  the  expansion  the  coefficient  of  x**  is  3  +  4  ( - 1)  ^. 

(2)  If  r  is  odd,  the  coefficient  of  af  in  the  second  series  is  -  8  ( - 1)  ^  , 

r+l 

and  the  required  coefficient  is  3  ( -  1)  ^   -  3. 

EXAMPLES.    XXTTT. 

Resolve  into  partial  fractions : 

7x-l  rt  46  + 13a?  l+3a?+2a72 

1»        :; ? .    n    o  •  **•        ^n.o 7t Tie  •  ^» 


l-5^+ap2-  -•     124;8-lla?-15*  •     ^\-'5.x^Vy-a5^" 
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4. 

6. 

8. 
10. 


9 

(^+l)(^+5)' 
(x-iy      • 


5. 

7. 

9. 

11. 


a?(j?-l)(2a7+3)' 

(4r+ 1)8(^-3)     • 

2j;«- 11^+5 
(^-3)(a;a  +  2^-6)" 

(a^«-l)(^+l)3* 


Find  the  general  term  of  the  following  expressions  when  expanded 
in  ascending  powers  of  a;, 

5x+6  ,,      ^  +  7a-  +  3 


12. 


15. 


17. 


19. 


21. 


l  +  3a; 
l  +  lla7+28a;2* 

2j?-4 

(l-a^){l-2x)' 

3  +  207-07^ 

(l+ar)(l -4^7)2* 

2a?+l 

(a;-l)(^+l)* 


13. 


(2+0?)  (1-^)'  ^^    .t72+74r+10* 

4+307+2^ 


16. 


18. 


20. 


22. 


(1-^)  (1+^-2472)* 

4+7^         • 
(2  +  307)  (1+^)2  • 

l-^+2a72 
3-2^2 


(1-007)  (1-6:17)  (1-C47)* 

23.    Find  the  sum  of  n  terms  of  the  series 

1  07 


(2-3o?+o;2)2' 


072 


^^)      (1+Or)  (1+072)  "^(1+072)  (1+073) +  (1+073)  (1+07*)"*" 

m  a^(l-€uv)  go?  (1  -  a^x) 

^  ^    (l+07)(l  +  ao7)(l+a2o7)'^(l  +  ao7)(l+a2o7)(l+a3o7)'^' 

24.  When  07  <  1,  find  the  simi  of  the  infinite  series 

1 072 07* 

(1  -07)  (1  -073)  ■*"  (1  _a^^  (1  -076)  ■*"  (1  -076)  (1  -077)  "*■ 

25.  Sum  to  n  terms  the  series  whose  p*^^  term  is 

07P(1+07P  +  ^) 

("1  -  O7P)  (1  -07P  +  1)  (1  -07l'  +  2)  • 

26.  Prove  that  the  sum  of  the  homogeneous  products  of  n  dimen- 
sions which  can  be  formed  of  the  letters  a,  6,  0  and  their  powers  is 

a^Q)-  c) +62  (<j  -  a)+c»  (a  -  6)       ' 


CHAPTER  XXIV. 
Recurring  Series. 

320.  A  series      u^-^u^  +  Ug  +  u^+ , 

in  which  from  and  after  a  certain  term  each  term  is  equal  to  the 
sum  of  a  fixed  number  of  the  preceding  terms  multiplied  respec- 
tively by  certain  constants  is  called  a  recnrring  series. 

321.  In  the  series 

l  +  2a;  +  3ic*  +  4a5'  +  6a;*+ , 

each  term  after  the  second  is  equal  to  the  sum  of  the  two 
preceding  terms  multiplied  respectively  by  the  constants  2x,  and 
-sc^;  these  quantities  being  called  constants  because  they  are 
the  same  for  all  values  of  n.     Thus 

that  is, 

and  generally  when  n  is  greater  than  1,  each  term  is  connected 
with  the  two  that  immediately  precede  it  by  the  equation 

u  =  2xu    .  —  sc^u 

or  u^  -  2ocu^_^  +  aJ^w,_j  =  0. 

In  this  equation  the  coefficients  of  w^,  w,_,,  and  **„_,,  taken 
with  their  proper  signs,  form  what  is  called  the  scale  of  relation. 

Thus  the  series 

1  +2aj  +  3a:^  +  4a;®  +  5a;*+ 

is  a  recurring  series  in  which  the  scale  of  relation  is 

1  -  2a5  +  a*. 

322.  If  the  scale  of  relation  of  a  recurring  series  is  given, 
any  term  can  be  found  when  a  sufficient  number  of  the  ^tQA^<^xss% 
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terms  are  known.  As  the  method  of  procedure  is  the  same 
however  many  terms  the  scale  of  relation  may  consist  of,  the 
following  illustration  will  be  sufficient. 

If  1-px-qaf  —  ra^ 

is  the  scale  of  relation  of  the  series 

a^  +  a^x  +  a^  +  a^  + 


we  have 

thus  any  coefficient  can  be  found  when  the  coefficients  of  the 
three  preceding  terms  are  known. 

323.  Conversely,  if  a  sufficient  number  of  the  terms  of  a 
series  be  given,  the  scale  of  relation  may  be  found. 

Example.    Find  the  scale  of  relation  of  the  recurring  series 

2  +  6aj  + 13x2.^35^^ 

Let  the  scale  of  relation  be  1  -pa;  -  qx^;  then  to  obtain  p  and  q  we  have 
the  equations  lS-5p-2q= 0,  and  35  -  IBp -5q=0; 

whence  2) =5,  and  9:^-6,  thus  the  scale  of  relation  is 

1  -  6a;  +  6a;*. 

324.  If  the  scale  of  relation  consists  of  3  terms  it  involves 

2  constants,  p  and  q;  and  we  must  have  2  equations  to  de- 
termine p  and  q.  To  obtain  the  first  of  these  we  must  know 
at  least  3  terms  of  the  series,  and  to  obtain  the  second  we 
must  have  one  more  term  given.  Thus  to  obtain  a  scale  of 
relation  involving  two  constants  we  must  have  at  least  4  terms 
given. 

If  the   scale   of  relation   be   1  —  px  —  qaf  -  ra^,   to   find  the 

3  constants  we  must  have  3  equations.  To  obtain  the  first  of 
these  we  must  know  at  least  4  terms  of  the  series,  and  to  obtain 
the  other  two  we  must  have  two  more  terms  given;  hence  to  find 
a  scale  of  relation  involving  3  constants,  at  least  6  terms  of  the 
series  must  be  given. 

Generally,  to  find  a  scale  of  relation  involving  m  constants, 
we  must  know  at  least  2m  consecutive  terms. 

Conversely,  if  2m  consecutive  terms  are  given,  we  may  assume 
for  the  scale  of  relation 

l^p^x-p^a^-p^x^" -Pjc" 
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325.  To  find  tJie  sum  qfn  terms  of  a  recurring  series. 

The  method  of  finding  the  sum  is  the  same  whatever  be  the 
scale  of  relation;  for  simplicity  we  shall  suppose  it  to  contain 
only  two  constants. 

Let  the  series  be 

a^  +  a^x  +  a^x*  +  a^cd^  + (1) 

and  let  the  sum  be  aS^;  let  the  scale  of  relation  be  1  —px  —  qa^; 
so  that  for  every  value  of  n  greater  than  1,  we  have 

Now  /S'=a„+    a,fl3+    a„aj*+...+    a    ,fl5""'\ 

—px  S=      —pttffC  —pa^x'—  ...  -  pd^^^ocT"^  —pa^_^^ 

-qot^  S=  -  q%oif  -  ...  -  qa^^^*"^  - qa^^^x"-  qa^_^jX'''^\ 

.-.  (1  -px  -  qjf)  aS'  =  a,  +  (a,  -pa^)  x  -  {pa„_,  +  qa^_^)  a^  -  qa^^.x^'^'y 

for  the  coefficient  of  every  other  power  of  x  is  zero  in  consequence 
of  the  relation 

.^  ^  _  gp  +  (a,  -pa,)  X     (pa^_,  +  qa^_^)  x"  +  qa,_,x''^' 
l—px-qjif  l-px-qatf 

Thus  the  sum  of  a  recurring  series  is  a  fraction  whose  de- 
nominator is  the  scale  of  relation. 

326.  If  the  second  fraction  in  the  result  of  the  last  article 
decreases  indefinitely  as  n  increases  indefinitely,  the  sum  of  an 

infinite  number  of  terms  reduces  to  -A: — ^-* —     °^     . 

1  -px-qaf 

If  we  develop  this  fraction  in  ascending  powers  of  x  as 
explained  in  Art.  314,  we  shall  obtain  as  many  terms  of  the 
original  series  as  we  please ;  for  this  reason  the  expression 

1  -px  —  qx^ 
is  called  the  generating /unction  of  the  series. 

327.  From  the  result  of  Art.  325,  we  obtain 

_q^__i — I-  0/     ^a+a,x  +  a.a^+  ...+a    .ic"+' 
I  —px  —  qxr  0       i         a  n  1 
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from  which  we  see  that  although  the  generating  function 

a,-t-(a,--/?a,)fl; 
1  —px  —  qx^ 

may  be  used  to  obtain  as  many  terms  of  the  series  as  we  please, 
it  can  be  regarded  as  the  true  equivalent  of  the  infinite  series 

a^-^-a^x  +  a^  + , 

only  if  the  remainder 

1  —px^qsf 

vanishes  when  n  is  indefinitely  increased ;  in  other  words  only 
when  the  series  is  convergent. 

328.  When  the  generating  fwnctxon  can  be  expressed  as  a 
group  of  partial  fractions  the  general  term  of  a  recurring  series 
may  be  easily  found.  Thus,  suppose  the  generating  function 
can  be  decomposed  into  the  partial  fractions 

A  B  C 

1—005      \+hx     (1— ca:)'* 

Then  the  general  term  is 

{AaT  +  (-  1)'  ^6'  +  (r  +  1)  Cc'}  af. 

In  this  case  the  sum  of  n  terms  may  be  found  without  using 
the  method  of  Art.  325. 

Example,    Find  the  generating  fanotion,  the  general  term,  and  the  sum 
to  n  terms  of  the  reonmng  series 

l-7x-x»-43«»- 

Let  the  scale  of  relation  be  1  -px  -  q^ ;  then 

-l  +  7p-q=0,  -43+p  +  73=0; 

whence  j>  =  1,  9=6 ;  and  the  scale  of  relation  is 

l-a?-6x*. 

Let  S  denote  the  sum  of  the  series;  then 

5f=l-7«-   x»-4ar»- 

-xS=    -   x  +  7x»+     «>  + 

-6a:*5=  -6x«  +  42x»+ 

.-.     (l-x-6x»)5=l-ar, 

^  which  ia  the  ^renerating  function. 
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If  we  separate  = — ~    ^  ,  into  partial  fractions,  we  obtain  = — ^ —  i — tt-  ; 
whence  the  (r + 1)*  ox  general  term  is 

Putting  r=0,  1,  2,...n  - 1, 

the  sum  to  n  terms 

=  {2-22a;  +  28aj«-...  +  (-l)»-i2~ic»-i}-(l4-3a:  +  32ar«+...  +  3«-ia-«-i) 
2+(-l)*»-^2**+^a;**     1  -  3»  a;** 
l  +  2aj  "    l-3a;    * 

329.  To  find  the  general  term  and  sum  of  n  terms  of  the 

recurring  series   aQ  +  ai-ha^+  ,   we  have   only  to  find  the 

general  term  and  sum  of  the  series  a^  +  a^x  +  a^a^  + ,  and  put 

a;  =  1  in  the  results. 

Example*    Find  the  general  term  and  sum  of  n  terms  of  the  series 

1  +  6  +  24  +  84+ 

The  scale  of  relation  of  the  series  1  +  6a;  +  24aj'  +  84ar'»  + . . .  is  1  -  5aj  +  60:*, 

1  +3? 

and  the  generating  function  is  - —  ^ . 

This  expression  is  equivalent  to  the  partial  fraction.<4 

j4 3_ 

l-3a!     l-2a?' 

If  these  expressions  be  expanded  in  ascending  powers  of  x  the  general 
tennis  (4 . 3'- -  3 .  2»')  x»-. 

Hence  the  general  term  of  the  given  series  is  4  .  3**- 3 .  2^;  and  the  sum 
of  n  terms  is  2  (3»- 1)  - 3  (2*»- 1). 

330.  We  may  remind  the  student  that  in  the  preceding 
article  the  generating  function  cannot  be  taken  as  the  sum  of 
the  series 

1  +6a;+24iB*+84a3'+ 

except  when  x  has  such  a  value  as  to  make  the  series  convergent. 
Hence  when  a;  =  1  (in  which  case  the  series  is  obviously  divergent) 
the  generating  function  is  not  a  true  equivalent  of  the  series. 
But  the  general  terra  of 

1  +  6  +  24  +  84  + 

is  independent  ofx^  and  whatever  value  x  unay  have  it  will  always 
be  the  coefficient  of  x"  in 

1  +  6a;  +  24aj' +  84a;' + 

We  therefore  treat  this  as  a  convergent  series  and  &A  Vu^ 
general  term  in  the  usual  way,  and  then,  "pxit  x  =\, 
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EXAMPLES.    ZZIV. 

Find  the  generating  function  and  the  general  term  of  the  following 
series: 

1.     1+6^+9^+13^+ 2,     2-a;+5x^-1afl+ 

3.     2  +  3ar+6^  +  94;S+ 4.     1 -ex  +  9a!^+21a^+ 

5.  3  +  6a;+l4a^-\-Zex^+98x^+216x^+ 

Find  the  n^  term  and  the  sum  to  n  terms  of  the  following  series : 

6.  2+6  +  13+36  + 7.     -l  +  6a;2+30^+ 

8.  2  +  7:ir+26:i;*+9l4;S+ 

9.  l  +  2^+6^+20a73  +  66a7*+212d;6_^ 

10.     -|  +  2  +  0  +  8  + 


11.  Shew  that  the  series 

12  +  22+32+42+ +w2, 

13+23+33+43+ +7^3^ 

are  recurring  series,  and  find  their  scales  of  relation. 

12.  Shew  how  to  deduce  the  sum  of  the  first  -n  terms  of  the  re- 
curring series 

ao+*i^+%^+®3^+ •••••• 

from  the  sum  to  infinity. 

13.  Find  the  sum  oi2n+l  terms  of  the  series 

3-1  +  13-9  +  41-53  + 

14.  The  scales  of  the  recurring  series 

aQ+aiJp+a^-\-a^+ , 

6o+V+^2^+^3^+ > 

are  l+ps+qa^^  l+rar+«a72, 'respectively;  shew  that  the  series  whose 
general  term  is  {af^+b^)af*  is  a  recurring  series  whose  scale  is 

I  +  (p  -{-r)  X  ■{■  (q+s+pr)  a^  +  (qr+ps)  a^+qsx*, 

15.  If  a  series  be  formed  having  for  its  n*'^  term  the  sum  of  n  terms 
of  a  given  recurring  series,  shew  that  it  will  also  form  a  recurring 
series  whose  scale  of  relation  will  consist  of  one  more  term  than  that 
of  the  given  series. 


CHAPTER  XXV. 


CONTINUED   FRACTIONS. 


331.     All  expression  of   the  form  a+  is   called   a 

a 

c+  - 
e  +  ... 

continued  fraction ;  here  the  letters  a,  6,  c, may  denote  any 

quantities  whatever,  but  for  the  present  we  shall  only  consider 

the  simpler  form  a^  +  j  ,  where  a^,  a„  ag,.--  are  positive 

integers.     This  will  be  usually  written  in  the  more  compact  form 

1        1 


a,  + 


332.  When  the  number  of  quotients  a,,  a^,,  a^,,,.  is  finite  the 
continued  fraction  is  said  to  be  terminating;  if  the  number  of 
quotients  is  unlimited  the  fraction  is  called  an  infinite  continued 
fraction. 

It  is  possible  to  reduce  every  terminating  continued  fraction 
to  an  ordinary  fraction  by  simplifying  the  fractions  in  succession 
beginning  from  the  lowest. 

333.  To  convert  a  given  fraction  into  a  continvsd  fraction. 

Let  —  be  the  given  fraction;  divide  m  by  n,  let  a   be  the 
n 

quotient  and  p  the  remainder ;  thus 

m  o  1 

—  =  «+-=  a,  4--: 
n  n       ^     n 

V 
H.  H.  A  \^ 
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divide  n  by  p,  let  a^  be  the  quotient  and  q  the  remainder ;  thus 


n  a  1 

-  =  «,  +  -  =  «,  +  -; 

p  p  P 


divide  p  by  q^  let  a^  be  the  quotient  and  r  the  remainder ;  and  so 
on.     Tims 


m 

—  =  a.  + 
n 


1 


'  1 


=  aj  + 


1        1 


«,+  «»  + 


«3+   ••• 


If  m  is  less  than  n^  the  first  quotient  is  zero,  and  we  put 

m_  1 

n      n 

m 

and  proceed  as  before. 

It  will  be  observed  that  the  above  process  is  the  same  as  that 
of  finding  the  greatest  common  measure  of  m  and  n ;  hence  if  m 
and  n  are  commensurable  we  shall  at  length  arrive  at  a  stage 
where  the  division  is  exact  and  the  process  terminates.  Thus 
every  fraction  whose  numerator  and  denominator  are  positive 
integers  can  be  converted  into  a  terminating  continued  fraction. 

Example,    Beduce  ^^r^  to  a  continued  fraction. 

Finding  the  greatest  common  measure  of  251  and  802  by  the  usual 
process,  we  have 

3 

8 

and  the  successive  quotients  are  3,  5,  8,  6 ;  hence 

?y  =  A  _L  Jl.  i 

802     3+    6+    8+    6' 


5 

251 

802 

6 

6 

49 
1 

334.     The  fractions  obtained  by  stopping  at  the  first,  second, 

third, quotients  of  a  continued  fraction  are  called  the  first, 

second,  third, convergents,  because,  as  will  be  shewn  in 

Art.  339,  each  successive  convergent  is  a  nearer  approximation 
to  the  true  value   of   the  continued  fraction  than  any  of   the 
preceding  convergents. 
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335.  To  shew  that  the  cowoergenta  are  altematdy  less  and 
greater  thorn,  the  continued  fraction, 

1        1 
Let  the  continued  fraction  be  a.  + 

The  first  convergent  is  a^ ,  and  is  too  small  because  the  part 

11..  1 
...  is  omitted.     The  second  convergent  is  a,  +  — ,  and  is 

too  great,  because  the  denominator  a^  is  too  small.     The  third 

convergent  is  a,  H ,  and  is  too  small  because  a„  +  —  is  too 

great ;  and  so  on. 

When  the  given  fraction  is  a  proper  fraction  a^  =  0 ;  if  in  this 
case  we  agree  to  consider  zero  as  the  first  convergent,  we  may 
enunciate  the  above  results  as  follows : 

The  convergerUs  of  an  odd  order  a/re  all  less,  amd  the  convergents 
of  an  even  order  are  aU  greater,  than  the  continued  fraction, 

336.  To  establish  the  law  of  formation  of  the  successive  con- 
vergents. 

Let  the  continued  fraction  be  denoted  by 

1        1        1 


aj  + 


^2+      ^3+      ^4'*" 


then  the  first  three  convergents  are 

a^     a,a,+  l      a^{a^a^+\)  +  a^  ^ 
1  '         a,       '  ^3 .  a,  + 1       ^ 

and  we  see  that  the  numerator  of  the  third  convergent  may  be 
formed  by  multiplying  the  numerator  of  the  second  convergent 
by  the  third  quotient,  and  adding  the  numerator  of  the  first  con- 
vergent ;  also  that  the  denominator  may  be  formed  in  a  similar 
manner. 

Suppose  that  the  successive  convergents  are  formed,  in  a 
similar  way;  let  the  numerators  be  denoted  by  j»j,  je?^,  JO3,...,  and 
the  denominators  by  ^'p  q^,  S'a,--. 

Assume  that  the  law  of  formation  holds  for  the  w*^  convergent; 
that  is,  suppose 
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The  (n  +  1)***  convergent  differs  from  the  n^  only  in  having 

the  quotient  a^  + in  the  place  of  a^]  hence  the  (n+  1)***  con- 

vergent 

_     n+\Pn — Pn-i  ^  j^    suDpositlon. 
If  therefore  we  put 

we  see  that  the  numerator  and  denominator  of  the  (n  +  1)***  con- 
vergent follow  the  law  which  was  supposed  to  hold  in  the  case  of 
the  n*\  But  the  law  does  hold  in  the  case  of  the  third  con- 
vergent, hence  it  holds  for  the  fourth,  and  so  on;  therefore  it 
holds  universally. 

337.  It  will  be  convenient  to  call  a^  the  w*^  partial  quotient; 

the  complete  quotient  at  this  stage  being  a^  +  ^ .... 

a  .   -^  a      + 

We  shall  usually  denote  the  complete  quotient  at  any  stage  by  k. 
We  have  seen  that 

Pn^^nPn-i-^Pn^,, 
9n         anS'.-i  +  V/ 

let  the  continued  fraction  be  denoted  by  x ;  then  x  differs  from 

P 

~  only  in  taking  the  complete  quotient  k  instead  of  the  partial 

quotient  a, ;  thus 

338.  If  ^  be  the  n*^  convergent  to  a  continued /raction,  then 

Pnqn-l-Pn-iqn=^(-lr. 

Let  the  continued  fraction  be  deno^d  by 

111 


a^-\- 


a,+  ttj-v  a^-v 
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then 

-i-^)(Pn-X^n-,''Pn-29n-.x) 

=  (-!)'  (Pn-  2  9n-s  -Pn-3  S',-,),  Similarly, 


-(-ly-'ip^^x-p^q^y 

But        p,qi-Piqs  =  {ci'ia^  +  l)-(h'<^2  =  ^  =  (-'^y'y 
hence  ^«^«-i-^«-i^«=  (- 1)". 

When  the  continued  fraction  is  less  than  unity,  this  result  will 
still  hold  if  we  suppose  that  a^  =  0,  and  that  the  first  convergent 
is  zero. 

Note.  When  we  are  calculating  the  numerical  value  of  the  successive 
convergents,  the  above  theorem  furnishes  an  easy  test  of  the  accuracy  of  the 
work. 

Cor.  1.  Each  convergent  is  in  its  lowest  terms ;  for  if  je>„  and 
q^  had  a  common  divisor  it  would  divide ;?„  9n-i—Pn~i  ?n>  ^^  unity ; 
which  is  impossible. 

Cor.  2.  The  difference  between  two  successive  convergents  is 
a  fraction  whose  numerator  is  unity ;  for 

Pn  _.  Pn-l  ^  Pn  g,-i  ^ Pn-1  g,  ^  1 

^n         S'n-l  S'«9'— 1  9n9n-l' 

EXAMPLES.    XXV.  a. 

Calculate  the  successive  convergents  to 
-      „       11111 

1.       2+r- 


2. 


6+    1+    1+    11+    2' 

J. 1 1 1 1 1_    1 

2+    2+    3+    1+    4+    2+    6' 


111111 
'''       ^3+    1+    2+    2+    1+9' 

Express  the  following  quantities  as  continued  fractions  and  find  the 
foiu*ih  convergent  to  each. 

263  832.  1189  m_ 

*•     179*  •     159'  •    3927*  2318' 

8.    -37.  9.    1139.  10.    -30^^.  W.    V^'V^. 
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12.  A  metre  is  39*37079  inches,  shew  by  the  theory  of  continued 
fractions  that  32  metres  is  nearly  equal  to  35  yards. 

13.  Find  a  series  of  fractions  converging  to  '24226,  the  excess  in 
days  of  the  true  tropical  year  over  366  days. 

14.  A  kilometre  is  very  nearly  equal  to  '62138  miles;  shew  that 
the  fractions  5,  g^,  ^,  j^  are  successive  approximations  to  the 
ratio  of  a  kilometre  to  a  mile. 

15.  Two  scales  of  equal  length  are  divided  into  162  and  209  equal 
parts  respectively;  if  their  zero  points  be  coincident  shew  that  the 
31'*  division  of  one  nearly  coincides  with  the  40"*  division  of  the  other. 

16.  If  -i 9-. — r-q  is  converted  into  a  continued  fraction,  shew 

that  the  quotients  are  n—1  and  n+1  alternately,  and  find  the  suc- 
cessive convergents. 

17.  Shew  that 

(1)     Pn  +  l-Pn-l^Pn 

<«  ('r-')('-fc!)-fe--')('-fc'}- 

18.  If  —  is  the  n*^  convergent  to  a  continued  fraction,  and  a^  the 
corresponding  quotient,  shew  that 

339.     Hack  convergent  is  nearer  to  the  continued  fraction  than 
amy  of  the  'preceding  convergents. 

Let   X  denote  the   continued  fraction,  and  •^,  ^2±i,   ^i±i 

three  consecutive  convergents;  then  x  differs  from  ^2±i  only  \^ 
taking  the  complete  (n  +  2)^  quotient  in  the  place  of  »,+,;  denote 
this  by  A;;   thus  a;=^5±i±?!.. 
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Now  k  is  greater  than  unity,  and  q^  is  less  than  q^^^\  hence  on 
both  accounts  the  difference  between  ^-'^^  and  x  is  less  than  the 

P 
difference  between  — "  and  x]  that  is,  every  convergent  is  nearer 

to  the  continued  fraction  than   the  next  preceding  convergent, 
and  therefore  a  fortiori  than  any  preceding  convergent. 

Combining  the  result  of  this  article  with  that  of  Art.  335,  it 
follows  that 

the  convergenta  of  an  odd  order  contimcally  increase^  hut  are 
always  less  than  the  contirmed  fraction  ; 

the  convergenta  of  an  even '  order  contimbaUy  decrease^  hut  are 
always  greater  than  the  contimied  fraction, 

340.     To  find  limits  to  the  error  made  iii  taking  any  convergent 
for  the  continued  fraction, 

P      P         P 
Let  — ,   ^-^^* ,   ^-^*^  be  three  consecutive  convergents,  and  let 

k  denote  the  complete  (n  +  2)*°  quotient; 
then  .:=^^ti±^-, 

p  k  1 


(^-■^l) 


Now  k  is  greater  than  1,  therefore  the  difference  between  x  and 

»  1  1 

^  is  less  than ,  and  greater  than  — -. r , 


P      * 

Again,  since  9'„+j>5'„,  the  error  in  taking  -^  instead  of  x  is 

less  than  — g  and  greater  than  jrj-    • 

341.     From   the   last   article  it   appears   that   the   error  in 
taking  ^  instead  of  the  continued  fraction  is  less  than , 

or  — r  !   that  is,  less  than , ;  hence  the  larger 

^i.+i  ^>  ^^®  nearer  does  ~  approximate  to  the  contixv^l^dl^%.^\^sya.\ 

in 
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therefore,   mvy   convergent  which  immediately  precedes   a  large 
quotient  is  a  near  approximation  to  the  contimied  fraction. 

Again,  since  the  error  is  less  than  — ^ ,  it  follows  that  in  order 

to  find  a  convergent  which  will  differ  from  the  continued  fraction 

by  less  than  a  given  quantity  -,  we  have  only  to  calculate  the 

a 

successive  convergents  up  to  — ,  where  q^  is  greater  than  a. 

in 

342.  The  properties  of  continued  fractions  enable  us  to  find 
two  small  integers  whose  ratio  closely  approximates  to  that  of 
two  incommensurable  quantities,  or  to  that  of  two  -quantities 
whose  exact  ratio  can  only  be  expressed  by  large  integers. 

Example.    Find  a  series  of  fractions  approxunating  to  3*14159. 

In  the  process  of  finding  the  greatest  common  measure  of  14159  and 
100000,  the  successiYe  quotients  are  7, 15, 1,  25, 1,  7,  4.    Thus 

oi^iKQ    o.l       1       1       1       111 

3*14159  =  3  + ;r—  ■^-=—    = — —    ^ =—  -, 

7+15+1+26+1+7+4 
The  successive  convergents  are 

3     22     333     355 


1*    7  '   106'   113* 


this  last  convergent  which  precedes  the  large  quotient  25  is  a  very  near 
approximation,  the  error  being  less  than  ^= — rt~To\9  *  ^^d  therefore  less  than 

1 

,  or *000004. 


25  X  (looy 


343.  Any  convergent  is  nearer  to  tlie  contimied  fraction  than 
any  other  fraction  whose  denominator  is  less  them  tha^t  of  tJie 
convergent. 

Let  X  be  the  continued  fraction,  '^,    ^-2=>  two  consecutive 

r  , 

convergents,  -  a  fraction  whose  denominator  s  is  less  than  q  . 

If  possible,   let  -  be  nearer  to  x  than  ^ ,  then  -  must  be 
nearer  to  x  than  ^-^^^  FArt.  3391 :  and  since  x  lies  between  ^  and 
"^-^^9  it  foUowa  that  -  must  lie  between  ^  and  ^-^^^ . 
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Hence 

«     9-.-.     9-.     ?.-.  2.q.-, 

that  is,  an  integer  less  than  a  fraction;   which  is  impossible. 
Therefore  — "  must  be  nearer  to  the  continued  fraction  than  - . 

344.     If  -  i    —,  be  ttvo  consecutive  convergents  to  a  contimied 
Jraction  x,  titen  — ,  is  greater  or  less  than  x*,  according  as  -  is 

q 

Let  k  be  the  complete  quotient  corresponding  to  the  con- 
vergent immediately  succeeding  — , ;   then  x  =  -^, —    , 

qq'  {kq'  +  qy 
The  factor  k^p'q' - pq  is  positive,  since p' > p,  q' >- q,  and  k>l; 
hence  ^  >  or  <  a;',  according  as  je>^'  -p'q  is  positive  or  negative ; 

that  is,  according  as  -  >  or  <  — , . 

Cor.  It  follows  from  the  above  investigation  that  the  ex- 
pressions pq'  -p'q,  pp'  -qquf^i  P^  -ff^^  q'^oi?-p'^  have  the  same 
sign. 


EXAMPLES.    XXV.  b. 

222 
1.     Find  limits  to  the  error  in  taking  ^^r^  yards  as  equivalent  to 

a  metre,  given  that  a  metre  is  equal  to  l*Od^Q  yac^. 
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2.  Find  an  approximation  to 

■^3+  6+  7+  9+  11+ 

which  differs  from  the  true  value  by  less  than  '0001. 

99 

3.  Shew  by  the  theory  of  continued  fractions  that  ^  differs  from 

1'41421  by  a  quantity  less  than      ^      . 

.      --  a8+6a2  +  13a+10  *•     ^  iv.    x-  a 

4.  Express     ,  ,  ^  ^  .  -.a  ^  .  -.it — r^  as  a  contmued  fraction,  and 

find  the  third  convergent. 

5.  Shew  that  the  difference  between  the  first  and  n}^  convergents 
is  numerically  equal  to 

Mi      Ms      Mi  2n-i9n 

6.  Shew  that  if  a^  is  the  quotient  corresponding  to  ^- , 

(1)  ^=a  +-i I ?—        J_  JL  1 

P»-l         "      «n-l+    «»-S+    <»»-l+     ■■■   «3+     «»+     «l' 

(2)  ^=«,+-l_   -±_  -i-   ...  J-    1. 

S'n-l  an-l+     <^n-2+    <*n-3+  «3+     «2 

7.  In  the  continued  fraction  — ,  shew  that 

a+  a+  a+  a+ 

(1)  Pn^+p\  +  i--Pn-iPn  +  l+PnPfi  +  2i 

(2)  Pn  =  9n-i' 

8.  If  "^  is  the  n^  convergent  to  the  continued  fraction 

J_  JL  JL_L  JL  JL 

a+  6+  «+  6+  a+  6+  ' 

shew  that  ?2»=i'2n+i>    2'2»-i=ji'2»- 

9.  In  the  continued  fraction 

1      111 
a+  6+  a+  6+  * 

shew  that 
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10.  Shew  that 

ala:-,-^ r    — r   r to  2/^  quotients ) 

=  CM?,H — - to  27^  quotients. 

11,  I^  Ijr  J   ^  >  ■&  ^i**^  *^®  ^**'>  (^ ""  1)*N  (^  -  2)***  convergents  to  the 
continued  fractions 


«!+    «j+    «3+  a8+    «3+    ^4+  a3+    «4+    «64- 

respectively,  shew  that 

12.    If  ~  is  the  %*•*  convergent  to 

1       11 

a+   «+  a+ 

shew  that  i?,^  and  q^  are  respectively  the  coefficients  of  a^  in  the 
expansions  of 

and 


1  — oo?— ^  1  — CM?— a;2* 

Hence  shew  that  i?»=^n-i  =  — 3^  1  where  a,  /3  are  the  roots  of  the 
equation  ^- at -1=0, 

13.     If  —  is  the  n***  convergent  to 

1111 

a+   6+   a+   6+  *"* 

shew  that  jo»  and  q^  are  respectively  the  coefficients  -of  af^  in  the 
expansions  of 


l-(a6+2)^+a;*  l-(a6+2)^  +  4;*  ' 

Hence  shew  that 

-Pzn  +  l  — ?2n cr^  ' 

where  a,  ^  are  the  values  of  a^  foimd  from  the  equation 

l-(a6+2)««  +  ^=0. 


CHAPTER  XXVI. 


INDETERMINATE  EQUATIONS   OF  THE  FIRST  DEGREE. 


345.  In  Chap.  X.  we  have  shewn  how  to  obtain  the  positive 
integral  solutions  of  indeterminate  equations  with  numerical  co- 
efficients; we  shall  now  apply  the  properties  of  continued  fractions 
to  obtain  the  general  solution  of  any  indeterminate  equation  of 
the  first  degree. 

346.  Any  equation  of  the  first  degree  involving  two  un- 
knowns X  and  y  can  be  reduced  to  the  form  ax^hy  =  ^c^  where 
a,  6,  c  are  positive  integers.  This  equation  admits  of  an  unlimited 
number  of  solutions ;  but  if  the  conditions  of  the  problem  require 
X  and  y  to  be  positive  integers,  the  number  of  solutions  may  be 
limited. 

It  is  clear  that  the  equation  ax'\-hy  =  —  c  has  no  positive 
integral  solution ;  and  that  the  equation  ax  —  hy^-cia  equivalent 
to  hy- ax  =^c'j  hence  it  will  be  sufficient  to  consider  the  equations 
aai^hy  =  c. 

If  a  and  h  have  a  factor  m  which  does  not  divide  c,  neither  of 
the  equations  aac^hy^c  can  be  satisfied  by  integral  values  of  x 
and  y ;  for  aac^hy  i^  divisible  by  m,  whereas  c  is  not. 

If  a,  6,  c  have  a  common  factor  it  can  be  removed  by  division; 
so  that  we  shall  suppose  a,  5,  c  to  have  no  common  factor,  and 
that  a  and  h  are  prime  to  each  other. 

347.  To  find  the  general  soltUion  in  positive  integers  of  the 
equation  ax  —  by  =  c. 

Let  T-  be  converted  into  a  continued  fraction,  and  let  —  denote 
h  ?        . 

the  convergent  just  preceding  t  \  th^n  coq—  6p  =  ±  1.     [Art.  338.] 
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I.  Ji  aq  —  bp  =  l,  the  given  equation  may  be  written 

ax  —  by  =  c  {aq  —  bp) ; 
.-.    a(x  —  cq)=b(y'^ cp), 

IsTow  since  a  and  b  have  no  common  factor,  x  —  cq  must  be 
divisible  by  b ;  hence  X''Cq  =  bt,  where  ^  is  an  integer, 

that  is,  x  =  bt  +  cq,  y  =  at  +  <^; 

from  which  positive  integral  solutions  may  be  obtained  by  giving 
to  t  any  positive  integral  value,  or  any  negative  integral  value 

CO       CD 

numerically  smaller  than  the  less  of  the  two  quantities  -^ ,    — ; 
also  t  may  be  zero;  tlius  the  number  of  solutions  is  unlimited. 

II.  If  o^r  —  6p  =  —  1,  we  have 

aac-by^  —  c  {aq  —  bp) ; 

.'.    a(x  +  cq)  =  b{y  +  cp)  ; 

x  +  cq     y  +  cp     ^         .   . 

.• .    — =— ^  = —  =  t,  an  integer ; 

0  a 

hence  x  =  bt  —  cq,  y  =  at-cp; 

from  which  positive  integral  solutions  may  be  obtained  by  giving 
to  t  any  positive  integral  value  which  exceeds  the  greater  of  the 

two  quantities  x »       '  ^^^^  ^^^®  number  of  solutions  is  unlimited. 


III.  If  either  a  or  6  is  unity,  the  fraction  j-  cannot  be  con- 
verted into  a  continued  fraction  with  unit  numerators,  and  the 
investigation  fails.  In  these  cases,  however,  the  solutions  may  be 
written  down  by  inspection;  thus  if  6  =  1,  the  equation  becomes 
ax  —  y  =  c'j  whence  y  —  ax—c,  and  the  solutions  may  be  found  by 

ascribing  to  x  any  positive  integral  value  greater  than  - . 

Note.  It  should  be  observed  that  the  series  of  values  for  x  and  y  form 
two  arithmetical  progressions  in  which  the  common  differences  are  h  and  a 
respectively. 
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Example.    Find  the  general  solution  in  positive  integers  of  29a;  -  42^=5. 

42  42 

In  converting  ^  into  a  continued  fraction  the  convergent  just  before  ^ 

is  -^ ;  we  have  therefore 

29xl3-42x9=-l; 
.•.  29x66-42x46=- 5; 

combining  this  with  the  given  equation,  we  obtain 

29(a;  +  65)=42(y  +  46); 

a;  +  66     y+46    '  .   . 

.•.-j2-  =  ^^=«,  an  integer; 

hence  the  general  solution  is 

a;=42«-66,  y=29«-46. 

348.  Given  one  solution  in  positive  integers  of  the  equation 
ax  -  by  =  c,  to  find  the  general  solution. 

Let  A,  A;  be  a  solution  of  oa;  -  6y  =  c ;  then  ah  —  bk  =  c, 

,\    ax-'hy  =  ah-hk] 

,\    a(x  —  h)  =  b(j/  —  k); 

^      x-h     y-k  . 

.' .    — J—  = =  t,  an  integer ; 

.*.    x  =  h  +  bty  y  =  k  +  at; 
which  is  the  general  solution. 

349.  To  find  the  general  solution  in  positive  integers  of  the 
equation  ax  +  by  =  c. 

Let  7-  be  converted  into  a  continued  fraction,  and  let  ~  be  the 
h  q 

convergent  just  preceding  rp  \  then  og'  —  6j»  =  *  1. 

L     If  ag'  —  5j»  =  1,  we  have 

003  +  6y  =  c  (aq  —  bp) ; 

/.    a{cq-x)  =  b  (y  +  cp) ; 

cq  —  x     y  +  cp 
.* .    -^-v —  =  - — -  =  t,  an  integer ; 

,*.    a  =  cq-btj  y  =  al-cp\ 
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from  which  positive  integral  solutions  may  be  obtained  by  giving 

CD  CO 

to  t  positive  integral  values  greater  than  —  and  less  than  -—  , 

Thus  the  number  of  solutions  is  limited,  and  if  there  is  no  integer 
fulfilling  these  conditions  there  is  no  solution. 

IL     If  a^  —  6p  =  -  1,  we  have 

CKC  +  6y  =  —  c  {aq  —  hp) ; 

.-.     a(x  +  cq)  =  b{cp  —  y)  ; 

x-hcq     cp-y 
,\     — =-^  =  — — -  =  t.  an  integer : 
ha 

,\    x=ht  —  cq^y  =  cp  —  at; 

from  which  positive  integral  solutions  may  be  obtained  by  giving 

to  t  positive  integral  values  greater  than  -^  and  less  than  — . 

As  before,  the  number  of  solutions  is  limited,  and  there  may  be 
no  solution. 

III.     If  either  a  or  6  is  equal  to  unity,  the  solution  may  be 
found  by  inspection  as  in  Art.  347. 

360.     Given  one  solution  in  positive  integers  of  the  equation 
ax  +  by  =  c,  to  find  the  general  soltUion. 

Let  h,  khe  a  solution  of  aa5  4  6y  =  c ;  then  ah  +  bk  =  c, 

.'.    ax  +  bi/  =  ah  +  bkj 

.'.     a(x-h)^b{k-y); 

x-h     k-^y     ^         .   . 
.*.     — V —  = =  t,  an  integer ; 

.•.    x  =  h-]-bt,  y  =  k  —  at; 
which  is  the  general  solution. 

351.     To  find  the  number  o/ solutions  in  positive  integers  oftlve 
equation  ax  +  by  =  c. 

Let  Y  be  converted  into  a  continued  fraction,  and  let  ~  be  the 
b  q 

convergent  just  preceding  j- ;  then  aq  —  bp  =  ihl. 
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I.     Let  (iq  —  hp=l'j  then  the  general  solution  is 

x  =  cq'-bt,  y  =  at-cp.  [Art.  349.] 

Positive  integral  solutions  will  be  obtained  by  giving  to  t 

.  .  '      .  CO 

positive  integral   values    not    greater    than   -^ ,   and    not    less 

,        cp 
than  -^. 
a 

c  c 

(i)     Suppose  that  -  and  j-  are  not  integers. 

Let  -^  =  m+/    j=n  +  g, 

where  m,  n  are  positive  integers  and  f^  g  proper  fractions ;  then 
the  least  value  t  can  have  is  m+  1,  and  the  greatest  value  is  n; 
therefore  the  number  of  solutions  is 

cq     cp     J,  c       /. 

Now  this  is  an  integer,  and  may  be  written  -r  +  a  fraction,  or 

-T  -  a  fraction,  according  as /is  greater  or  less  than  g.     Thus  the 

number  of  solutions  is  the  integer  nearest  to  -^ ,  greater  or  less 
according  as/or  g  is  the  greater. 

(ii)     Suppose  that  r  is  an  integer. 

In  this  case  ^  =  0,  and  one  value  of  a;  is  zero.     If  we  include 

this,  the  number  of  solutions  is  —r+f,  which  must  be  an  in- 

ao 

teger.     Hence  the  number  of  solutions  is  the  greatest  integer  in 

G  C 

-7+1  or  -7 ,  according  as  we  include  or  exclude  the  zero  solution. 
ab  ab 

/» 
(iii)     Suppose  that  -  is  an  integer. 

In  this  case/^^O,  and  one  value  of  y  is  zero.     If  we  include 

this,  the  least  value  of  ^  is  m  and  the   greatest  is  n;   hence 

c  ^__ 

the  number  o£  solutions  is  n  — m  +  L  or  -7  — cr+l.     Thus  the 

ab 
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c  c 

number  of  solutions  is  the  greatest  integer  in  -7  + 1  ^^  ~t>  ac- 
cording as  we  include  or  exclude  the  zero  solution. 

c  c 

(iv)     Suppose  that  -  and  j-  are  both  integers. 

In  this  case  /=  0  and  ^  =  0,  and  both  x  and  y  have  a  zero 
value.  If  we  include  these,  the  least  value  t  can  have  is  m,  and 
the  greatest  is  n ;   hence  the  number  of  solutions  is  71  —  m  +  1,  or 

— =^  +  1.  If  we  exclude  the  zero  values  the  number  of  solutions  is 
ab 

-i-i. 

ab 

II.     li  aq  —  bp=  —  1,  the  general  solution  is 

x  —  bt  —  cq,  y^^cp  —  cU, 
and  similar  results  will  be  obtained. 

352.  To  find  the  solutions  in  positive  integers  of  the  equa- 
tion ax-\-by  •{■cz^d,  we  may  proceed  as  follows. 

By  transposition  ax  +  by  —  d  —  cz'y  from  which  by  giving  to  z 

in  succession  the  values  0,  1,  2,  3, we  obtain  equations  of 

the  form  ax-\-by  =  c\  which  may  be  solved  as  already  explained. 

353.  If  we  have  two  simultaneous  equations 

ax  +  by  +  cz  =  d,    a'x  +  b'y  +  c'z  =  d\ 

by  eliminating  one  of  the  unknowns,  z  say,  we  obtain  an  equation 
of  the  form  Ax  +  By  =  C.  Suppose  that  x  =/,  y  =  g  is  a,  solution, 
then  the  general  solution  can  be  written 

x=/+B8,    y  =  g-A8, 

where  s  is  an  integer. 

Substituting  these  values  of  x  and  y  in  either  of  the  given 
equations,  we  obtain  an  equation  of  the  form  F8  +  Gz  =  II,  of 
which  the  general  solution  is 

8  =  h  +  Gt,   z  =  k  —  Ft  say. 

Substituting  for  «,  we  obtain 

x=/+Bh'^BGt,   y^g-Ah-AGt', 

and  the  values  of  a;,  y,  z  are  obtained  by  giving  to  i  &w\t»3c3^^ 
integral  values. 

JK  H.  A.  ^^ 
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354.     If  one  solution  in  positive  integers  of  the  equations 
ax  +  bi/  +  cz  =  dy    a'x  +  h'y  +  c'z  =  cT, 
can  be  found,  the  general  solution  may  be  obtained  as  follows. 

Let^  g^  h  be  the  particular  solution ;   then 

0/*+  hg  +  ch  =  d,    af-\-  h'g  +  c'h  =  d\ 

By  subtraction, 

a{x-f)  +  h{y-g)+c{z-h)==0, 

a{x-/)  +  b'{y-g)-^c'{z-h)=^0; 
whence 

a?-/    ^    y-g    ^    g-A    _  t 
be'  - b'c     ca'  —  c'a     ah'  —  alb     k^ 

where  t  is  an  integer  and  k  is  the  h.c.f.  of  the  denominators 
be'  —  b'c,  ca'  —  c'a,  ah'  —  a'b.     Thus  the  general  solution  is 

X  =/+  (be'  -  b'c)  T  ,  y  =  g  +  {ca'  -  c'a)  7 ,  z  =  h  +  (ab'  -  a'b)  t. 

EXAMPLES.    XXVI. 

Find  the  general  solution  and  the  least  positive  integral  solution  of 
1.     775a7-711y=l.        2.    455a;-519y=l.        3.    436a?-393y=6. 

4.  In  how  many  ways  can  £1.  19«.  6d,  be  paid  in  florins  and  half- 
crowns? 

5.  Find  the  number  of  solutions  in  positive  integers  of 

ll:i;+15y=1031. 

6.  Find  two  fractions  having  V  and  9  for  their  denominators,  and 
such  that  their  smn  is  1 ' " 


7.  Find  two  proper  fractions  in  their  lowest  terms  having  12 

and  8  for  their  denominators  and  such  that  their  difference  is  — . 

24 

8.  A  certain  sum  consists  of  ^  pounds  y  shillings,  and  it  is  half 
of  y  pounds  a;  shillings ;  find  the  simi. 

Solve  in  positive  integers : 

ft       6a7+7y  +  48;=122|  10.       12^-lly+4?=221 

ii.r-^8y~6<2=145j  •  -4aj4-  6y+  z=^l7)  ' 
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11.     20a7-21y=38\  12.     1307+11;?=  103) 

3y+   4?  =  34J  '  72--5y=     4J  ' 

13.    707+4^+ 192=84.  14.     23^+ 17y+ 11^^=130. 

15.  Find  the  general  form  of  all  positive  integers  which  divided 
by  5,  7,  8  leave  remainders  3,  2,  5  respectively. 

16.  Find  the  two  smallest  integers  which  divided  by  3,  7,  11  leave 
remainders  1,  6,  5  respectively. 

17.  A  number  of  three  digits  in  the  septenary  scale  is  represented 
in  the  nonary  scale  by  the  same  three  digits  in  reverse  order ;  if  the 
middle  digit  in  each  case  is  zero,  find  the  value  of  the  number  in  the 
denary  scale. 

18.  If  the  integers  6,  a,  b  are  in  harmonic  progression,  find  all  the 
possible  values  of  a  and  6. 

19.  Two  rods  of  equal  length  are  divided  into  250  and  243  equal 
parts  respectively ;  if  their  ends  be  coincident,  find  the  divisions  which 
are  the  nearest  together. 

20.  Three  bells  commenced  to  toll  at  the  same  time,  and  tolled  at 
intervals  of  23,  29,  34  seconds  respectively.  The  second  and  third 
bells  tolled  39  and  40  seconds  respectively  longer  than  the  first ;  how 
many  times  did  each  bell  toll  if  they  all  cea^d  in  less  than  20  minutes? 

21.  Find  the  greatest  value  of  c  in  order  that  the  equation 
7a;+9y=c  may  have  exactly  six  solutions  in  positive  integers. 

22.  Find  the  greatest  value  of  c  in  order  that  the  equation 
14a;  +  lly =c  may  have  exactly  five  solutions  in  positive  integers. 

23.  Find  the  limits  within  which  c  must  lie  in  order  that  the 
equation  19a;+14^=c  may  have  six  solutions,  zero  solutions  being 
excluded. 

24.  Shew  that  the  greatest  value  of  c  in  order  that  the  equation 
cM7+6y=c  may  have  exactly  n  solutions  in  positive  integers  is 
(n  +  l)ab-a-o,  and  that  the  least  value  of  c  is  (n-l)a6  +  a  +  6,  zero 
solutions  being  excluded. 


\^— ^ 


CHAPTER  XXVII. 


nECUBRINa  CONTINUED  FRACTIONS. 


355.  We  have  seen  in  Chap.  XXV,  that  a  terminatmg  con 
tinued  fraction  with  rational  quotients  can  be  reduced  to  at 
ordinary  fraction  with  integral  numerator  and  denominator,  anc 
therefore  cannot  be  equal  to  a  surd ;  but  we  shall  prove  that  t 
quadratic  surd  can  be  expressed  as  an  infiniie  continued  fractioi 
whose  quotients  recur.  We  shall  first  consider  a  numerica 
example. 


V19  = 

i+yi9-4)= 

'+Ji9Ti' 

V19  +  * 
3 

=-^'= 

"Vilrr 

^19 +  2 

-^*-^^ 

'*U!ki-' 

VI9  +  3 
2 

=,W'»-'. 

'*:jirr 

^/19  +  3 
S 

j^V19-3 

^■^■^19  +  2' 

^'l^+^ 

=!*^*. 

'  +  71^41 

^19  + 4 
after  this  the  quotienta  2,  I,  3 

,  1,  3,  e  ,«!■ 

=  8  + 

;  hence 

1111 

1      1 

^19  =  1 +  2 

+  rr»Tr 

f  2^8T-- 

It  mil  be  noMoad  that  the  quotients  recur  aa  aoon  as  we  oome  to 
gnotient  wMeb  u  double  of  the  first.    In  Art.  361  we  shall  prove  that  this 
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[Explanation.    In  each  of  the  lines  ahove  we  perform  the  same  series  of 
operations.     For  example,  consider  the  second  line:    we  first   find  the 

greatest  integer  in  ^^— - —  ;  this  is  2,  and  the  remainder  is  ^f— 5 2,  that 

o  o 

is  ^^— s —  .    We  then  multiply  numerator  and  denominator  by  the  surd 
o 

5 

conjugate  to  ^^719  -  2,  so  that  after  inverting  the  result    .-^  -„ ,  we  begin  a 

fjiy  +  z 

new  line  with  a  rational  denominator.] 

The  first  seven  convergents  formed  as  explained  in  Art.  336  are 

4     9      13     48     61      170     1421 
1  *   2  *    3  '    11 '   14  *    39  *    326  * 

1 
The  error  in  taking  the  last  of  these  is  less  than  .  ^.3 ,  and  is  therefore 

less  than  .  ^  ^  or        .^ ,   and   a  fortiori  less  than  •00001.     Thus  the 
seventh  convergent  gives  the  value  to  at  least  four  places  of  decimals. 

356.  Every  periodic  eontirmed  fraction  is  equal  to  one  of  the 
roots  of  a  qitadratic  eqtuition  of  which  the  coefficients  a/re  rational. 

Let  X  denote  the  continued  fraction,  and  y  the  periodic  part, 
and  suppose  that 

11  111 

x  =  a+  =■ y —  J , 

0+  c+  h-\-  K+  y 

1  111 

and  y=^m  + , 

^  n+  u+  v-\-  y 

where  a,  h,  c^...h^  k,  m,  n,.,.Uf  v  are  positive  integers. 

Let  -,  ^  be  the  convergents  to  x  corresponding  to  the 
quotients  A,  k  respectively;  then  since  y  is  the  complete  quotient, 
we  have  x-^-r- — -  \  whence  y  -  —, — ^, . 

qy+q  q^-p 

r     r 
Let  - ,    -    be   the   convergents   to   y  corresponding   to  the 
8     s 

r'if  +  r 
quotients  u,  v  respectively ;   then  y  =  -} . 

Substituting  for  y  in  terms  of  x  and  simplifying  we  obta.vw  -a. 
quadratic  of  which  the  coefi&cients  are  ratioivBX. 
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The  equation  a'y^  +  («  —  /)  y  -  r  =  0,  which  gives  the  value  of 

y,  has  its  roots  real  and  of  opposite  signs ;  if  the  positive  value  of 

p'y  •¥  p 
y  be  substituted  in  x-^-y- — -  ,  on  rationalising  the  denominator 

the  value  of  x  is  of  the  fomi -^ — ,  where  -4,  B^  G  are  integers, 

B  being  positive  since  the  value  of  y  is  real. 

Example.    Express  l  +  s-r  st"  n-r  o-r  •  .  as  a  surd. 

A+    o+     ^+    o  + 

Let  X  be  the  value  of  the  continued  fraction ;  then  x  - 1 = ^ —  ;; — ; —  ; 

2+   3  +  (x-l)' 

whence  2a;'  +  2a;  -  7 = 0. 

The  continued  fraction  is  equal  to  the  positive  root  of  this  equation,  and 

is  therefore  equal  to  '^—r — . 


EXAMPLES.    XXVn.  a. 

Express  the  following  surds  as  continued  fractions,  and  find  the 
sixth  convergent  to  each : 


1. 

V3. 

2. 

V5. 

3. 

V6. 

4. 

V8. 

5. 

Vii. 

6. 

V13. 

7. 

V14. 

8. 

V22. 

9. 

2V3. 

10. 

4^2. 

11. 

3^6. 

12. 

4^10. 

13. 

1 
^2i' 

14. 

1 

15. 

V  6* 

16. 

V  11 

268 

17.  Find  limits  of  the  error  when  -^z-  is  taken  for  a/ 17. 

DO 

916 

18.  Find  limits  of  the  error  when  j—-  is  taken  for  ^23. 

19.  Find  the  first  convergent  to  ^101  that  is  correct  to  five  places 
of  decimals. 

20.  Find  the  first  convergent  to  ^15  that  is  correct  to  five  places 
of  decimals. 

Express  as  a  continued  fraction  the  positive  root  of  each  of  the 
following  equations : 

21.  A^+2a;-l  =  0.        22.    a;2-4^-3=0.        23.    "Jj^-Sx-S^^O. 
24.    Express  each  root  of  .tr^  -  6a?+3=0  as  a  continued  fraction. 

Ill 


25.    Find  the  value  of  3 + 


6+  6+  6  + 


1111 
26.    Find  the  value  of  _ —  ;r-  ^rr  ttt 

1+  3-v  \-V  ^-V 
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111111 


27.    Find  the  value  of  3  + 


1+  2+  3+  1+  2+  3  + 


28.    Find  the  value  of  5  + -i- -L  JL     ^ 


1+  1+  1+  10+ 

29.  Shew  that 

''^1+  6+  1+  6+  •••""'' V^3+  2+  3+  2+ )  • 

30.  Find  the  difference  between  the  infinite  continued  fractions 

J_J__LJ_--L_L     111111 
1+  3+  6+  1+  3+  5+  ••*'  3+  1+  5+  3+  1+  6+  "•• 

*357.     To  convert  a  qiLodraiic  surd  into  a  corUimced  fraction. 

Let      iV  be  a.  positive  integer  which  is  not  an  exact  square, 
and  let  a^  be  the  greatest  integer  contained  in  JN ;  then 

Let  6j  be  the  greatest  integer  contained  in  — * ;  then 

where  a,  =  &,r,  -  a^  and  r^r^  =  N  -  a^. 

Similarly 

where  a^  =  h^r^  -  a^  and  r^r^  =  iV*  -  a,'; 

and  so  on ;  and  generally 


JN-^a^_,_^       ,  JN-a^^^ 


^ 


where  a,  =  6,_,r,_,  -  a,_,  and  r^.^r^  =  iV  -  a/. 

XX                     /;i7               1111 
Hence  JN  =  a.  +  . , —  j —  , — ; 

and  thus  JN  can  be  expressed  as  an  infinite  continued  fraction. 

We  shall  presently  prove  that  this  fraction  consists  of  re- 
curring periods ;  it  is  evident  that  the  period  will  begin  when- 
ever any  complete  quotient  is  first  repeated, 
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We  shall  call  the  series  of  quotients 

jy+a,      JJSr-ha^      V^+^a 


J^, 


n       '         ^«       '         ^,       ' 


the  first,  second,  tliird,  fourth complete  quotients. 

*358.     From  the  preceding  article  it  appears  that  the  quan- 
tities o„  r,,  &!,  6g,  63 are  positive  integers;  we  shall  now  prove 

that  the  quantities  a^,  ttj*  ^4>  >  ^8>  ^8»  ^^j-'-are  also  positive  in- 
tegers. 

P      T'       p" 
Let  -  ,   ■'— ,   ^  be  three  consecutive  convergents  to  JN^  and 

p" 
let  ^  be  the  convergent  corresponding  to  the  partial  quotient  h  . 

The  complete  quotient  at  this  stage  is  — " ;  hence 


r 


fur  ^n      ^  '^^     p'  JJ^+a^  +  r^ 


r 

n 


Clearing   of   fractions   and    equating  rational  and  irrational 
parts,  we  have 

whence  a„  (  pq'  -  p'q)  =pp'  -  qq'N^    r^  {pq'  -pq)  =  Nq'*  —  JP'*- 

But  pq' -p'q  —  ^^,  and  pq'  —pq^  PP' ^qq'^i   Nq'*-p^  have 
the  same  sign  [Art.  344] ;  hence  a^  and  r,  are  positive  integers. 

Since  two  convergents  precede  the  complete  quotient  - 


^« 


s 


this  investigation  holds  for  all  values  of  n  greater  than  1. 

*359.      To  prove  that  the  complete  and  partial  qicotients  recur. 

In  Art.  357  we  have  proved  that  r„r^_,  =  N—a*.  Also  r,  and 
r,_i  are  positive  integers ;  hence  a^  must  be  less  than  JN^  thus 
a^  cannot  be  greater  than  r.'„  and  therefore  it  cannot  have  any 
values  except  1,  2,  3,  ...ai;  that  is,  the  7iuniber  of  different  valicea  of 
a„  cannot  exceed  a^. 

Again,  a„+i=^A-«,>  ^^^  ^s   ^A  =  »„  +  ^,.+i>  ^^'^   therefore 

rA  cannot  be  greater  than  %i^\  also  h^  is  a  positive  integer; 

hence  r,  cannot  be  greater  than  2aj.     Thus  r^  cannot  have  any 

values  except  1,  2,  3,...2aj ;  that  is,  the  number  of  different  valv^ 

ofr^  cannot  exceed  2aj. 
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Thus  the  complete  quotient  — ^"  cannot  have  more  than 

n 

2a'  different  values;   that  is,  some  one  complete  quotienty  and 
therefore  all  subsequent  ones,  mvat  recur. 

Also  6,  is  the  greatest  integer  in  ^ -]   hence  the  partial 


r 

n 


quotients  must  also  recur,  and  the  number  of  partial  quotients  in 
each  cycle  ca/nnot  be  greater  than  2aj*. 

*360.     To  prove  that  a^  <  a^  +  r^ . 
We  have  a,_,  +  a,  =  6,_,r._, ; 

since  b^_^  is  a  positive  integer ; 

But  ^-«/=^«^«-i; 

which  proves  the  proposition. 

*361.  To  shew  that  the  period  begins  with  the  second  partial 
quotient  and  terminates  with  a  partial  quotient  double  of  the  first. 

Since,  as  we  have  seen  in  Art.  359,  a  recurrence  must  take 
place,  let  us  suppose  that  the  (n  +  1)*^  complete  quotient  recurs  at 
the(«+l)*^;  then 

we  shall  prove  that 

We  have 

n-,  r,  =  N-a^=N-a^'  =  r^_^ r^  =  r„_,  r, ; 

Again, 

.-.    a^.,-a,_,  =  r^_^{b^_,-b,_,); 

, •.     — "— * '-^  =  5^_^  —  b,_i  =  zero,  or  an  inte^ex:. 
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But,  by  Art.  360,  a^  -a,_,  <^,_,,  and  ai—a,^^  <^#_i>  ^^a^^  is 
«i - «.  1  < ^-  , i  therefore  a    ,-a,,<r    , :  hence  -^^=^ ^=^  is  less 

"—1 

than  unity,  and  therefore  must  be  zero. 
Thus  a,_i  =  a„_i,  and  also  6,_i  =  b^_i. 

Hence  if  the  (n+  1)*^  complete  quotient  recurs,  the  n^  com- 
plete quotient  must  also  recur;  therefore  the  (n- 1)*^  complete 
quotient  must  also  recur;  and  so  on. 

This  proof  holds  as  long  as  n  is  not  less  than  2  [Art  358], 
hence  the  complete  quotients  recur,  beginning  with  the  second 

quotient  — ^ .      It    follows   therefore  that   the    recurrence 

begins  with  the  second  partial  quotient  6,;  we  shall  now  shew 
that  it  terminates  with  a  partial  quotient  2a^, 

Let  ~ "  be  the  complete  quotient  which  just  precedes  the 

second  complete  quotient  *^ when  it  recurs ;  then  ^ s 

and are  two  consecutive  complete  quotients ;  therefore 


n 


but  iV-  a^*  =  r, ;  hence  r^  =  1. 

Again,  «!  —  »„  <  ^«,  that  is  <  1 ;  hence  a^-a^  =  0,  that  is 


»«  =  «i- 


Also  a„  +  ftj  =  r,  6,  =  6«;  hence  6„  =  2a^;  which  establishes  the 
proposition. 

*362.  To  shew  that  in  any  'period  the  'partial  qiiotients  equi- 
distant from  the  beginning  and  end  are  equal,  the  last  partial 
quotient  being  excluded. 

Let  the  last  complete  quotient  be  denoted  by  ^^— ^^^ — - ;  then 
We  shall  prove  that 


^n 
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We  have 

^«-i  =  n  r^-i  -  -^-  a/  =  ^-  »i'  =  »•,. 
Also 

and  a^+a^  =  r,  6, ; 

.-.    eiZ^^  =  6,-6„_,  =  zero,oraninteger. 

But  ^ill^izl  <  ^i  -  ^"-^ ,  that  is  <  '^' " """-' ,  which  is  less  than 
unity ;  thus  a^  -  a,_i  =  0;  hence  a^.^  =  a,,  and  6,_i  =  h^ . 

Similarly         r,_j,  =  r^,     a^,  =  ag,     &^_j  =  b^ ;  and  so  on. 

*363.  From  the  results  of  Arts.  361,  362,  it  appears  that 
when  a  quadratic  surd  /JN'  is  converted  into  a  continued  fraction, 
it  must  take  the  following  form 

111                  1111 
/»    J. 

*      ^  +  ^8+^8+    63  +  6,  + 6, +  2a,+  

*364.  To  obtain  the  penultimate  convergents  of  the  recurring 
periods. 

Let  n  be  the  number  of  partial  quotients  in  the  recurring 
period ;  then  the  penultimate  convergents  of  the  recurring  periods 
are  the  v^\  2,n^\  3w**^, convergents;  let  these  be  denoted  by 

P*  ^   Fan^   P^^ respectively. 

XT  /AT  111  11 

Now    Jjy=a.  +  r — j — , — t 75 

so  that  the  partial  quotient  corresponding  to^^'  is  2a^;  hence 

9n+i      2aj  q^  +  q,_, ' 
The  complete  quotient  at  the  same  stage  consists  of  the  period 

oil  1 

2a,  +1 —  1 —  J 

'     6, +  6,+  6.-V+ 
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and  is  therefore  equal  to  a^  +  JN\  hence 

Clearing   of   fractions  and  equating  rational  and  irrational 
parts,  we  obtain 

Again  —  can  be  obtained  from  —  and  ^-^  by  taking  for  the 
quotient 

2a.  +  f — T —  Y — , 

P 
which  is  equal  to  a^  +  — .     Thus 

P^_\ 2=Z _ 2= ,froin(l); 


?-      L+t^y^--  "-2-- 


in'  *n 


,.  p^^i(p.^m (2). 


'  P  • 

In  like  manner  we  may  prove  that  if  ^-^  is  the  penultimate 
convergent  in  the  c*^  msurring  period,         *" 

»1  Pen  +  Pcn-X  =  ^9'«>     »1  9cn  +  S'cn-l  =Pcni 

and  by  using  these  equations,  we  may  obtain  ^-^ ,   ^-^ ,  suc- 

cessively. 

It  should  be  noticed  that  equation  (2)  holds  for  all  multiples 
of  n ;  thus 

92cn  "  2  \q^       p^  J  ' 
the  proof  being  similar  to  that  already  given. 

*365.  In  Art.  356,  we  have  seen  that  a  periodic  continued 
fraction  can  be  expressed  as  the  root  of  a  quadratic  equation 
with  rational  coefficients. 
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Conversely,  we  might  prove  by  the  method  of  Art.  357  that 

aji  expression  of  the  form   — -^^ ,  where  A,  B,  C  are  positive 

integers,  and  JB  not  a  perfect  square,  can  be  converted  into  a 
recurring  continued  fraction.  In  this  case  the  periodic  part  will 
not  usually  begin  with  the  second  partial  quotient,  nor  will 
the  last  partial  quotient  be  double  the  first. 

For  further  information  on  the  subject  of  recurring  continued 
fractions  we  refer  the  student  to  Serret's  Coura  (TAlgebre  Supe- 
rieure,  and  to  a  pamphlet  on  Tlie  Expression  of  a  Quadratic  Surd 
as  a  Continued  Fraction,  by  Thomas  Muir,  M.A.,  F.R.S.E. 

^EXAMPLES.    XXVn.  b. 

Express  the  following  surds  as  continued  fractions,  and  find  the 
fomiih  convergent  to  each : 

1.     J^+l,  2.     Jc^^,  3.     JaF^, 

7.     Prove  that 

V9a2+3=3a+^ 


2a+  6a+  2a+  6a+   "    '' 
and  find  the  fifth  convergent. 

8.    Shew  that 

P  +  nf+Ufi-  IT =VFT^. 

S.    Shew  that 

/  111  \  .111 

P  (  ttiH ]=pa^-\ ; 

\       i'2'«s+  ct3+  pq(^i+  /  qa^+  pa^^  qa^-\- 

10.  If  Ja^  +  l  be  expressed  as  a  continued  fraction,  shew  that 

2{a^+l)q^==Pn-i+Pn+i,     2p»=9'n-i  +  ?n+i. 

11       T^  1111 

11.  If  ^= — . ; r  •••> 

«!+  ^2+  ^+  ^  + 

^_l 1 1 1_ 

^~2a^-h  SoaH-  2ai+  2a2+  '"' 

1      _1 1  1 

^'^3ai+'3a,+  3a^+  30^+  '"' 

shew  that  ^  (y^  -  z^)  +  2y  (z^  -  a;^)  +  3z  (x^  -  'f) =0. 
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12.     Prove  that 

\^«  +  6+  a+b+  a+"')\b+  a+  b+  a+'")~b' 

13.      If  ,;=«+____..., 

i>  J_  -L  J_ 
^"^■*"a+  a+  6+  b+  •••' 

shew  that  (a6*+a  +  6):i?  — (a*6  +  a+6)y=a'^-6*. 

14.  If  ^  be  the  n^  convergent  to  Ja^  +  l,  shew  that 

15.  Shew  that 

l+bc 
+ab  * 


\^a+  6+  c+  "'jy'^  b+  a+  c+  '")~l 


16.  If  —  denote  the  r***  convergent  to  '^^ — ,  shew  that 

P3+P6+  '"+P2H^l=Pin'-Piy      2'3  +  ?6+-"+2'*«-l  =  2'*»"2'2- 

17.  Prove  that  the  difference  of  the  infinite  continued  fractions 


a+  b+  c+  '"'      b+  a+  c+  "*' 
is  equal  to^. 

18.  If  \/iV  is  converted  into  a  continued  fraction,  and  if  91  is  the 
number  of  quotients  in  the  period,  shew  that 

19.  If  ViV  be  converted  into  a  continued  fraction,  and  if  the  pen- 
ultimate convergents  in  the  first,  second,  .../^^  recurring  periods  be 
denoted  by  n^,  n2,...n;b  respectively,  shew  that 


♦CHAPTER  XXVIII. 


INDETERMINATE   EQUATIONS   OF  THE   SECOND   DEGREE. 

*366.  The  solution  in  positive  integers  of  indeterminate 
equations  of  a  degree  higher  than  the  first,  though  not  of  much 
practical  importance,  is  interesting  because  of  its  connection  with 
the  Theory  of  Nurnbers,  In  the  present  chapter  we  shall  confine 
our  attention  to  equations  of  the  second  degree  involving  two 
variables. 

*367.     To  shew  how  to  obtain  the  positive  integral  values  of 
X  a/nd  y  which  satisfy  the  eqiuttion 

ax'  +  2hxy  +  by'  +  2gx  +  2fy  +  c  =  0, 

a,  b,  c,  f ,  g,  h  being  integers. 

Solving  this  equation  as  a  quadratic  in  a,  as  in  Art.  127,  we 
have 

ax-\-hy+g  =  d.  J(h'-'ab)  /  +  2  {hg  -  af)y-\-{g'-ac)...(l). 

Now  in  order  that  the  values  of  x  and  y  may  be  positive 
integers,  the  expression  under  the  radical,  which  we  may  denote 
by  py'  +  2qy  +  r,  must  be  a  perfect  square ;  that  is 

py'  +  2qy  +  r  =  «*,  suppose. 
Solving  this  equation  as  a  quadratic  in  y,  we  have 


py  +  q  =  ^  J^  ^pr^pz^\ 

and,  as  before,  the  expression  under  the  radical  must  be  a  perfect 
square ;  suppose  that  it  is  equal  to  f ;  then 

where  t  and  z  are  variables,  and  p^  q^  r  are  coi\&tiwafc&» 
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Unless  this  equation  can  be  solved  in  positive  integers,  the 
original  equation  does  not  admit  of  a  positive  integral  solution. 
We  shall  return  to  this  point  in  Art.  374. 

If  a,  by  h  are  all  positive,  it  is  clear  that  the  number  of 
solutions  is  limited,  because  for  large  values  of  x  and  y  the  sign 
of  the  expression  on  the  left  depends  upon  that  of  occ*  +  2kxy  +  fey* 
[Art.  269],  and  thus  cannot  be  zero  for  large  positive  integral 
values  of  x  and  y. 

Again,  if  h^  —  ah  is  negative,  the  coefficient  of  y*  in  (1)  is 
negative,  and  by  similar  reasoning  we  see  that  the  number  of 
solutions  is  limited. 

Example,    Solve  in  positive  integers  the  equation 
Solving  as  a  quadratic  in  x,  we  have 


a:=2y  +  l±/>/30  +  24y-2y2. 

But  30 + 2Ay  -  2y^ = 102  -  2  (y  -  6)^ ;  hence  {y  -  6)'  cannot  be  greater  than 
51.  By  trial  we  find  that  the  expression  under  the  radical  becomes  a 
perfect  square  when  (y-  6)*=1  or  49;  thus  the  positive  integral  values  of  y 
are  5,  7,  13. 

When  y=5,  j;=21  or  1;  when  y=7,  a:=26  or  5;  when  y=13, 
a: =29  or  25. 

*368.  We  have  seen  that  the  solution  in  positive  integers 
of  the  equation 

005*  +  2hxy  +  by*  +  2gx  +  2fy  +  c  =  0 

can  be  made  to  depend  upon  the  solution  of  an  equation  of  the 
form 

x*  ±  ^y*  =  ±  a, 
where  iV  and  a  are  positive  integers. 

The  equation  of  +  Ny*  =  -  a  has  no  real  roots,  whilst  the 
equation  x*  +  Ny*  =  a  has  a  limited  number  of  solutions,  which 
may  be  found  by  trial ;  we  shall  therefore  confine  our  attention 
to  equations  of  the  form  a^  —  Ny*  =  ±  a. 

*369.  To  shew  that  the  eqtcation  x'— Ny®=l  can  always  he 
solved  in  positive  integers. 

Let    JN  be   converted   into   a   continued  fraction,  and  let 
—,    —,f   ^  be  any  three  consecutive  convergents;  suppose  that 
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— "  is  the  complete  quotient  corresponding  to  ~;  then 

r,  ipq'  -  p'q)  =  Nq"  -p"  [Art.  358]. 

But  r,=  1  at  the  end  of  any  period  [Art.  361] ; 

■^  being  the  penultimate  convergent  of  any  recurring  period. 

v' 

If  the  number  of  quotients  in  the  period  is  even,  — ,  is  an  even 

convergent,  and  is  therefore   greater   than    JN^  and   therefore 

greater  than -;    thus  p'q-pq^ ^\.     In    this  case  p^ -Nq^  =\^ 

and  therefore  x—py  y  —  q\^9»  solution  of  the  equation  v?  -  Ny*  =  1. 

p' 
Since  ^   is   the   penultimate   convergent   of   any    recurring 

period,  the  number  of  solutions  is  unlimited. 

If  the  number  of  quotients  in  the  period  is  odd,  the  penultimate 
convergent  in  the  first  period  is  an  odd  convergent,  but  the 
penultimate  convergent  in  the  second  period  is  an  even  convergent. 
Thus  integral  solutions  will  be  obtained  by  putting  x  —p\  y  —  q\ 

v' 

where  ^  is  the  penultimate  convergent  in  the  second,   fourth, 

sixth, recurring  periods.     Hence  also  in  this  case  the  number 

of  solutions  is  unlimited. 

*370.  To  obtain  a  solution  in  positive  integers  of  the  equation 
x«-Ny*  =  -l. 

As  in  the  preceding  article,  we  have 

p'^^Nq:^  =  p'q-p<i, 

p' 
If   the  number  of  quotients  in  the  period  is  odd,  and  if  —, 

,  ,        p'      V 

is  an  odd  penultimate  convergent  in  any  recurring  period,  —,<-, 

and  therefore  p^q  -pq'  =  -  1. 

In  this  case  p^  —  N^q'^=  —  l,  and  integral  solutions  of  the 
equation  of  —  N^  =  —  1  will  be  obtained  by  putting  x=p\  y  =  q\ 

where  ^  is  the  penultimate  convergent  in  the  first,  third,  fifth... 

recurring  periods. 

n.  H.  JL  "^^ 
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Example,    Solve  in  positive  integers  x"  -  13t/*=  rt  1. 
We  can  shew  that 

/13-34.   1      1       1     i    L 
V13-d  +  ^j-^^^  6  + 

Here  the  number  of  quotients  in  the  period  is  odd ;  the  penultimate  oon- 

18 
vergent  in  the  first  period  is  -=- ;  hence  a: =18,  ^  =  5  is  a  solution  of 

a~»-13y2=-l. 

By  Art.  364,  the  penultimate  convergent  in  the  second  recurring  period  is 

1/18^  5     ,_\     .,    ,.     649 

hence  ^=649,  y  =  180  is  a  solution  of  x^  -  13y*= 1. 

By  forming  the  successive  penultimate  convergents  of  the  recurring 
periods  we  can  obtain  any  number  of  solutions  of  the  equations 

x^  - 132/2=  - 1,  and  x^ -  13y*=  + 1. 

*371.  When  one  solution  in  positive  integers  of  a?"  —  iVy  =  1 
has  been  found,  we  may  obtain  as  many  as  we  please  by  the 
following  method. 

Suppose  that  x  =  h,  y==kisQ,  solution,  h  and  k  being  positive 
integers;  then  (h'  —  Nk^y=ly  where   n  is  any  positive  integer. 

Thus  x'-N/  =  {h'  -  iW)-. 

.  •.  (a;  +  yj^)  {x  -  yj^)  =  (A  +  k^J^^y  {h  -  kJNy, 

■Futx+yJN=^{h-^kJN)%   x-yJN    =(h-kJNy; 
.  •.  2x  =  {h  +  kJNy  +  (A  -  kJNyi 

2yj:N'  =  (A + kj^y  -  (A  -  kjj}^y.  ■ 

The  values  of  x  and  y  so  found  are  positive  integers,  and  by 
ascribing  to  n  the  values  1,  2,  3, . . .,  as  many  solutions  as  we  please 
can  be  obtained. 

Similarly  if  x  =  h,  y^k  is  a  solution  of  the  equation 
of  -  2iy'  =  —  1,  and  if  n  is  any  odd  positive  integer, 

a;«  -  iVy  =  (h'  -  Nky, 

Thus  the  values  of  x  and  y  are  the  same  as  already  found,  but 
n  is  restricted  to  the  values  1,  3,  5, 

*372.  By  putting  x  =  ax\  y  =  ay'  the  equations  a:'  —  i^y*  =  ±  a' 
become  of' —  Ny'^  =  ^\^  which  we   have  already  shewn  how  to 


^p/re. 
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*373.     We  have  seen  in  Art.  369  that 

p"-]Sfq'=^-r,  {pq'  ^p'q)^^T^, 
Hence  if  a  is  a  denominator  of  any  complete  quotient  which 
occurs  in  converting  JN  into  a  continued  fraction,  and  if  ^  is 

the  convergent  obtained  by  stopping  short  of  this  complete 
quotient,  one  of  the  equations  as*  — A'y*  =  ±a  is  satisfied  by  the 
values  X  =p'y  y  =  q\ 

Again,  the  odd  convergents  are  all  less  than  JN^  and  the 

p' 
even  convergents  are  all  greater  than  JN  ]  hence  if '^  is  an  even 

convergent,  x  =  p'y  y  =  q'  \^  a  solution  of  x*  -  iTy'  =  a ;  and  if  —, 
is  an  odd  convergent,  x=p\  y  =  g^'  is  a  solution  of  a'  —  iTy*  =  —  a. 

*374.  The  method  explained  in  the  preceding  article  enables 
us  to  find  a  solution  of  one  of  the  equations  of  -  iTy*  =  ±  a  only 
when  a  is  one  of  the  denominators  which  occurs  in  the  process  of 
converting  JN  into  a  continued  fraction.  For  example,  if  we 
convert  Jl  into  a  continued  fraction,  we  shall  find  that 

/7-2+    1111 


and  that  the  denominators  of  the  complete  quotients  are  3,  2,  3, 1. 

The  successive  convergents  are 

2358374582      127 

1'    r    2'    3'    U'    17'    31'     48  ' ' 

and  if  we  take  the  cycle  of  equations 

a.«-7/  =  -3,   a;»-7y«=2,   a;»-73^  =  -3,   x'-1y-  =  \, 
we  shall  find  that  they  are  satisfied  by  taking 

for  X  the  values  2,  3,  5,  8,  37,  45,  82,  127, 

and  for  y  the  values  1,  1,  2,  3,  14,  17,  31,  48, 

*375.    It  thus  appears  that  the  number  of  cases  in  which  solu- 
tions in  integers  of  the  equations  x*  —  N't^  =  ±  a  can  be  obtained 
with  certainty  is  very  limited.     In  a  numerical  exam^l^  \J5»  ^«^^ 
however,  sometimes  happen  that  we   can   d\s^oN«t  \s^   \»t\^  ^ 


I 
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positive  integral  solution  of  the  equations  o^  —  Ny^  =  =fc  a,  when  a 
is  not  one  of  the  above  mentioned  denominators ;  thus  we  easily 
find  that  the  equation  a5'-7y*  =  53  is  satisfied  by  y=2,  a?  =  9. 
When  one  solution  in  integers  has  been  found,  any  number  of 
solutions  may  be  obtained  as  explained  in  the  next  article. 

*376.  Suppose  that  x^f^  y  =  g  is  a  solution  of  the  equation 
of  —  JV^y'  =  a ;  and  let  x  =  h,  y  =  k  he  any  solution  of  the  equation 
x^  -  iV?/*  =  1 ;  then 

By  putting         x  -^/h  ±  I^gk,  y  =/k  ±  gh, 

and  ascribing  to  h,  k  their  values  found  as  explained  in  Art.  371, 
we  may  obtain  any  number  of  solutions. 

*377.  Hitherto  it  has  been  supposed  that  iV  is  not  a  perfect 
square ;  if,  however,  iV  is  a  perfect  square  the  equation  takes  the 
form  x'  —  wy  =  a,  which  may  be  readily  solved  as  follows. 

Suppose  that  a  =r  he,  where  h  and  c  are  two  positive  integers, 
of  which  b  is  the  greater ;  then 

(x  +  ny)  (x  —  ny)  =  be. 

Put  x  +  ny  =  b,  x  —  ny  =  c;  if  the  values  of  x  and  y  found 
from  these  equations  are  integers  we  have  obtained  one  solution 
of  the  equation;  the  remaining  solutions  may  be  obtained  by 
ascribing  to  b  and  c  all  their  possible  values. 

Example.    Find  two  positive  integers  the  difference  of  whose  squares  is 
equal  to  60. 

Let  a;,  y  be  the  two  integers ;  then  a;'  -  y^ = 60 ;  that  is,  {x +y){x-y)= 60. 

Now  60  is  the  product  of  any  of  the  pair  of  factors 

1,  60;   2,  30;   3,  20;    4,  16;    6.  12;    6,  10; 

and  the  values  required  are  obtained  from  the  equations 

sc+y=30,  x  +  y=10y 

x-y=   2;  a:-y=   G; 

the  other  equations  giving  fractional  values  of  x  and  y. 
Tbna  the  numbers  are  16, 14\  or  B,  1. 
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Cor.  In  like  manner  we  may  obtain  the  solution  in  positive 
integers  of 

aa?  +  ^hxy  +  hy*  +  ^gx  +  %fy  +  c  =  A;, 

if  the  left-hand  member  can  be  resolved  into  two  rational  linear 
factors. 

*378.  If  in  the  general  equation  a,  or  6,  or  both,  are  zero, 
instead  of  employing  the  method  explained  in  Art.  367  it  is 
simpler  to  proceed  as  in  the  following  example. 

Example,     Solve  in  positive  integers 

2xy-Ax^-\-  VZx  -  6y  =  11. 

Expressing  y  in  terms  of  x^  we  have 

4a;«-12a:  +  ll     ^       ,         6 

In  order  that  y  may  be  an  integer ^  must  be  an  integer;  hence  2a;  -  5 

£x  —  o 

must  be  equal  to  J=l,  or  db2,  or  dbS,  or  =k6. 

The  cases  db2,  =^6  may  clearly  be  rejected;  hence  the  admissible  values 
of  X  are  obtained  from    2a;-5==tl,  2a;-5==fc3; 

whence  the  values  of  x  are  3,  2,  4,  1. 

Taking  these  values  in  succession  we  obtain  the  solutions 

a:  =  3,  y  =  ll;  x=2,y=  -3;  a;=4,  y  =  9;  a;=l,  y=  -1; 
and  therefore  the  admissible  solutions  are 

a;=3,  y  =  ll;  a;=4,  y=9. 

*379.  The  principles  already  explained  enable  us  to  discover 
for  what  values  of  the  variables  given  linear  or  quadratic 
functions  of  x  and  y  become  perfect  squares.  Problems  of  this 
kind  are  sometimes  called  Diophantine  Problems  because  they 
were  first  investigated  by  the  Greek  mathematician  Diophantus 
about  the  middle  of  the  fourth  century. 

Example  1.  Find  the  general  expressions  for  two  positive  integers  which 
are  such  that  if  their  product  is  taken  from  the  sum  of  their  squares  the 
difference  is  a  perfect  square. 

Denote  the  integers  by  x  and  y ;  then 

a^-xy+y^=z^  suppose ; 

.*.  x{x-y)  =  s?-y^. 

This  equation  is  satisfied  by  the  suppositions 

mai=n(z+y),     n{x-y)  =  m{z-y), 

where  m  and  n  are  positive  integers. 
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Hence  mx-ny-nz^Of     nx  +  {m  -  n)  y  -  rm=0, 

From  these  equations  we  obtain  by  cross  multiplication 

X       _      y      __ 


and  since  the  given  equation  is  homogeneous  we  may  take  for  the  general 
solution 

Here  m  and  n  are  any  two  positive  integers,  m  being  the  greater;  thus  if 
m=7,  w=4,  we  have 

a;=40,  y=33,  2  =  37. 

Example  2.  Find  the  general  expression  for  three  positive  integers  in 
arithmetio  progression,  and  such  that  the  sum  of  every  two  is  a  perfect 
square. 

Denote  the  integers  by  os-y,  as,  x+y;  and  let 

2x-y=p^f  2x=q^j  2x+y=r^; 
then  p^+f^==2q^, 

or  r*-q^  =  q*-p\ 

This  equation  is  satisfied  by  the  suppositions, 

m{r-q)=n{q-p),  n{r  +  q)=m{q+p), 

where  m  and  n  are  positive  integers. 

From  these  equations  we  obtain  by  cross  multiplication 

P ^      q      ^  r 

n^  +  2mn-m^     m^  +  n^     m^  +  2mn-n^' 

Hence  we  may  take  for  the  general  solution 

^=n*  +  2mw-7n',  q—m^  +  n^t  r=m^  +  2mn-n^; 

whence  ^  ~  o  ^^^^  +  w^) ' »  y = 4 win  (m*  -  n*) , 

and  the  three  integers  can  be  found. 

From  the  value  of  x  it  is  clear  that  m  and  n  are  either  both  even  or  both 
odd;  also  their  values  must  be  such  that  x  is  greater  than  y,  that  is, 

(wi2  +  n2)2  >  Bmn  {m^  -  w«) , 
or  wi3(w-8n)  +  2?»'n2  +  8mn'  +  n*>0; 

which  condition  is  satisfied  if  m>8n. 

If  m=9,  n=l,  then  a;  =  3362,  y  =  2880,  and  the  numbers  are  482,  3362 
S42.    The  sums  of  these  taken  in  pairs  are  3844,  6724,  9604,  which  are  the 
m  of  62,  82,  98  respectively. 
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♦EXAMPLES.     XXVra. 

Solve  in  positive  integers : 

1.    5:^2^10^  +  7^2=77^  2.  7^2-2:py+3y2=27. 

3.    y2-4cy+5a;2_i()^__4  4^  .«y-2a;-y=8. 

5.    3a7+3a7y-4y=14.  6.  4r2_y2=,3i5^ 

Find  the  smallest  solution  in  positive  integers  of 
7.    ^-14y2=i.  8.    a;2-lV=l.  9.    ^=41y2-l. 

10.    ^-61/+5=a  11.    ^-7y2-9=0. 

Find  the  general  solution  in  positive  integers  of 

12.    ^-3y2=l.  13.    a^^-6y2=i.  14.    a^-17y2=-L 

Find  the  general  values  of  x  and  y  which  make  each  of  the  following 
expressions  a  perfect  square : 

15.    o^-Zoey\Zy\        16.    ^+2a?y+2y2.        I7.    ha^-VyK 

18.  Find  two  positive  integers  such  that  the  square  of  one  exceeds 
the  square  of  the  other  by  105. 

19.  Find  a  general  formula  for  three  integers  which  may  be  taken 
to  represent  the  lengths  of  the  sides  of  a  right-angled  triangle. 

20.  Find  a  general  formula  to  express  two  positive  integers  which 
are  such  that  the  result  obtained  by  adding  their  product  to  the  sum 
of  their  squares  is  a  perfect  square. 

21.  "  There  came  three  Dutchmen  of  my  acquaintance  to  see  me, 
being  lately  married ;  they  brought  their  wives  with  them.  The  men's 
names  were  Hendriek,  Claas,  and  Cornelius;  the  women's  Geertruij, 
Catriin,  and  Anna :  but  I  forgot  the  name  of  each  man's  wife.  They 
told  me  they  had  been  at  market  to  buy  hogs ;  each  person  bought  as 
many  hogs  as  they  gave  shillings  for  one  hog ;  Hendriek  bought  23  hogs 
more  than  Catriin;  and  Claas  bought  11  more  than  Geertruij ;  likewise, 
each  man  laid  out  3  guineas  more  than  his  wife.  I  desire  to  know  the 
name  of  each  man's  wife."  {MUceUany  of  McUhematiccd  Problems,  1743.) 

22.  Shew  that  the  sum  of  the  first  n  natural  numbers  is  a  perfect 
square,  if  n  is  equal  to  ir^  or  ifc'^  - 1,  where  k  is  the  numerator  of  an  odd, 
and  k^  the  numerator  of  an  even  convergent  to  *y2. 


CHAPTER   XXIX. 


SUMMATION   OF   SJERIES. 

380.  Examples  of  summation  of  certain  series  have  occurred 
in  previous  chapters ;  it  will  be  convenient  here  to  give  a 
synopsis  of  the  methods  of  summation  which  have  already  been 
explained. 

(i)      Arithmetical  Progression,  Chap.  IV. 

(ii)     Geometrical  Progression,  Chap.  V. 

(iii)  Series  which  are  partly  arithmetical  and  partly  geo- 
metrical. Art.  60. 

(iv)  Sums  of  the  powers  of  the  Natural  Numbers  and  allied 
Series,  Arts.  68  to  75. 

(v)  Summation  by  means  of  Undetermined  Coefficients, 
Art.  312. 

(vi)    Recurring  Series,  Chap.  XXIV. 

We  now  proceed  to  discuss  methods  of  greater  generality ; 
but  in  the  course  of  the  present  chapter  it  will  be  seen  that  some 
of  the  foregoing  methods  may  still  be  usefully  employed. 

381.  If  the  r*^  term  of  a  series  can  be  expressed  as  the  dif- 
ference of  two  quantities  one  of  which  is  the  same  function  of  r 
that  the  other  is  of  r—  1,  the  sum  of  the  series  may  be  readily 
found. 

For  let  the  series  be  denoted  by 

u^-\-u^  +  u^  +  ...  +u^, 

and  its  sum  by  S^,  and  suppose  that  any  term  u^  can  be  put  in 
the  form  v^  —  v,  , ;  then 


'r-D 


'S^„  =  (^i-%)  +  (^2-^i)  +  (^3-^a)  +  ---  +  K-i-'y«-,)  +  K-V,-i) 


=  V   —  V  , 

H  0' 
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Example.     Sum  to  n  terms  the  series 

1  1  1 

(1  +  x)  (1  + 2a:)  "*■  (1  +  2a;)  (1  +  3a;)  "^  (1  +  Sx)  (1  +  4a;)  "^ 

If  yre  denote  the  series  by 


we  have  t^==^  (_^  >  _i.^-J  , 

_lf^ L_\ 

"*    a;Vl  +  2a;     1  +  SxJ* 

u^=l(^ l-\ 

*  a;Vl  +  3a;     l  +  4a;;  * 

***    a;Vi  +  na;     1  ^.'^Ija  .  a;/ ' 

.'.  by  addition,  S^=-  {  = —  I 

*  a;Vl+a;     l  +  n  +  l.xj 


n 


(l  +  x)(l  +  n  +  l.x) 

382.  Sometimes  a  suitable  transformation  may  be  obtained 
by  separating  u  into  partial  fractions  by  the  methods  explained 
in  Chap.  XXIII. 

Example.    Find  the  sum  of 

1  a  a* 

(l  +  a;)(l  +  aa;)  "*"  (1  +  aa;)  (l  +  a^a;)  "^  (1  +  a^a;)  (l  +  aS^)"^  •*•       "  *®""®' 

The  n*"*  term= ^,  .  ,^ r-,  =  :; r-^r-  + jr  suppose; 

(l  +  a**-^a;)(l+a*a;)     l  +  a^-^a;     l  +  a"a;     *^*^ 

.•.  a*~i =A[1'{-  d^x)  +  B  (1  +  a'^-^x). 

By  putting  1  +  a''~ia;,  l  +  a*»a;  equal  to  zero  in  succession,  we  obtain 


A  =  ^ ,  B=- 


1-a'  1-a' 


Hence  v»  =  z ( :; z I , 

^    l-a\l  +  «     1  +  oa;/ 

shnilaxly,  ,^=_1_  (^_^^  -  j^,-)  , 

'**~l-aVl+a«-^a;     1  +  a^x) 
.    s  "^(^ ^  "I 
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383.  To  find  the  sum  qfn  terms  of  a  series  each  terin  of  which 
is  com,po8ed  of  v  factors  in  arithmetical  progression,  the  first  factors 
of  the  several  terms  being  in  the  same  arithmetical  progression. 

Let  the  series  be  denoted  by  itj  +  Wj  +  w,  + + 1^», 

where 


v^  =  {a-\-nb)(a  +  n+l  ,b)  (a  +  n  +  2  ,b)  .,,  (a-^n  +  r—l  .b). 
Replacing  nhy  n—1,  we  have 
^n-i=(«  +  ^— 1  •  b)  {a  +  nh)  (a ■{•  n  +  1 .  b)  ...  (a  +  w  +  r-2  .  b); 


.',  {a  +  n—  1  .  b) u^^  =  (a  +  n  +  r  —  1  ,  b)  w^_i  =  v^,  say. 

Replacing  nhy  n+1  we  have 

{a  +  n  +  r,b)u^  =  v^^^; 
therefore,  by  subtraction, 

{r+l)b.u^  =  Vn^i-v^, 

Similarly,  (r  +  1)  6  .  -w^^j  =  v^-  v^_i, 


{r  +  l)b,  U2  =  v^  —  V2, 
(r  +  1)  5  .  WjL  =  ^2  —  ^1' 
By  addition,  {r  +  l)b,Sn=  v^+i  —  v^ ; 

that  is,  Sn  =  ^^  ^' 


{r+l)b 


(a-^-ji  +  r  .b)Un     ^ 
-        (r+l)6        ^^'^y> 

where  (7  is  a  quantity  independent  of  n,  which  may  be  found  by 
ascribing  to  n  some  particular  value. 

The  above  result  gives  us  the  following  convenient  rule : 

Write  doton  the  n*  term,  affix  the  next  factor  at  the  end,  divide 
by  the  number  of  factors  thus  increased  and  by  the  common  differ- 
ence, and  add  a  constant. 

It  may  be  noticed  that  C  =  —  -, ttt  =  —  i tt^  ^.\  it  is 

•^  (r+l)6        (r+l)o    *' 

however  better  not  to  quote  this  result,  but  to  obtain  C  as  above 

indicate. 
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Example,    Find  the  sum  of  n  terms  of  the  series 

1.3.6  +  3.6.7  +  5.7.9+ 

The  n*^  term  is  (2n  -  IJ  (2n+ 1)  (2n+ 3) ;  hence  by  the  rule 

^      (2n-l)  (2/1  +  1)  (2n  +  3)  (2n  +  5)  .   _ 
^n= ^^ +C. 

To  determine  G,  put  n=l;  then  the  series  reduces  to  its  first  term,  and 

we  have  16=    *     ' — —  +  C;  whence  (7  =  —; 

o  o 

-,      (2n  - 1)  (2n+ 1)  (2n  +  3)  (2n  +  6)      16 

•'•  ^^=^ 8 ■*"¥ 

= n  (2n'  +  8n2  +  7n  -  2),  after  reduction. 

384.  The  sum  of  the  series  in  the  preceding  article  may 
also  be  found  either  by  the  method  of  Undetermined  Coefficients 
[Art.  312]  or  in  the  following  manner. 

We  have  t*,  =  (2w- l)(27i+ l)(2n  +  3)  =  87i»+ 12w«-.2n- 3; 

.  •.  /S,  =  SSn'  +  12Sn"  ~  2Sn  -  3n, 

using  the  notation  of  Art.  70 ; 

.-.  /^,=  2w'(w+l)»  +  2w(n+l)(2w  +  l)-ri(n+l)-3n 

=  n(2n''  +  Sn'-\-7n-2). 

385.  It  should  be  noticed  that  the  rule  given  in  Art.  383  is 
only  applicable  to  cases  in  which  the  factors  of  each  term  form  an 
arithmetical  progression,  and  the  first  factors  of  the  several  terms 
are  in  the  saine  arithmetical  progression. 

Thus  the  sum  of  the  series 

1.3.  5  +  2.4.  6  +  3.5.  7  + to7i  terms, 

may  be  found  by  either  of  the  methods  suggested  in  the  preceding 
article,  but  not  directly  by  the  rule  of  Art.  383.      Here 


w^  =  n  (n  +  2)  (n  +  4)  =  w  (w  +  1  +  1)  (w  +  2  +  2) 
=  ri  (n  +  1)  (ti  +  2)  +  2?*  (n  +  1)  +  ri  (ri  +  2)  +  27i 
=  71  (n  +  1)  (w  +  2)  +  3/*  (w  +  1)  +  3n. 

The  rule  can  now  be  applied  to  each  term ;  thus 
S^  =  in{n-^l){n+2)(n  +  3)+n{n-^l)(n+2)-\-^n{n+l)-^G 
=  J  w  (n  +  1)  (n  +  4)  (n  +  6),  the  constant  being  zero. 


316  HIGHER  ALGEBRA. 

386.  To  find  the  sum  of  n  terms  of  a  series  e(ich  term  of  which 
is  composed  of  the  reciprocal  of  the  product  of  r  factors  in  arith- 
metical progression^  the  first  factors  of  tJie  several  terms  being  in 
the  same  arithmetical  progression. 

Let  the  series  be  denoted  hjtii  +  v^  +  v^+ +t^ni 

where 


Un 


=  (a  +  w5)(a  +  rn-l  .  b)(a  +  n+2  ,b) (a  +  n  +  r— 1  .  6). 


Keplacing  nhy  n-l, 
1 


w, 


=  (a  +  n -  1  .  6)  (a  +  rd>)  {a  +  n+l  .b)..,{a  +  n  +  r  —  2  ,b) ; 


n-l 


.'.  (a  +  n -k- r -  1  ,  b)  Un=  (a  +  n -  I  .  ft)  w„_i  =  v^  say. 
Replacing  nhy  n+l,  we  have 

therefore,  by  subtraction, 

(r-l)6.  w«  =  v«-v„+i. 
Similarly  {r-l)b,  w»„i  =  Vn_i  —  Vh  ^ 


(r-  1)5.  u^^v^-v^, 
(r—l)b,Ui  =  v^  —  v^. 
By  addition,         (r  —  1)  5  .  /S^j  =  Vi  —  v^^^ ; 

where  (7  is  a  quantity  independent  of  ti,  which  may  be  found  by 
ascribing  to  n  some  particular  value. 

Thus  S^  =  C-,     \,,. -.= ^ , —  . 

(r-l)6    {a  +  n+1.5)...(a  +  2i  +  r~1.6) 

Hence  the  sum  may  be  found  by  the  following  rule : 

Write  down  the  n^  term,  strike  off  a  factor  from  the  beginning^ 
divide  by  the  number  of  factors  so  diminished  and  by  tJie  com/man 
differ&nce^  change  the  sign  and  add  a  constant 

The  value  of  (7  =  -. yr-r  = — -^  v^  j  but  it  is  advisable  in 

(r-\)b     (r— 1)6    ^' 

each  case  to  determine  C  by  ascrVbrn^  to  ti  some  particular  value. 
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Example  1.     Find  the  Bum  of  n  terms  of  the  series 


+ 


1.2.3.4  '  2.3.4.6  '  3.4.5.6 

The  n}^  term  is  — —-, — ; 

n(n  +  l)(w  +  2)(w  +  3)' 

hence,  by  the  rule,  we  have 


3(n+l)(w  +  2)(n  +  :i)' 


Put  n=l,  then  ^-^^  =  0-3-^^;  whence  (7=^; 


n 


18     3(w  +  l)(n  +  2)(n+3)* 


By  making  n  indefinitely  great,  we  obtain  -S^* =Yft  * 

Example  2.     Find  the  sum  to  n  terms  of  the  series 

3  4  5 


1.2.4^2.3.5      3.4.6 


Here  the  rule  is  not  directly  applicable,  because  although  1,  2,  3,  , 

the  first  factors  of  the  several  denominators,  are  in  arithmetical  progression, 
the  factors  of  any  one  denominator  are  not.  In  this  example  we  may 
proceed  as  follows : 


w«= 


n  +  2  {n+2f 


n(n  +  l)(n  +  3)     n(n  +  l)  (n  +  2)  (n  +  3) 

_     7i(n+l)+3n+4 
~n(n  +  l)(n+2)(ri  +  3) 

1  3 4_ 

(n+2)(n+3)      (n  +  1)  (w  +  2)  (n+3)  ■*"n(ri  +  l)  (n  +  2)(n  +  3)' 

Each  of  these  expressions  may  now  be  taken  as  the  n^**  term  of  a  series 
to  which  the  rule  is  applicable. 


n  +  3     2(n  +  2)(n+3j      3(ri  +  l)(n+2)"(nT3) ' 

put  n=l,  then 

3  ^    1  3  4  ,  ^29 

17274=^*4-27874-83:374^  ^^"'^^  ^=36' 

29_^ 3 4 

**      "    36     n  +  3     2(»+2)(n  +  3)      3(n  +  l)  (n  +  2)(n+3\' 
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387.  In  cases  where  the  methods  of  Arts.  383, 386  are  directly 
applicable,  instead  of  quoting  the  rules  we  may  always  effect  the 
summation  in  the  following  way,  which  is  sometimes  called  *  the 
Method  of  Subtraction.' 

Example,     Find  the  sum  of  n  terms  of  the  series 

2.6  +  6.8  +  8.11  +  11.14+ 

The  arithmetical  progression  in  this  case  is 

2,  5,  8,  11,  U, 

In  each  term  of  the  given  series  introduce  as  a  new  factor  the  next  term 
of  the  arithmetical  progression ;  denote  this  series  by  S',  and  the  given  series 
by  S;  then 

S'  =  2  .6.8  +  6.8. 11  +  8  .  11 .  14+ +  (3n  -  l)(3n  +  2)(3n  +  6); 

.-.  *9'- 2. 6. 8=6. 8. 11 +  8. 11. 14  + 11. 14. 17+...  to  (n-1)  terms. 

By  subtraction, 

-2.5.8=9[5.8  +  8.11  +  11.14+...to(n-l)terms]-(3n-l)(37*+2)(3n  +  5), 
-2.6.8  =  9[S-2.6]-(3n-l)(3n  +  2)(37i  +  6), 

9S=(3n-l)(3n  +  2)(3n  +  5)-2.5.8  +  2,5.9, 
5=n(3n'+ 671+1). 

388.  When  the  n^^  term  of  a  series  is  a  rational  integral 
function  of  n  it  can  be  expressed  in  a  form  which  will  enable  us 
readily  to  apply  the  method  given  in  Art.  383. 

For  suppose  <f>  (n)  is  a  rational  integral  function  of  n  of  jo 
dimensions,  and  assume 

<!>  (n)  =  A  +  Bn  +  Cn{)i-\- 1)  +  I)n{n+  l)(n  +  2)  + , 

where  A,   B,    C,  D, are  undetermined   constants  ^  +  1   in 

number. 

This  identity  being  true  for  all  values  of  w,  we  may  equate 
the  coefficients  of  like  powers  of  n;  we  thus  obtain  ^^  +  1  simple 
equations  to  determine  the p+l  constants. 

Example.    Find  the  sum  of  n  terms  of  the  series  whose  general  term  is 

n*  +  6n'  +  6ri«. 
Assume 

n*  +  6n»  +  5ri»=i4+B«+Cw(w  +  l) +  2)71(71+ l)(n  +  2)  +  En(n  +  l)(n  +  2)(n  +  3); 

it  is  at  once  obvious  that  ^=0,  £=0,  £  =  1;  and  by  patting  n=  ->  2,  n  =£  - 3 
Buooeaaively,  we  obtain  C = -  6,  D = 0.    Thus 
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Hence  /Sf^=gri(n  +  l)(n  +  2)(n  +  3)(n+4)  -  2n(n  +  l)(ri  +  2) 

=gn  (n  +  1)  (n  +  2)  (n«+7n+2). 


Polygonal  and  Figubate  Numbers. 

389.  If  in  the  expression  w  +  Jn  (n  —  1)  6,  which  is  the  sum 
of  n  terms  of  an  arithmetical  progression  whose  first  term  is  1 
and  common  difierence  6,  we  give  to  b  the  values  0,  1,  2,  3,  ..., 
we  get 

n,^n(n  +  l),  n\  ^n(3n-l), , 

which  are  the  n*"^  terms  of  the  Polygonal  Numbers  of  the  second, 

third,  fourth,  fifth, orders;  the  first  order  being  that  in  which 

each  term  is  unity.     The  polygonal  numbers  of  the  second,  third, 

fourth,  fifth, orders  are  sometimes  called  linear,  triangular, 

square,  pentagonal, 

390.  To  find  the  sum  of  tlie  first  n  terms  of  the  r***  order  of 
polygonal  numbers. 

The  n*^  term  of  the  r*^  order  is  n  +  ^ti  (ri  -  1)  (r  —  2); 

.-.  ^„  =  2n  +  J(r-2)S(n-l)n 

^\n{n+  \)  +  ^(r-2){n'-\)n{n+\)  [Art.  383] 

=  \n  (n+  1)  {(r  -2)  {n-  1)  +  3}. 

391.  If  the  sum  of  n  terms  of  the  series 

1,1,1,1,1,  , 

be  taken  as  the  w'^  term  of  a  new  series,  we  obtain 

1,  2,  3,  4,  5,  


If  again  we  take  — —r — -  ,  which  is  the  sum  of  n  terms  of  the 

last  series,  as  the  n^^  term  of  a  new  series,  we  obtain 

1,  3,  6,  10,  15, 

By  proceeding  in  this  way,  we  obtain  a  succession  of  series 
such  that  in  any  one,  the  n^^  term  is  the  sum  of  n  terms  of  the 
preceding  series.  The  successive  series  thus  formed  are  known 
as  Figorate  Numbers  of  the  first,  second,  tbitd,  ...  ot^^^^* 
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392.     To  find  the  n*^  term  and  the  snm  of  n  terms  of  the  r*^ 
order  offi^urate  numhers. 

The  w*^  term  of  the  first  order  is    1;   the  n^^  term  of   the 
second  order  is  n;  the  vS^  term  of  the  third  order  is  2w,  that  is 

VL  iVh  -4"  1  1 

^n{n+l);  the  n^^  term  of  the  fourth  order  is  5  — ^j — q— ^ ,  that  is 

1 .  J .  3  1  .  2  .  «5 

that  IS  -^^ ^-^-pj — — ^  ;  and  so  on. 

Thus  it  is  easy  to  see  that  the  w*^  term  of  the  r*^  order  is 


n 


(n+l)(n  +  2)...(7t  +  r-2) 
lr-1 


or 


n  +  r-2 


w—  1    r—l 


Again,  the  sum  of  7i  terms  of  the  r***  order  is 

n{n-hl)  (n+2)  ...  (ii  +  r-l) 

which  is  the  n^^  term  of  the  (r  +  1)*^  order. 

Note.  In  applying  the  rule  of  Art.  383  to  find  the  sum  of  n  terms  of 
any  order  of  figurate  numbers,  it  will  be  foimd  that  the  constant  is  always 
zero. 

393.  The  properties  of  figurate  numbers  are  historically 
interesting  on  account  of  the  use  made  of  them  by  Pascal  in 
his  Traite  du  triangle  arithm^tique,  published  in  1665. 

The  following  table  exhibits  the  Arithmetical  Triangle  in  its 
simplest  form 

1  ... 


1  1 

1 

1   1   1 

1 

1 

1 

1   2 

3 

4   5   6 

7 

8 

9 

1   3 

6 

10  15  21 

28 

36  . 

•  • 

1   4 

10 

20  35  56 

84 

1  •  • 

1   5 

15 

35  70  12G 

•  • 

1   6 

21 

56  126  ... 

1   7 

28 

84  ... 

1   8 

36 

■  • 

I   9  . 

J-  •  •  • 

•  • 
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Pascal  constructed  the  numbers  in  the  triangle  by  the  follow- 
ing rule : 

Each  numher  is  the  sum  of  that  immediately  ahove  it  and  that 
im,msdiately  to  the  left  of  it; 

thus  15-5  +  10,  28  =  7  +  21,  126  =  56  +  70. 

From  the  mode  of  construction,  it  follows  that  the  numbers  in 
the  successive  horizontal  rows,  or  vertical  columns,  are  the  figurate 
numbers  of  the  first,  second,  third, ...  orders. 

A  line  drawn  so  as  to  cut  off  an  equal  number  of  units  from 
the  top  row  and  the  left-hand  column  is  called  a  hase^  and  the 
bases  are  numbered  beginning  from  the  top  left-hand  comer. 
Thus  the  6th  base  is  a  fine  drawn  through  the  numbers  1,  5,  10, 
10,  5,  1 ;  and  it  will  be  observed  that  there  are  six  of  these  num- 
bers, and  that  they  are  the  coefficients  of  the  terms  in  the  ex- 
pansion of  (1  +  xf. 

The  properties  of  these  numbers  were  discussed  by  Pascal 
with  great  skill :  in  particular  he  used  his  Arithmetical  Triangle 
to  develop  the  theory  of  Combinations,  and  to  establish  some 
interesting  propositions  in  Probability.  The  subject  is  fully 
treated  in  Todhunter's  History  of  FrobMlity,  Chapter  ii. 

394,  Where  no  ambiguity  exists  as  to  the  number  of  terms 
in  a  series,  we  have  used  the  symbol  S  to  indicate  summation; 
but  in  some  cases  the  following  modified  notation,  which  indicates 
the  limits  between  which  the  summation  is  to  be  effected,  will  be 
found  more  convenient. 


Let  ^  (x)  be  any  function  of  x,  then  S  <^  (a;)  denotes  the  sum 

•=1 

of  the  series  of  terms  obtained  from  <^  (x)  by  giving  to  x  all  posi- 
tive integral  values  from  Z  to  m  inclusive. 

For  instance,  suppose  it  is  required  to  find  the  sum  of  all  the 
terms  of  the  series  obtained  from  the  expression 

{p-l){p-2)...{p-r) 


by  giving  to p  all  integral  values  from  r  +  1  top  inclusive. 
H.  H.  A.  21 
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Writing  the  factors  of  the  numerator  in  ascending  order, 

,,             .     ,               '="  (^-r)(;?--r+ 1)  ...(^-1) 
the  required  sum  =    i -— ; ^^- -' 

=  — {1.2.3.. ..r+ 2.3.4.. ..(r+l)+.. .+(j9-r)(^-r+l)...(p-l)} 

\t  r  +  1 

i(-l)(p-2),,,(p-r) 
\r+  1 

Since  the  given  expression  is  zero  for  all  values  of  p  from  1  to 
r  inclusive,  we  may  write  the  result  in  the  form 

'^{p-l){p-2)...(p-r)^p(p-l)(p-2)..,(p^r) 

p^i  \r  \r  +  l 


EXAMPLES.    XXIX.  a. 

Smn  the  following  series  to  n  terms  : 

1.  1.2.3+2.3.4  +  3.4.5  + 

2.  1.2.3.4  +  2.3.4.5+3.4.5.6+ 

3.  1.4.7+4.7.10+7.10.13+ 

4.  1.4.7  +  2.5.8  +  3.6.9  + 

6.     1.5.9  +  2.6.10  +  3.7.11  + 

Sum  the  following  series  to  n  terms  and  to  infinity : 

6     J-+J-  +  -L  + 

^'     1.2^2.3^3.4^ 

'•     1.4^4.7^7.10^ 

•     1.3.5"^3.5.7"^5.7.9"^ 

"'    1.4.7^4.7.10^7.10.13^ 

4              5              6 
^        1.2. 3  "^2. 3. 4  ■^37475'^ 

1               2               3 
3.4.5"^47676'^5.6.7'^  

12     — 1-+— ^•+  ■   ^       +      "^    -+        . 
1.2.3^2.3.4^3.4.5^4.5.6^ 
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Find  the  sum  of  n  terms  of  the  series : 

13.  1.3.22+2.4.38+3.6.48+ 

14.  (n2-l2)+2(»2-22)+3(n2-32)  + 

Find  the  sum  of  n  terms  of  the  series  whose  w*"*  term  is 

15.  n^{n^-l).  16.    (n^+bn+^){n^+6n+S), 

JLf .  A    9      1      •  JLO.  9  ,  « 

10     ^^+3^2+2/1+2  n*+n^+l 

w2+2n  w*+/i 

21.  Shew  that  the  w*  term  of  the  ^•"'  order  of  figurate  numbers  is 
equal  to  the  r^  term  of  the  n^  order. 

22.  If  the  n*  term  of  the  r***  order  of  figurate  numbers  is  equal  to 
the  (71+2)*^  term  of  the  (r-2)*  order,  shew  that  r=?i+2. 

23.  Shew  that  the  sum  of  the  first  n  of  all  the  sets  of  polygonal 
numbers  from  the  linear  to  that  of  the  r^  order  inclusive  is 

(r-l)n(n+l), 

^ 19  ^(m-2yt-r+8). 

Summation  bt  the  Method  of  Differences. 

395.  Let  Un  denote  some  rational  integral  function  of  n^  and 
let  «^,  Wa,  W8>  ^4i-«  denote  the  values  of  u^  when  for  n  the  values 
1,  2,  3,  4,...  are  written  successively. 

"We  proceed  to  investigate  a  method  of  finding  u^  when  a 
certain  number  of  the  terms  u^  u^y  v^,  u^,*..  are  given. 

From  the  series  v^,  u^,  ti^,  u^y  u^j,..  obtain  a  second  series 
by  subtracting  each  term  from  the  term  which  immediately 
follows  it. 

The  series 

l*j  — Wj,   U^-U2j   u^  —  tisf    1*5— 1*4,... 

thus  found  is  called  the  series  of  the  first  order  of  differences^  and 
may  be  conveniently  denoted  by 

Ai^j,     Aw,,     At^,     AW4,... 

By  subtracting  each  term  of  this  series  from  the  term  that 
immediately  follows  it,  we  have 

At^  — Aiip     Au,  — Aiis,     Au4~At^,... 

which  may  be  called  the  series  of  the  second  order  of  differences^ 
and  denoted  by 

Aa^i,     AaWj,     A^u^,... 
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From  this  series  we  may  proceed  to  form  the  series  of  the 
thirdf  /ourthj  Ji/th, . . .  orders  of  differences,  the  general  terms  of 
these  series  being  ^^r9  ^4^r»  Asi^^,...  respectively. 

From  the  law  of  formation  of  the  series 

«^>  ^2>  WS>  W4,  M5,  Wj, 

Awi,     At*2,     At*3,     AW4,     Awg, 

AaT^,     AgWa*     Ag?*,,     A2W4, 

AgMj,         Agl^,         AjWs, 

it  appears  that  any  term  in  any  series  is  equal  to  the  term 
immediately  preceding  it  added  to  the  term  below  it  on  the  left. 

Thus  163  =  t«i  4-  Ai^,  and  At^^  =  At^j^  +  As^ . 

By  addition,  since  1*3  +  Awa  =  u^  we  have 

Wj  =  Wj  4-  2At^  +  AgWji. 

In  an  exactly  similar  manner  by  using  the  second,  third,  and 
fourth  series  in  place  of  the  first,  second,  and  third,  we  obtain 

Au^  =  At^  +  2A2t^  +  A^Ui, 

By  addition,  since  u^  +  Amj  =  1*4,  we  have 

1^4  =  Wj  4-  3At^  +  SA^Ui  +  A3W1. 

So  far  as  we  have  proceeded,  the  numerical  coefficients  follow 
the  same  law  as  those  of  the  Binomial  theorem.  We  shall  now 
prove  by  induction  that  this  will  always  be  the  case.  For  sup- 
pose that 

.         w(7i-l)  .                  ^^  . 
Wi  =  ^  +  ^^^i  +  — 1 — o"-^  AaMj  +  ...  +'*6VAyWi4- +  A^?/i; 


w. 


then  by  using  the  second  to  the  (n  +  2)***  series  in  the  place  of  the 
first  to  the  (?*  +  1)***  series,  we  have 

At*„+i  =  AUi  +  wAgW,  +      ^  '  AgW,  +  . . .  +  *Cy_iA,JMi  +  . . .  +  ^n+l^  • 

By  addition,  since  w„+i  +  Aw^^i  =  -i^^^aj  we  obtain 


But    ♦'^ 
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'n  —  r+1      ,\     ^^         n  +  1 


m.n         /n  —  r+l     -\     „^         w  +  1     „^ 

r  +  ""Or.i  =  \^ +  1  j  X  ^Cr^,  =  — -  X  «(7,.i 

_  (^  +  1 )  ^  (^  -  1 )  . . .  (^TTl  -  r  +  1 )  _  „^j^ 
1.2.3...(r-l)r  ""     ^'•* 

Hence  if  the  law  of  formation  holds  for  u^^i  it  also  holds  for 
^n+2>  ^^*  i^  is  true  in  the  case  of  W4,  therefore  it  holds  for  W5,  and 
therefore  universally.     Hence 

^n  =  'i^  +  (w  -  1)  Ami  +  ^^ p-^2 ^2^  +  ...  +  A„_iWi. 

396.     To  find  the  sum  of  n  terms  of  the  series 

t^,     t^,     W3,     W4, 

in  terms  of  the  diflferences  of  Wj. 

Suppose  the  series  tt^,  Wg,  Ws,...  is  the  first  order  of  differences 
of  the  series 

^l,        ^2,        ^8*        V4,---, 

then  «?»+!  =  (««^.i  -  Vf^)  +  (««  —  v„_i)  +  ...  +  (vg  —  i?i)  +  v^  identically ; 
Hence  in  the  series 

0,      v.,      Vs,      V4,      Vb 

Wi,     Wa,     Wg,     W4, 

A««i,    Au^y    At«3 

the  law  of  formation  is  the  same  as  in  the  preceding  article; 

^  n(n-l)  .  . 

•  •   ^»+i  =  0  +  nui  +  — ^ — ^  At*i  +  . . .  +  A«Wi ; 

that  is,  1^1  +  Wa  +  «*8  +  . . .  +  w,j 

w(7i-l)  .          w(w-l)(w-2)  . 
=  WtAi  +      ^  ,g     ^  Au^  +  —^ jy A2W1  +  ...  +  A«Wi. 


•  The  formulae  of  this  and  the  preceding  article  may  be  ex- 
pressed in  a  slightly  different  form,  as  follows :  if  a  is  the  first 
term  of  a  given  series,  c?i,  d^,  c?8,...  the  first  terms  of  the  suc- 
cessive orders  of  differences,  the  n*^  term  of  the  given  series  is 
obtained  from  the  formula 
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and  the  sum  of  n  terms  is 

na+       -^ — (ti  + — c^+ — a^+.... 

Example.    Find  the  general  term  and  the  sum  of  n  terms  of  the  series 

12,  40,90,168,280,432, 

The  Buccessiye  orders  of  difference  are 

28,60,78,112,162 

22,28,34,  40, 

6,    6,    6, 

0,     0,... 

,       .K.           ,«    no/       ,x     22(n-l)(n-2)     6  (n-1)  (n-2)  (n-3) 
Hence  the  n*  term  =  12  +  28 (n- 1)  +  — ^- — r^ ^  +  — ^ ^  V^     '^ ' 

li  If. 

=n'  +  6n* +  671. 

The  Bum  of  n  terms  may  now  be  fonnd  by  writing  down  the  value  of 
Zn*+6Zn'  +  6Zn.    Or  we  may  nse  the  formula  of  the  present  article  and 

obtain  s^^l2n-,'^;^K''''^''-'^^^^^ 

li  li  li 

=  :^(3»«  +  26n  +  69«  +  46), 
=:in(n  +  l)(3»2  +  23»+46). 

397.  It  will  be  seen  that  this  method  of  summation  will  only 
succeed  when  the  series  is  such  that  in  forming  the  orders  of 
differences  we  eventually  come  to  a  series  in  which  all  the  terms 
are  equal.  This  will  always  be  the  case  if  the  n^  term  of  the 
series  is  a  rational  integral  function  of  n. 

For  simplicity  we  will  consider  a  function  of  three  dimensions; 
the  method  of  proof,  however,  is  perfectly  general. 

Let  the  series  be 

where  u^  =  -4n'  +  Bn'  -{-Cn+Dy 

and  let  v^,  w^,  z^  denote  the  w***  term  of  the  first,  second,  third 
orders  of  differences; 
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then       v^=:u^^^-u^  =  A  (3n'  +  3n-{'  l)  +  jB(2n+  l)-^0', 

that  is,  v^  =  3An'-{'{3A  +  2B)n-hA+B  +  Ci 

Similarly      w^  =  v^^^-v^==ZA  (2n+l) +  3A  +  2B 

and  z  =  w. ,  —  w?  =6-4. 

Thus  the  terms  in  the  third  order  of  differences  are  equal; 
and  generally,  if  the  n^^  term  of  the  given  series  is  of  p  dimensions, 
the  terms  in  the  p^^  order  of  differences  will  be  equal. 

Conversely,  if  the  terms  in  the  p^^  order  of  differences  are 
equal,  the  w*^  term  of  the  series  is  a  rational  integral  function  of 
n  oip  dimensions. 

Example,    Find  the  n*»»  term  of  the  series  - 1,  -  3,  3,  23,  63, 129, 

The  successive  orders  of  differences  are 

-2,  6,20,40,66, 

8,14,20,26, 

6,   6,    6, 

Thus  the  terms  in  the  third  order  of  dififerences  are  equal ;  hence  we  may 
assume  u^=A+Bn-\'  Cn^  +  Dn^y 

where  Ay  B^  Cy  D  have  to  be  determined. 

Putting   1,   2,  3,  4  for  n  in  succession,  we  have  four  simultaneous 
equations,  from  which  we  obtain  A=S,  B  =  -3,  C=-2,  D  =  l; 

hence  the  general  term  of  the  series  is  3  -  3n~  2n^+n'. 

398.  If  Sk  is  a  rational  integral  /unction  of  p  dirnensions 
in  n,  the  series 

a^  +  a^x  +  a^cc*  +  ...  +  a,aj" 

is  a  recurring  series,  whose  scale  of  relation  is  (1  -  x)**    . 

Let  S  denote  the  sum  of  the  series ;  then 
S(l-x)  =  a^  +  (a^-a,)x-^{a,-ay+.„  +  {a^-a^.,)^''-ajc''-''- 

=  a,  +  h^x  +  6,iB*  +  ...  +  bxT  -  a^oT+S  say; 
here  5  =  a  -  a  _,,  so  that  6«  is  of  ^  -  1  dimensions  in  71. 
Multiplying  this  last  series  by  1  -  a;,  we  have 

=„^+(6_a,)a,+(6,-6,K+-+(6«-*«-iK-K+^«K"+«."'"*' 
=  o,+(6,-a>+c,a!'+c.a^+  ...+cX-K+^K*'+«.'^"»  say; 
here  c,  =  6,  -  K-v  so  that  c,  is  of  ;>  -  2  dimensions  in  w. 
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Hence  it  follows  that  after  the  successive  multiplications  by 
1  —Xf  the  coefficients  of  x*  in  the  first,  second,  third,  ...  products 
are  general  terms  in  the  first,  second,  third,  ...  orders  of  differences 
of  the  coefficients. 

By  hypothesis  a„  is  a  rational  integral  function  oi  n  oi  p 
dimensions ;  therefore  after  p  multiplications  by  1  —  a;  we  shall 
arrive  at  a  series  the  terms  of  which,  with  the  exception  of  p 
terms  at  the  beginning,  and  p  terms  at  the  end  of  the  series,  form 
a  geometrical  progression,  each  of  whose  coefficients  is  the  same. 
[Art.  397.] 

Thus  S(l-xy  =  k{af  +  af'''  +  ...  +a;-)  +/(a:), 

where  A:  is  a  constant,  and  /(x)  stands  for  the  p  terms  at 
the  beginning  and  p  terms  at  the  end  of  the  product. 

.■.^(l-,)'.*''^-'^">4-/W; 

thus  the  series  is  a  recurring  series  whose  scale  of  relation  is 
(l«a;)'+\     [Art.  325.] 

If  the  general  term  is  not  given,  the  dimensions  of  a^  are 
readily  found  by  the  method  explained  in  Art.  397. 

Example,    Find  the  generating  function  of  the  series 

8  +  6a;+9xa+16x»+23a:*+33ar^+ 

Forming  the  successive  orders  of  differences  of  the  coefficients,  we  have 
the  series 

2,  4,  6,  8,  10, 

2,2,2,2, ; 

thus  the  terms  in  the  second  order  of  differences  are  equal ;  hence  a^  is  a 
rational  integral  function  of  n  of  two  dimensions ;  and  therefore  the  scale 
of  relation  is  (1  -  x)'.    We  have 

5f=3  +  6x+  9a:»  +  16a^  +  23a:*+33ar»+ 

-SxS=    -  9aj  -  ISa^a  -  27x»  -  46a:*  -  69a:"  - 

Sa^S=  9a;«  +  16x»  +  27a:*  +  46ar»+ 

^sfiS=  -  8a:8-   Bx*-   9x^- 

By  addition,  (l~x)«iSf=3-4a:  +  8a:»; 

8-4«  +  8x« 
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399.  We  have  seen  in  Chap.  xxiv.  that  the  generating 
function  of  a  recurring  series  is  a  rational  fraction  whose  denomi- 
nator is  the  scale  of  relation.     Suppose  that  this  denominator  can 

be  resolved  into  the  factors  (1  —  ax)  (1  —  6a;)  (1  —  coj) ;  then  the 

generating  function  can  be  separated  into  partial  fractions  of  the 

-  ABC 

form  ^i +  = — i—  +  ^i + 


Each  of  these  fractions  can  be  expanded  by  the  Binomial  Theorem 
in  the  form  of  a  geometrical  series;  hence  in  this  case  the  re- 
curring series  can  be  expressed  as  the  sum  of  a  number  of 
geometrical  series. 

If  however  the  scale  of  relation  contains  any  factor  1  -  oaj 

more  than  once,  corresponding  to  this  repeated  factor  there  will  be 

A  A 

partial   fractions   of   the   form  7^ ^-^r?,    ,-= — 5— 75, :  which 

^  (l-oa?)"    (l-ooj)*'  ' 

when  expanded  by  the  Binomial  Theorem  do  not  form  geometrical 

series;  hence  in  this  case  the  recurring  series  cannot  be  expressed 

as  the  sum  of  a  number  of  geometrical  series. 

400.     The  successive  orders  of  differences  of  the  geometrical 
progression  . 

a,  ar,  or*,  or',  ar*,  or*,  

are  a(r-l),  a(r-l)r,  a(r-l)r',  a(r-l)7**, 

a(r-l)«,  a{r-\)\  a(r-l)V», 


which  are  themselves  geometrical  progressions  having  the  same 
common  ratio  r  as  the  original  series. 

401.     Let  us  consider  the  series  in  which 

where  ^(w)  is  a  rational  integral  function  of  w  of  p  dimensions, 
and  from  this  series  let  us  form  the  successive  orders  of  differences. 
Each  term  in  any  of  these  orders  is  the  sum  of  two  parts,  one 
arising  from  terms  of  the  form  ar^'^^  and  the  other  from  terms  of 
the  form  <f>{ri)  in  the  original  series.  Now  since  <f>{n)  is  of  p 
dimensions,  the  part  arising  from  ^(n)  will  be  zero  in  the  {p+Vf^ 
and  succeeding  orders  of  differences,  and  therefore  these  series 
will  be  geometrical  progressions  whose  common  ratio  is  r. 

[Art.  400.] 
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Hence  if  the  first  few  terms  of  a  series  are  given,  and  if  the 
p^  order  of  differences  of  these  terms  form  a  geometrical  pro- 
gression whose  common  ratio  is  r,  then  we  may  assume  that  the 
general  term  of  the  given  series  is  or""*  +f{n\  where  f{n)  is  a 
rational  integral  function  of  w  of  p  -  1  dimensions. 

Example.    Find  the  n^  term  of  the  series 

10,  23,  60,  169,  494, 

The  successive  orders  of  differences  are 

13,  37,  109,  336, 

24,  72,   216, 

Thus  the  second  order  of  differences  is  a  geometrical  progression  in  which 
the  common  ratio  is  3 ;  hence  we  may  assume  for  the  general  term 

w,j=a.3**-^  +  6n  +  c. 

To  determine  the  constants  a,  6,  c,  make  n  equal  to  1,  2,  3  successively; 
then  a  +  6  +  c=10,  3a  +  26+c=23,  9a  +  36  +  c=60; 

whence  a=6,  6=1,  c=3. 

Thus  M„=6  .  3*»-i  +  n  +  3=2  .  3*»  +  n  +  3. 

402.  In  each  of  the  examples  on  recurring  series  that  we 
have  just  given,  on  forming  the  successive  orders  of  differences 
we  have  obtained  a  series  the  law  of  which  is  obvious  on  inspec- 
tion, and  we  have  thus  been  enabled  to  find  a  general  expression 
for  the  w***  term  of  the  original  series. 

If,  however,  the  recurring  series  is  equal  to  the  sum  of  a 
number  of  geometrical  progressions  whose  common  ratios  are 
a,  6,  c,  ...,  its  general  term  is  of  the  form  ^a"~*+J56"~*+  (7c""*, 
and  therefore  the  general  term  in  the  successive  orders  of 
differences  is  of  the  same  form ;  that  is,  all  the  orders  of  differ- 
ences follow  the  same  law  as  the  original  series.  In  this  case  to 
find  the  general  term  of  the  series  we  must  have  recourse  to  the 
more  general  method  explained  in  Chap.  xxiv.  But  when  the 
coefficients  are  large  the  scale  of  relation  is  not  found  without 
considerable  arithmetical  labour;  hence  it  is  generally  worth 
while  to  write  down  a  few  of  the  orders  of  differences  to  see 
whether  we  shall  arrive  at  a  series  the  law  of  whose  terms  is 
evident. 

403.  We  add  some  examples  in  further  illustration  of  the 
i       preceding  principles. 
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Example  1.    Find  the  stun  of  n  terms  of  the  series 


6      17      1      J^AH      1 

"**  3 .  4  •  38 

2n+3      1 


1.2'3'*"2.3'35'*'3.4'38"*"4.6'8*'^ 


Here  **•»= — -, tt»k^» 

**    n(n  +  l)    3* 

.  .  2n  +  3       A        B 

n  (n  + 1)     w      n  + 1 

we  find  ^=3,  B=-l. 

/3        1    \    1      1       1  1        1 

uence  tt^_.|^--_^j  -  _.- .  ^_  -  __  ._  , 

1        1 


and  therefore  8^=1- 


n  +  l'3«* 


Example  2.    Find  the  som  of  n  terms  of  the  series 


13  6_     _        7 

11"*"  3 

2n-l 


3"*"3.7''"3.7.1l"*"3.7.11.16"^ 


The  n*^  term  is        o   »    ii 7i EVTi ii  • 

3.7.11 (4»-6)(4n-l) 

._„^^  2n-l A{n  +  1)  +  B  An  +  B 

8  .  7 (4n-  6)  (4n-.  1)  "  3  .  7 4n- 1      3.7 (4n-5)  ' 

.'.  2n-l=i<n+(ii+B)-(iin+B)(4n-l). 

On  equating  coefficients  we  have  three  equations  inyolring  the  two 
unknowns  A  and  B,  and  our  assumption  will  be  correct  if  values  of  A  and  B 
can  be  found  to  satisfy  all  three. 

Equating  coefficients  of  n',  we  obtain  A=0, 

Equating  the  absolute  terms,  -1=2B;  that  is  B=-i;  and  it  will  be 
found  that  these  values  of  A  and  B  satisfy  the  third  equation. 

_1  1  1    1 

•'•  **«"2*8.7 (4n-6)"2*3.7 (4ti  -  6)  (4w  - 1) ' 

hence  ^« = 2  "  2  *  STtTII (4^-1) ' 

Example  8.    Sum  to  n  terms  the  series 

6.9  +  12.21  +  20.87  +  30.67  +  42.81+ 

By  the  method  of  Art.  396,  or  that  of  Art.  397,  we  find  that  the  n^  term 

of  the  series  6,  12,  20,  30,  42, is  nH3n+2, 

and  the  n*^  term  of  the  series 

9,  21,  37,  57,  81, is2n*+6n+l. 
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Hence  u^=(n+l)(n+2)  {a»(n+8)  +  l} 

=2n(n+l)(n+2)(n+8)  +  (n+l)(n  +  2); 

•••  iSf^=|n(n+l)(«+2)(n+8)(n+4)+|(n+l)(n+2)(n+3)-2. 

Example  4.    Find  the  snm  of  n  terms  of  the  series 

2.2  +  6.4  +  12.8  +  20.16  +  30.82+ 

In  the  series  2,  6,  12,  20,  80 the  n^  term  is  ti^+n; 

hence  u^ = (n*  +  n)  2*. 

Assume  (n«+n)2*=(Jn'+B»+C)2»- {J(n-.1)«+B(n-1)  +  C}  2»-i; 
dividing  out  by  2**~^  and  equating  coefficients  of  like  powers  of  it,  we  have 

2=A,  2=2J+B,  0=C-A+B; 
whence  -4=2,  B=-2,  C=4. 

.-.  M„=(2na-2n+4)2»-.{2(n-l)'-2(n-l)  +  4}2*-i; 
and  5«=(2n«-2n+4)2'»-4=(n»-»+2)2*^-i-4. 

EXAMPLES.     XXTX.  b. 

Find  the  n*^  term  and  the  sum  of  n  terms  of  the  series : 

1.  4,  14,  30,  52,  80,  114, 

2.  8,  26,  64,  92,  140,  198, 

3.  2,  12,  36,  80,  160,  262, 

4.  8,  16,  0,   -64,   -200,   -432, 

6.    30,  144,  420,  960,  1890,  3360, 

Find  the  generating  functions  of  the  series : 

6.  l+3a;+1a^+l^a!^  +  2lx^+Slafi+ 

7.  l+2^+9;r8+20a;8  +  35a?*+-54^+ 

8.  2+6a:-hlOx^  +  l7afl +  260^+370^  + 

9.  l-Za;+6a^-1a!^+9af^-Uafi+ 

10.    l*+-2*a?  + 3*472 +  4*a;S+.  5*0^+ 

Find  the  sum  of  the  infinite  series : 

11.    3  +  3s  +  3s  +  34  + 

12    i*-?.'.??.!'    l'_6». 
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Find  the  general  term  and  the  sum  of  n  terms  of  the  series : 

13.  9,  16,  29,  54,  103, 

14.  -3,   -1,  11,  39,  89,  167, 

15.  2,  6,  12,  31,  86, 

16.  1,  0,  1,  8,  29,  80,  193, 

17.  4,  13,  36,  94,  262,  755 

Find  the  sum  of  n  terms  of  the  series : 

18.  1+2^+3^+4^+5^  + 

19.  l+aF+6a?«+10jFS+15a-'*  + 

^     _3_    1  ._4      2a.-l.     1        ^       1   , 
•    1 .  2  •  2  ■*■  2 .  3  "  2«  "^  3 .  4  •  23  ^  4 .  5  •  2*  "*" 

12  o8  02  4.2 

22.  3.4+8.11  +  15.20+24.31+35.44  + 

23.  1.3+4.7  +  9.13  +  16.21+25.31  + 

24.  1.5  +  2.15+3.31  +  4.53  +  5.81  + 


26.       1+23  4 


1.3  '  1.3.5     1.3.5.7     1.3.5.7.9 
^     1.2.2.2«     3.23     4.2* 

U  T?~  ir  IF"  

27.  2.2+4.4+7.8+11.16  +  16.32  + 

28.  1. 3+3. 3«  +  5.  33+7. 3*+9.3»+ 


20     JL  4.    ^'^    4.    1-3.5  1.3.5.7 

2.42.4.6'^i2.4.6.8"*'2.4.6.8.10"*' 


•    1.2.3'3     2.3.4 'a*     3.4.5 '3'"^ 

OA      1,6      11     19 

32.     Tt;  +  TT  +  TT  +  T^  + 


j 3  ■  (4  ■  1 6  •  [6 


^    1.2.3*  4^2.3.4"  8     3.4.6  •16^4.6.6 '32^ 
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404.  There  are  many  series  the  summation  of  which  can  be 
brought  under  no  general  rule.  In  some  cases  a  skilful  modifi- 
cation of  the  foregoing  methods  may  be  necessary ;  in  others  it 
will  be  found  that  the  summation  depends  on  the  properties  of 
certain  known  expansions,  such  as  those  obtained  by  the  Binomial, 
Logarithmic,  and  Exponential  Theorems. 

Example  1.    Find  the  smn  of  the  infinite  series 

^     12     28     60     78 

|l+|2_+|3_+^+|5+ 

The  n^  term  of  the  series  2, 12,  28,  50,  78 is  Sn^+n  -  2;  hence 

3n»+n-2     8n(n-l)+4n-2 

«^= . =  — i 1 

3  4     _2     "" 

n-2       n-l      In* 


Put  n  equal  to  1,  2,  3,  4,...  in  succession ;  then  we  have 

and  so  on. 

Whence  fif„=3fi+4<j-2(tf-l)=5e+2. 

Example  2.    If  (1  +  «)»» = c,, + Cja;  +  c^a  + . . .  +  c^x'',  find  the  value  of 

1\  +  2«C2  +  3«c,  + . . .  +  n V 

As  in  Art.  398  we  may  easily  shew  that 

12+22:r  +  3«x»  +  4«x3+...+n»a;«-i+...  =  J^. 

{l-xf 

Also  Cn+c^-iX+  ...c^'^-^  +  CiX**^^  +  Cfp:'^={l  +  x)\ 

Multiply  together  these  two  results;   then  the  given  series  is  equal  to 
the  coefficient  of  x^-^  in  ^~^-  ,  that  is,  in  i^^^^—  , 

The  only  terms  containing  a;*-i  in  this  expansion  arise  from 

2*+i  (1  -  x)-3  -  (n  + 1)  2»»  (1  -  a:)-a  +  ^-^-^^  2«-i  (1  -  x)-\ 

.-.  the  given  series a=  ^li^Ltl)  2»+i  -  n  (n + 1)  2»» + 1^^)  2*^1 

s=n(n+l)2*»-* 
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Example  3.    If  2)=a+ 1,  and  n  is  a  positive  integer,  find  the  value  of 
j.»     /       IX    i.n_»  .  (w-2)(»--3)    ,^^   .     (n-3)(n-4)(n-5)   ,^^  . 

11  II 

By  the  Binomial  Theorem,  we  see  that 

(n-3)(n-2)      (n-5)  (n-4)  (>.-3) 
1,  w     1,  ^  ,  -  , 


are  the  coefficients  of  a;*,  x^~\  a;*"*,  x^-^, in  the  expansions  of  (1  -  x)~\ 

(1-a;)-*,  (1-a;)-^  (l-x)~* respectively.    Hence  the  sum  required  is 

equal  to  the  coefficient  of  x^  in  the  expansion  of  the  series 

1  ax*  a^x^  d^afi 


1  -  6a;      (1  -  hxy^  ^  (1  -  hx)^     (1  -  hxf 

and  although  the  given  expression  consists  only  of  a  finite  number  of  terms, 
this  series  may  be  considered  to  extend  to  infinity. 


1         /         a^  \  1 

But  the  sum  of  the  series= :i — r-  -f-  ( 1  +  = — ?—  |  =  = — ^ 


ax^ 


- — -. =-r -,  since  6;=a  +  l. 

l-(a  +  l)a;  +  aa?' 

1 


Hence  the  given  series      =  coefficient  of  x^  in 


(1  -x){l-  ax) 

=  coefficient  of  x^  in =  I  -z ) 

a-1  \l-aa;     1— «/ 

a»»+i  - 1 


a-1 


Example  4.    If  the  series 


a?     afi  x^     x^  a;'     X*     ^ 

^'*"|3'^|6'^ '  ^'''^'^'^ '  li"*"!!  li ' 

are  denoted  by  a,  6,  c  respectively,  shew  that  a'+63  +  c'-3al»(;=l. 

If  <^  is  an  imaginary  cube  root  of  unity, 

a3^53  +  c3-3a&c  =  (a  +  6  +  c)(a  +  w&  +  w2c)(a  +  w''6  +  wc). 

x^     2^     s^     ac^ 
Now  '*'^^'*"^~^ '*"^"*'T2'^  ll'^Ii'^IS'*' 

a;2a.a      ^^^^      <^j;4      t^aH' 
and  a  +  w6  +  w2c  =  l+ w«+-r2-  + -jo- +-iT-+ -75-+ 


tax 

=e 


similarly  a  +  w^ft  +  wc  =  e 


=  1,  bince  l  +  w  +  w'=0. 
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405.  To  find  the  sum,  of  the  v^^  powers  of  the  first  n  vuxturaZ 
mumbers. 

Let  the  sum  be  denoted  by  S^ ;  then 

Assume  that 

/^,  =  ^n'+*+^y  +  ^X-'+.i,n'-«+...+^,n  +  ^,^^ (1), 

where  A^^  A  ,  A^,  A^,  ...  are  quantities  whose  values  have  to  be 
determined. 

"Write  n  +  1  in  the  place  of  n  and  subtract;  thus 

+  A,{(n+iy-'-nr-'}  +  A^{{n  +  l)^'-nr"]-^..,  +^,...(2). 

Expand  (n+l)*"*^^,  (n  +  l)',  (n  +  1)'"*,  ...  and  equate  the  co- 
efficients of  like  powers  of  w.  By  equating  the  coefficients  of  n', 
we  have 

l  =  A^{r  +  1),  so  that  A^  =  ^— ^  . 

By  equating  the  coefficients  of  n'"*,  we  have 

r  =    ^^    — '—  +  A^r\  whence  -4  =  jr . 

Equate  the  coefficients  of  w*""',  substitute  for  A^  and  -4,,  and 
multiply  both  sides  of  the  equation  by 

\P 


r(r-l)(r-2)  ...  {r-p-^\)' 
we  thus  obtain 

jt?  +  1      2        "r       'r(r-l)         *r(r-l)(r-2)  ^' 

In  (1)  write  w  —  1  in  the  place  of  n  and  subtract;  thus 
w-=^>-^^-(n-ir^}4-^,{n'-(n-l)-}+^{n'->-(n-l)-*}  +  ... 

Equate  the  coefficients  of  w*""',  and  substitute  for  A^yA^'y  thus 
p  +  1      2        *r        •r(r-l>         *r(r-l)(r-2)  ^^ 
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From  (3)  and  (4),  by  addition  and  subtraction, 

1_  J_  p         p(p-l)(p-2) 

2     p  +  l~    'r        *  r(r-l)(r-2)      


'r{r-l)^    >  r(r-l){r-2)(r-3) 


(5). 


(6). 


By  ascribing  to  p  in  succession  the  values  2,  4,  6,...,  we  see 
from  (6)  that  each  of  the  coefficients  ^3,  A^,  -4^,...  is  equal 
to  zero;  and  from  (5)  we  obtain 

'~6'\2'      *~     30*  |4 

_i_   r(r-l)(r-2)(r^3)(r-4). 
«"~42*  16 


By  equating  the  absolute  terms  in  (2),  we  obtain 

l==A^+A^-\-A^-\-A^+  +A/, 

and  by  putting  w=  1  in  equation  (1),  we  have 

l=A^-hA^  +  A^-\-A^+ 4-^,4-^,^^; 

thus  A  .   =  0. 


r+l 


406.     The  result  of  the  preceding  article  is  most  conveniently 
expressed  by  the  formula, 

"     r  +  l      2  M2  «  4 


^^r(.-l)(.-2Kr-3)(.-4)^,..^    ^ 


where  ^,  =  J,  B^:=^\,  A  =  A»  ^7  =  ^y  A=fV>--- 

The  quantities  B^^B^^B^^,..  are  known  as  Bernoulli's  lumbers; 
for  examples  of  their  application  to  the  summation  of  other  series 
the  advanced  student  may  consult  Boole's  Finite  Differences, 

Example.    Find  the  value  of  1*^  +  2''  +  3*  + +  w". 

We  have  **^n=  g  +  g  +  ^^  -n*  _  p,  _^n«  +  C7, 

~  6  '*"2  "^  12  "  l2  * 
the  constant  being  zero. 

H.  H.  A.  22 
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EXAMPLES.    XYTX.  c. 

Find  the  sum  of  the  following  series : 

or'      ^      ^  rt        X         a^        0!^ 

[3"*"  |5  "*"  |7  ■*■ 1.2"*"2.3'^3.4"*"- 


I.     ,     «       28-1    a?«  .  3«-l    a;«^48-l    a?*  . 

6.    l  +  2^+-^.T  +  -[3--2  +  -[J--3+ 

6.    T-  +  r—^- 1+^^-5-^+ I — ^-15  + tor+1  terms. 

[r      \r-l    1      ,r-2    [2      |r-3    [3 

«     ?i(l+^)     n(n-l)     1  +  2^ 
f  • 


l+?u?  (2      '{l+Tury 


[3  •(l  +  na?)8 


to  ?i  terms. 


a  ,     «  2w+l     ^  /2n+lV 

8.  1  +  3  .       -  +5(x— ^)  + ton  terms. 

Q  ,     n«     ^(n2-12)     w8(n«-l2)(««-28) 

».  A  — pT jr"2a li  2^  3^ to»+l  terms. 

10.  (l+2)log.2+ijl^'(log.2)»  +  ^'(log.2)»+ 


1.2.3     3.4.6"''5.6.7"'' 


12      2       3       6      H      18 


«  2^_^     7a-*_23A^     121^ 

14.    Without  assuming  the  formula,  find  the  sum  of  the  series : 
(1)     l«+2«+3«+ +w«  (2)     V+2f+Sf+ +n^ 
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16.    Find  the  sum  of  18+23  +  ^  +  ^  +  ^+ 

If     l£     li 

16.  Shew  that  the  coefl&cient  of  a?*  in  the  expansion  of  ,;; r^i is 

(1  -  xf  -  ex 

n  [l  I  '^'-^  I  ('^'-^H"'-^)^.  I  (»'-l)(>^'-4)(««-9)^,  ^  I 

17.  If  » is  a  positive  integer,  find  the  value  of 

|2  1^ 

and  if  n  is  a  multiple  of  3,  shew  that 

[2  |3 

18.  If  71  is  a  positive  integer  greater  than  3,  shew  that 
,s.,?^)(.-2)»+"("-^)('^;^)(^-«)(„-4)»+... 

19.  Find  the  sum  of  n  terms  of  the  series  : 

(1)    _i +  _J +        3 

^    ^      1  +  12+1*        1+22  +  2*^1+32  +  3*^ 

^^  1.2    2.3^3.4    4.6^5.6    6.7^7.8   

20.  Sum  to  infinity  the  series  whose  7i*>»  term  is  -^, — ^—r-, :rr . 

•^  n(n+l){n+2) 

21.  If  (1+x)'^=Cq+CiX+c^+c^+ +<?n^>  ^  being  a  positive 

integer,  find  the  value  of 

(n-l)\  +  (n-3)\+{n-6)\  + 

22.  Find  the  sum  of  n  terms  of  the  series : 

^^    1.5     5.7^7.17      17.31^31.66     

(2)    -A I^+_^l 49_      _71__ 

^^    1.2.3     2.3.4^3.4.6     4.5.6^6.6.7     

23.  Prove  that,  if  a<l,  {l+ax)(l+a^x){l+a^x) 

_         ^*^    J g*^ cfix^ 

"    "^  r="a2  ■*■  (l-a2)(l-a*)  "^  (f =^2j(i3^4j[(ifi:^«)  + 

22—2 
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24.  If  Ar  is  the  coefficient  of  of  in  the  expansion  of 

(i+.)«(i+fy(i+iy(n.f)' , 

2*  1072 

prove  that         ^,=  ^,^7^  (i4_i+^^),  and  A^=  -^  . 

25.  If  n  is  a  multiple  of  6,  shew  that  each  of  the  series 

n(7i-l)(7i-2)          n(7i-l)(n-2)(n-3)(n~4) 
^ [3 '^^ [6 -^      ' 

n(n-l)(7t-2)    1     n{n-l)(n-2)(n-3){n-4)    J^_ 
^  [3  "3"^  |6  '32     » 

is  equal  to  zero. 

26.  If  71  is  a  positive  integer,  shew  that 

is  equal  to  ^ ^ —  . 

p-q 

27.  If  P^=(7i-r)(w-r+l)(7i-r+2) (w-r+jo-1), 

§,=r(r+l)(r+2) (r+^-1), 

shew  that 

28.  If  71  is  a  multiple  of  3,  shew  that 

n-3     (7i-4)(yi--5)     (n-b)(n-6)(n-1) 
2    "^  1^       "  [4  ^ 

,,^,(n-r-l)(n-r-2)...(7i-2r+l)  . 

3  1 

is  equal  to  -  or  — ,  according  as  n  is  odd  or  even. 

29.  If  ^  is  a  proper  fraction,  shew  that 


CHAPTER  XXX. 
Theory  of  Numbers. 

407.  In  this  chapter  we  shall  use  the  word  7iumber  as  equi- 
valent in  meaning  to  positive  integer, 

A  number  which  is  not  exactly  divisible  by  any  number 
except  itself  and  unity  is  called  a  prime  number y  or  a  prime ;  a 
number  which  is  divisible  by  other  numbers  besides  itself  and 
unity  is  called  a  composite  number;  thus  53  is  a  prime  number, 
and  35  is  a  composite  number.  Two  numbers  which  have  no 
common  factor  except  unity  are  said  to  be  prime  to  each  other ; 
thus  24  is  prime  to  77. 

408.  We  shall  make  frequent  use  of  the  following  elementary 
propositions,  some  of  which  arise  so  naturally  out  of  the  definition 
of  a  prime  that  they  may  be  regarded  as  axioms. 

(i)  If  a  number  a  divides  a  product  be  and  is  prime  to  one 
factor  6,  it  must  divide  the  other  factor  c. 

For  since  a  divides  he,  every  factor  of  a  is  found  in  he;  but 
since  a  is  prime  to  6,  no  factor  of  a  is  found  in  h;  therefore  all 
the  factors  of  a  are  found  in  c ;  that  is,  a  divides  c, 

(ii)  If  a  prime  number  a  divides  a  product  hed,..,  it  must 
divide  one  of  the  factors  of  that  product;  and  therefore  if  a 
prime  number  a  divides  5",  where  n  is  any  positive  integer,  it 
must  divide  h. 

(iii)  If  a  is  prime  to  each  of  the  numbers  h  and  c,  it  is  prime 
to  the  product  he.  For  no  factor  of  a  can  divide  h  ov  c;  there- 
fore the  product  he  is  not  divisible  by  any  factor  of  a,  that  is,  a 
is  prime  to  he.  Conversely  if  a  is  prime  to  6c,  it  is  prime  to  each 
of  the  numbers  h  and  c. 

Also  if  a  is  prime  to  each  of  the  numbers  6,  c,  d,  ...,  it  is 
prime  to  the  product  bed, . . ;  and  conversely  if  a  is  prime  to  any 
number,  it  is  prime  to  every  factor  of  that  number. 
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(iv)  If  a  and  h  are  prime  to  each  other,  every  positive 
integral  power  of  a  is  prime  to  every  positive  integral  power  of  h. 
This  follows  at  once  from  (iii). 

(v)    If  a  is  prime  to  6,  the  fractions  j-  and  jt^  are  in  their 

lowest  terms,  n  and  m  being  any  positive  integers.    Also  if  =-  and 

b 

~  are  any  two  equal  fractions,  and  7  is  in  its  lowest  terms,  then 

c  and  d  must  be  equimultiples  of  a  and  b  respectively. 

409.  The  number  of  primes  is  infinite. 

For  if  not,  let  p  be  the  greatest  prime  number;  then  the 
product  2 .  3  .  5 .  7  .  ll...p,  in  which  each  factor  is  a  prime  num- 
ber, is  divisible  by  each  of  the  factors  2,  3,  5, . .  .jt? ;  and  therefore 
the  number  formed  by  adding  unity  to  their  product  is  not 
divisible  by  any  of  these  factors;  hence  it  is  either  a  prime 
number  itself  or  is  divisible  by  some  prime  number  greater  than 
p :  in  either  case  p  is  not  the  greatest  prime  number,  and  there- 
fore the  number  of  primes  is  not  limited. 

410.  J^o  rational  algebraical  formula  cam,  represent  prime 
numbers  only. 

If  possible,  let  the  formula  a  +  bx  +  ca^  +  dot^  +  . . .  represent 
prime  numbers  only,  and  suppose  that  when  x  =  m  the  value  of 
the  expression  is  p,  so  that 

p=a  +  bm  +  cm'  +  dm^  + ; 

when  x  =  m  +  np  the  expression  becomes 

a  +  b{m+  np)  4-  c  (m  -I-  np)'  +  d{m  +  np)'  +  . . . , 

that  is,      a  +  bm  +  cm^  +  dm^  +  . . .  4-  a  multiple  of  /?, 

or  j»  +  a  multiple  of  p, 

thus  the  expression  is  divisible  by  p^  and  is  therefore  not  a  prime 
number. 

41 1.  A  number  can  be  resolved  into  prim^  factors  i/n  only  one 
tvay. 

Let  N  denote  the  number;  suppose  N  =  abcd,.,<f  where 
a,  5,  c,  ef,  ...  are  prime  numbers.  Suppose  also  that  i\r  =  aj8y8..., 
where  a,  )3,  7,  8,  ...  are  other  prime  numbers.     Then 

abed,.,  =  0)878... ; 
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hence  a  must  divide  ahcd. . . ;  but  each  of  the  factors  of  this  pro- 
duct is  a  prime,  therefore  a  must  divide  one  of  them,  a  suppose. 
But  a  and  a  are  both  prime;  therefore  a  must  be  equal  to  a. 
Hence  bed, .  ,-pyh., . ;  and  as  before,  jS  must  be  equal  to  one  of  the 
factors  of  bed...  ;  and  so  on.  Hence  the  factors  in  ajSyS,..  are 
equal  to  those  in  abed...,  and  therefore  iV  can  only  be  resolved 
into  prime  factors  in  one  way. 

412.  To  find  tlve  number  of  divisors  of  a  composite  number. 

Let  i\r  denote  the  number,  and  suppose  iV=:a''6V...,  where 
a,  6,  c,  ...  are  different  prime  numbers  and  p,  q,  r, . . .  are  positive 
integers.     Then  it  is  clear  that  each  term  of  the  product 

(1  +  a 4- a* 4- ...  4-a'')(l  +6  +  6'+  ... +  6*)  (1 +  0  +  0*+  ...  +  0")... 

is  a  divisor  of  the  given  number,  and  that  no  other  number  is  a 
divisor ;  hence  the  number  of  divisors  is  the  number  of  terms  in 
the  product,  that  is, 

(i.+  l)(g+l)(r+l) 

This  includes  as  divisors,  both  unity  and  the  number  itself. 

413.  To  find  the  number  of  ways  in  which  a  composite  number 
can  be  resolved  into  two  factors. 

Let  N  denote  the  number,  and  suppose  N'=a^b''d'...y  where 
a,  by  c...  are  different  prime  numbers  and  p,  q,  r...  are  positive 
integers.     Then  each  term  of  the  product 

(1  +«  +  »*+...  +  «')  (1  +6+6"+  ...  +5*)  (1  +c  +  c'+...  +0")... 

is  a  divisor  of  iV;  but  there  are  ttvo  divisors  corresponding  to 
each  way  in  which  i\r  can  be  resolved  into  two  factors ;  hence  the 
required  number  is 

lip+l)(q  +  l){r  +  l) 

This  supposes  iV  not  a  perfect  square,  so  that  one  at  least  of  the 
quantities p^  q,  r,  ...  is  an  odd  number. 

If  iV  is  a  perfect  square,  one  way  of  resolution  into  factors 
is  JN  X  ^iT,  and  to  this  way  there  corresponds  only  one  divisor 
^iV^.     If  we  exclude  this,  the  number  of  ways  of  resolution  is 


l|(p+l)(y+l)(r  +  l)...-l}, 


and  to  this  we  must  add  the  one  way  ^N  x  JN";  thus  we  obtain 
for  the  required  number 


l{(p  +  l)(g'+l)(r+l)...  +  l}. 
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414.  To  find  the  number  of  ways  in  which  a  composite 
nwmher  can  he  resolved  into  two  /actors  which  are  prime  to  ea^ch 
other. 

As  before,  let  the  number  N  =  a^h''d'....  Of  the  two  factors 
one  must  contain  a',  for  otherwise  there  would  be  some  power  of 
a  in  one  factor  and  some  power  of  a  in  the  other  factor,  and  thus 
the  two  factors  would  not  be  prime  to  each  other.  Similarly  6' 
must  occur  in  one  of  the  factors  only  \  and  so  on.  Hence  the 
required  number  is  equal  to  the  number  of  ways  in  which  the 
product  ahc,   can   be  resolved  into  two  factors;   that  is,  the 

number  of  ways  is  ^  (1  +  1)  (1  +  1)  (1  +  1)...  or  2""^,  where  n  is 

the  number  of  different  prime  factors  in  N, 

415.  To  find  the  sum  of  the  divisors  of  a  number. 

Let  the  number  be  denoted  by  a''6V...,  as  before.  Then  each 
term  of  the  product 

(1  +a  +  a*4- ...  +«'')  (1  +  6  +  6*+  ...  +6'')  (1  +  c-¥c^+  ...  +0")... 

is  a  divisor,  and  therefore  the  sum  of  the  divisors  is  equal  to  this 
product ;  that  is, 

.     ^     a^^'  -  1   6'-^'  -  1   c"^^  -  1 

the  sum  required  == =—  .  -7 — t—  . ^ —  .... 

^  a— 1        0-1        c- 1 

Example  1.    Consider  the  nnmber  21600. 

Since  21600=6^  .  102=28  .  33 .  2^ .  62=2» .  3» .  5«, 

the  number  of  divisors = (5  + 1)  (3  + 1)  (2  + 1)  =:  72 ; 

,,  -,,      ,.  .  2«-l    3*-l    6»-l 

the  sum  of  the  divisors =rr — =-  .  ^ — 3-  .  -= — =- 

2-1     o-l     6-1 

=63x40x31 

=78120. 

Also  21600  can  be  resolved  into  two  factors  prime  to  each  other  in  2^\ 
or  4  ways. 

Example  2.    If  n  is  odd  shew  that  n  (n^  - 1)  is  divisible  by  24. 

We  have  n  (n»-  l)=n  (n- 1)  (n+1). 

Since  n  is  odd,  n - 1  and  n+1  are  two  consecutive  even  numbers;  hence 
one  of  them  is  divisible  by  2  and  the  other  by  4. 

Again  w-1,  n,  n+1  are  three  consecutive  numbers;  hence  one  of  them 
is  divisible  by  3.  Thus  the  given  expression  is  divisible  by  the  product  of  2. 
3,  and  4,  that  is,  by  24. 
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Example  3.    Find  the  highest  power  of  3  which  is  contained  in  1100. 

Of  the  first  100  integers,  as  many  are  divisible  by  3  as  the  number  of 
times  that  3  is  contained  in  100,  that  is,  33 ;  and  the  integers  are  3,  6, 9,... 99. 
Of  these,  some  contain  the  factor  3  again,  namely  9,  18,  27,... 99,  and  their 
number  is  the  quotient  of  100  divided  by  9.  Some  again  of  these  last 
integers  contain  the  factor  3  a  third  time,  namely  27,  54,  81,  the  number  of 
them  being  the  quotient  of  100  by  27.  One  number  only,  81,  contains  the 
factor  3  four  times. 

Hence  the  highest  power  required  =  33  + 11  +  3  + 1  =  48. 

This  example  is  a  particular  case  of  the  theorem  investigated  in  the  next 
article. 

416.     To  Jind  tlie  highest  potver  of  a  j/rifne  nuinber  a  which  is 
contained  in  In. 


Let  the  greatest  integer  contained  in  -,  — ,,  -3, ...  respectively 

be  denoted  by/f-j,  /f— ,j,  /f-gj, ...    Thenamong  the  numbers 

1,  2,  3,  ...  w,  there  are  I  \-)  which  contain  a  at  least  once,  namely 

the  numbers  a,  2a,  3a,  4a,  ...     Similarly  there  are  I [—9)  which 

contain  a*  at  least  once,  and  -^  (  -3 )  which  contain  a*  at  least  once; 
and  so  on.     Hence  the  highest  power  of  a  contained  in  In  is 

^©  *'(»")-'©)-•• 

417.  In  the  remainder  of  this  chapter  we  shall  find  it  con- 
venient to  express  a  multiple  of  n  by  the  symbol  M{n). 

418.  To  prove  that  the  product  of  r  consecutive  integers  is 
divisible  hy  Ir. 

Let  P^  stand  for  the  product  of  r  consecutive  integers,  the 
least  of  which  is  n  \  then 

P^  =  w(w+l)(n+2)  ...  (n  +  r-1), 

and  P^^j  =  (w+l)(n+2)(n+3)  ...  (w+r); 

.-.   nP,,,  =  (n  +  r)P,  =  7iP.+rP„; 

P 
/.    P  ^,-P  =-=xr 

=  r  times  the  product  of  r  —  1  consecutive  integers. 
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Hence  if  the  product  of  r  —  1  consecutive  integers  is  divisible  by 
[r—  1,  we  have 

=  M{\r). 

Now  P,  =  |r,  and  therefore  P^  is  a  multiple  of  \r ;  therefore 

also  Pj,  P^,  ...  are  multiples  of  [r.     We  have  thus  proved  that  if 

the  product  of  r—  1  consecutive  integers  is  divisible  by  |r-  1,  the 

product   of   r  consecutive   integers   is   divisible   by  [r;  but  the 

product  of  every  two  consecutive  integers  is  divisible  by    2; 

therefore  the  product  of  every  three  consecutive  integers  is  divisible 
by  |3 ;  and  so  on  generally. 

This  proposition  may  also  be  proved  thus : 

By  means  of  Art.  416,  we  can  shew  that  every  prime  factor 
is  contained  in  \n  +  r  as  often  cU  least  as  it  is  contained  in  \n  jr. 

This  we  leave  as  an  exercise  to  the  student. 

419.  If  "p  is  a  prime  number^  the  coefficient  of  every  term  in 
the  expansion  o/(&  +  b)^,  except  the  first  and  last^  is  divisible  hy  p. 

With  the  exception  of  the  first  and  last,  every  term  has  a  co- 
efficient of  the  form 

p{p'-\){p-2)...{p--r  +  \) 

[r 

where  r  may  have  any  integral  value  not  exceeding  j»  —  1.     Now 

this  expression  is  an  integer;  also  since jt?  is  prime  no  factor  of  \r 

is  a  divisor  of  it,  and  since  p  is  greater  than  r  it  cannot  divide 
any  factor  of  \r ;  that  is,  (ji? -  1)  (/?  —  2) ...  ( jt?  - r  +  1)  must  be 

divisible  by   [r.     Hence  every  coeflficient  except  the  first  and 

the  last  is  divisible  by  p, 

420.  If  "p  is  a  prims  number^  to  prove  thM 

(a  +  b  +  c  +  d+...)P  =  aP  +  bP4-cP  +  dP+  ...  +  M(p). 
Write  p  for  6  +  c  -f  ... ;  then  by  the  preceding  article 

(a-\-fiy^a'+^-^M(p). 
Again         P' =  {h  + c  +  d+  ...y=:{b  +  yy  suppose; 

^h^  +  f  +  Mip). 
By  proceeding  in  this  way  we  may  establish  the  required  result. 
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421.  [Fermat's  Theorem.]   If  ^  is  a  prime  number  cmd  N  is 
prime  to  p,  then  N**"*  —  1  is  a  multiple  q/*p. 

We  have  proved  that 

let  each  of  the  quantities  a,  6,  c,  c?,  ...  be  equal  to  unity,  and  sup- 
pose they  are  N  in  number ;  then 

N'  =  J!^+M(p); 

that  is,  2^(1^'"  -  1)  =  M(p), 

But  i\^  is  prime  to  p,  and  therefore  iV'~^  -  1  is  a  multiple  of  p, 

CoR.  Since  p  is  prime,  p—1  is  an  even  number  except  when 
p=2.     Therefore 

(F^  +  1)  (iV^^'  - 1)  =  M{p), 

p-i  p-i 

Hence  either  iV«+lorir«-lisa  multiple  of  p, 

that  is  iV  2   =  Xp  ±  1,  where  K  is  some  positive  integer, 

422.  It  should  be  noticed  that  in  the  course  of  Art.  421  it 
was  shewn  that  N'  -N^^  ^(p)  whether  N  is  prime  to  "p  or  not ; 
this  result  is  sometimes  more  useful  than  Fermat's  theorem. 

Example  1.     Shew  that  n^  -  n  is  divisible  by  42. 

Since  7  is  a  prime,  n^  -  n=ilf  (7) ; 

also  n^  -  n=n  (w*  - 1) =n  (n4- 1)  (n  - 1)  (n*  +  n^  + 1). 

Now  (n - 1)  n  (n + 1)  is  divisible  by  13 ;  hence  n^  -  n  is  divisible  by  6  x  7,  or  42. 


Example  2.  If  ji  is  a  prime  number,  shew  that  the  difference  of  the  p*^ 
powers  of  any  two  numbers  exceeds  the  difference  of  the  numbers  by  a 
multiple  oip. 

Let  Xt  y  be  the  numbers ;  then 

x^-x=iM{p)  and  y^-y=-M(p)^ 
that  is,  -  icP-yP-(a;-y)=ilf  (p); 

whence  we  obtain  the  required  result. 

Example  3.    Prove  that  eveiy  square  number  is  of  the  form  5n  or  5n  db  1. 

If  N  is  not  prime  to  6,  we  have  N^=5n  where  n  is  some  positive  integer. 
It  N  \&  prime  to  6  then  JV*- 1  is  a  multiple  of  6  by  Fermat's  theorem;  thus 
either  N^-Xot  2f«  +  l  is  a  multiple  of  6;  that  is,  2^2=6n±l. 
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EXAMPLES.     XXX.  a. 

1.  Find  the  least  multipliers  of  the  numbers 

3675,   4374,   18375,   74088 
resjiectively,  which  will  make  the  products  perfect  squares. 

2.  Find  the  least  multipliers  of  the  numbers 

7623,   109350,   539539 
respectively,  which  will  make  the  products  perfect  cubes. 

3.  If  X  and  y  are  positive  integers,  and  M  x—y\&  even,  shew  that 
a^—y^\&  divisible  by  4. 

4.  Shew  that  the  difference  between  any  number  and  its  square 
is  even. 

5.  If  4^7  -  y  is  a  multiple  of  3,  shew  that  Am^ + ^xy  -  2y*  is  divisible 
by  9. 

6.  Find  the  number  of  divisors  of  8064. 

7.  In  how  many  ways  can  the  number  7056  be  resolved  into 
two  factors  ? 

8.  Prove  that  2**  -- 1  is  divisible  by  15. 

9.  Prove  that  » (n + 1)  (w + 5)  is  a  multiple  of  6. 

10.  Shew  that  every  number  and  its  cube  when  divided  by  6  leave 
the  same  remainder. 

11.  If  n  is  even,  shew  that  n  (n2+20)  is  divisible  by  48. 

12.  Shew  that  w  (%« - 1)  (3n + 2)  is  divisible  by  24. 

13.  If  n  is  greater  than  2,  shew  that  »*-5w'+4»  is  divisible  by 
120. 

14.  Prove  that  32« + 7  is  a  multiple  of  8. 

15.  If  n  is  a  prime  number  greater  than  3,  shew  that  v?-\  is 
a  multiple  of  24. 

16.  Shew  that  w^— w  is  divisible  by  30  for  all  values  of  r^  and  by 
240  if  n  is  odd. 

17.  Shew  that  the  difference  of  the  squares  of  any  two  prime 
numbers  greater  than  6  is  divisible  by  24. 

18.  Shew  that  no  square  number  is  of  the  form  3/1  —  1. 

19.  Shew  that  every  cube  number  is  of  the  form  99i  or  9n:t  L. 
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20.  Shew  that  if  a  cube  number  is  divided  by  7,  the  remainder 
is  0,  I  or  6. 

21.  If  a  number  is  both  square  and  cube,  shew  that  it  is  of  the 
form  In  or  ln+\. 

22.  Shew  that  no  triangular  number  can  be  of  the  form  Sti  - 1. 

23.  If  Sn+l  is  a  prime  number,  shew  that  1^,  2^,  3*,...w2  when 
divided  by  2n+I  leave  dififerent  remainders. 

24.  Shew  that  a*-{-a  and  a* -a  are  always  even,  whatever  a  and  x 
may  be. 

25.  Prove  that  every  even  power  of  every  odd  number  is  of  the 
form  8r+l. 

26.  Prove  that  the  12*^  power  of  any  number  is  of  the  form  IS/i* 
or  13n+l. 

27.  Prove  that  the  8*^  power  of  any  number  is  of  the  form  Vln 
or  17n=fcl. 

28.  If  71  is  a  prime  number  greater  than  6,  shew  that  n^  —  \  is 
divisible  by  240 

29.  If  n  is  any  prime  number  greater  than  3,  except  7,  shew  that 
»•  —  1  is  divisible  by  168. 

30.  Show  that  »3«- 1  is  divisible  by  33744  if  n  is  prime  to  2,  3,  19 
and  37. 

31.  When  i>+l  and  2jt7+l  are  both  prime  numbers,  shew  that 
^-1  is  divisiole  by  8(p+l)(2^+l),  if  x  is  prime  to  2,  jo+1,  and 
2p+l. 

32.  If  j9  is  a  prime,  and  x  prime  to  py  shew  that  x'*^~p^  - 1  is 
divisible  by  j^*". 

33.  If  m  is  a  prime  number,  and  a,  b  two  numbers  less  than  m, 
prove  that 

is  a  multiple  of  m. 


423.  If  a  is  any  number,  then  any  other  number  iV  may 
be  expressed  in  the  form  ^  =  aq  +  r,  where  q  is  the  integral 
quotient  when  iV  is  divided  by  a,  and  r  is  a  remainder  less  than  a. 
The  number  a,  to  which  the  other  is  referred,  is  sometimes  called 
the  modulus ;  and  to  any  given  modulus  a  there  are  a  different 
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forms  of  a  number  iT,  each  form  corresponding  to  a  different 
value  of  r.  Thus  to  modulus  3,  we  have  numbers  of  the  form 
Zq^  S^'+l,  35^  +  2;  or,  more  simply,  3^',  Zq^\  since  Zq-^^  is 
equal  to  3  (^+  1)  -  1.  In  like  manner  to  modulus  5  any  number 
will  be  one  of  the  five  forms  Sg',  5^  »*=  1,  Sg'  ±  2. 

424.  If  6,  c  are  two  integers,  which  when  divided  by  a 
leave  the  same  remainder,  they  are  said  to  be  congraent  with 
respect  to  the  modulus  a.  In  this  case  6  —  c  is  a  multiple  of  a,  and 
following  the  notation  of  Gauss  we  shall  sometimes  express  this 
as  follows : 

6  =  c  (mod.  a),  or  6  -  c  =  0  (mod.  a). 

Either  of  these  formulae  is  called  a  congraence. 

425.  jT/*  b,  c  are  congruent  noitk  respect  to  modulus  a,  then 
pb  and  pc  a/re  congruent,  p  hei/ng  any  integer. 

For,  by  supposition,  6  -  c  =  wa,  where  n  is  some  integer ; 
therefore  pb—pc^  pna ;  which  proves  the  proposition. 

426.  If  a,  is  prime  to  b,  aTid  the  qtiantities 

a,  2a,  3a,  (1>-I)a 

are  divided  by  b,  the  remainders  are  all  different. 

For  if  possible,  suppose  that  two  of  the  quantities  ma  and 
m'a  when  divided  by  b  leave  the  same  remainder  r,  so  that 

ma  =  qb  +  r^     m^a  =  q^b  +  r; 

then  {m  -  m')  a  =  {q  —  q')b; 

therefore  b  divides  (m  -  w')  a ;  hence  it  must  divide  m  —  w',  since 
it  is  prime  to  a ;  but  this  is  impossible  since  m  and  m'  are  each 
less  than  b. 

Thus  the  remainders  are  all  different,  and  since  none  of  the 
quantities  is  exactly  divisible  by  b,  the  remainders  must  be  the 

terms  of  the  series  1,  2,  3,  b  —  l,  but  not  necessarily  in  this 

order. 

Cob.  If  a  is  prime  to  b,  and  c  is  any  number,  the  b  terms 
of  the  A.  p. 

c,  c-\-a,  c  +  2a,  c  +  (6  —  1)  a, 
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when  divided  by  b  will  leave  the  same  remainders  as  the  terms 
of  the  series 

c,  c  +  1,  c+2,  c+(6-  1), 

though  not  necessarily  in  this  order;  and  therefore  the  re- 
mainders will  be  0,  1,  2,  6  —  1. 

427.  I/^f  \i  \f  ...  are  respectively  congruent  to  c^,  c^,  c^,  ... 
with  regard  to  modiUvs  a,  then  the  products  bjb^bj,  . . . ,  CjC^Cg  . . . 
are  aho  congruent. 

For  by  supposition, 

\-c^=-n^a,    b^-c^^n^a,    b^-c^=^n^a,  ... 

where  w^,  w^,  n^  ...  are  integers; 

.  •.  bfi^b^  ...  =  (c^  +  n^a)  (c,  +  n^a)  {c^  +  n^a)  . . . 
=  c,c,C3  ...   +i/(a), 
which  proves  the  proposition. 

428.  We  can  now  give  another  proof  of  Fermat's  Theorem. 

If  1^  be  a  prime  number  and  N  prime  to  p,  then  N^"*  —  1  is 
a  multiple  o/'p. 

Since  iV  and  p  are  prime  to  each  other,  the  numbers 

^.  2iir,  3ir, (p-i)^ (1), 

when  divided  by  p  leave  the  remainders 

1,  2,  3,  (p-1)  (2), 

though  not  necessarily  in  this  order.  Therefore  the  product  of 
all  the  terms  in  (1)  is  congruent  to  the  product  of  all  the  terms 
in  (2),  p  being  the  modulus. 

That  is,  |jo—  1  N^~^  and  [jo-  1  leave  the  same  remainder  when 
divided  hy  p;  hence 

but  Ip - 1  is  prime  to  p ;  therefore  it  follows  that 

J}^^-' -  1  =  M  {p), 

429.  We  shall  denote  the  number  of  integers  less  than  a 
number  a  and  prime  to  it  by  the  symbol  <jb  (a) ;  thus  <^  (2)  =  1 ; 
<l>  (13)  =  12 ;  <^  (18)  =  6 ;  the  integers  less  than  18  and  prime  to 
it  being  1,  5,  7,  11,  13,  17,  It  will  be  seen  that  we  here 
consider  unity  as  prime  to  all  numbers. 
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430.     To  shew  that  if  the  numbers  a,  b,  c,  d,  ...  are  prime  to 
each  other^ 

<f>  (abed  . . .)  =  <^  (a) .  ^  (b)  .  <^  (c)  . . . . 

Consider  the  product  aft;  then  the  first  ah  numbers  can  be 
written  in  h  lines,  each  line  containing  a  numbers ;  thus 

1,  2,   h,   a, 

a+1,  a +  2,   a  +  k,   a  +  a, 

2a +1,  2a +  2,   2a  +  A;,   2a  +  a, 


(6-l)a+  1,  (6-1)  a +  2,  ...   (p-\)a  +  k,  ...  (6-l)a  +  a. 

Let  us  consider  the  vertical  column  which  begins  with  k ;  if 
k  is  prime  to  a  all  the  terms  of  this  column  will  be  prime  to  a ; 
but  if  k  and  a  have  a  common  divisor,  no  number  in  the  column 
will  be  prime  to  a.  Now  the  first  row  contains  ^  (a)  numbers 
prime  *to  a ;  therefore  there  are  <^  (a)  vertical  columns  in  each 
of  which  every  term  is  prime  to  a;  let  us  suppose  that  the 
vertical  column  which  begins  with  k  is  one  of  these.  This  column 
is  an  A.  P.,  the  terms  of  which  when  divided  by  h  leave  remainders 
0,  1,  2,  3,  ...  6  —  1  [Art.  426  Cor.];  hence  the  column  contains 
fj>  (b)  integers  prime  to  6. 

Similarly,  each  of  the  ^  (a)  vertical  columns  in  which  every 
term  is  prime  to  a  contain  ^  (b)  integers  prime  to  b ;  hence  in  the 
table  there  are  <^  (a) .  <^  (6)  integers  which  are  prime  to  a  and 
also  to  b,  and  therefore  to  ab ;  that  is 

^  (a6)  =  ^  (a) .  ^  (6). 
Therefore  ^  (ahcd  . . .)  =  <^  (a) .  ^  (bed . . .) 

=  ^  (a)  .  <^ (6) .  <^ (cd  ,..) 

=  <l>  (a) ,  <l>  (b) ,  <l> (c) \<l>(d)  ,.. . 

431.  To  find  the  nv/mher  of  positive  integers  less  than  a 
given  nwmher^  and  prime  to  it. 

Let  N  denote  the  number,  and  suppose  that  N  =  a^b^c"" . . . , 
where  a,  6,  c,  ...  are  different  prime  numbers,  and  jt),  q^  r  ... 
positive  integers.  Consider  the  factor  a**;  of  the  natural  num- 
bers 1,  2,  3,  ...  a^—  1,  a**,  the  only  ones  not  prime  to  a  are 

a,  2a,  3a,  ...  (a''"*  — l)a,  (a''"*)a, 


oF^ 
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and  the  number  of  these  is  a^~* ;  hence 

Now  all  the  factors  a'',  6',  c*",  ...  are  prime  to  each  other ; 
.-.    ^(a^6V  ...)  =  </>  (a").  ^(6').</)(c')  ... 

.h..u,  *m.ir(i-i)(i-i)(i-i).... 

Example.    Shew  that  the  sum  of  all  the  integers  which  are  less  than  N 
and  prime  to  it  is  ^^0  (N), 

If  X  is  any  integer  less  than  N  and  prime  to  it,  then  N-x  is  also  an 
integer  less  than  N  and  prime  to  it. 

Denote  the  integers  by  1,  p,  9,  r, ... ,  and  their  sum  by  S;  then 
8=l+p  +  q  +  r+...  +  (N-r)-{-(N-q)  +  (N-'p)  +  {N-l), 
the  series  tsonsisting  of  4>  (N)  terms. 

Writiag  the  series  in  the  reverse  order, 

S  =  {N-l)  +  {N-p)  +  (N-q)  +  {N-'r)  +  ...+r+q+p  +  l; 
.-.  by  addition,  2S=N+N+N+...  to  4>  (N)  terms; 

.-.  S=iN4>(N). 

432.     From  the  last  article  it  follows  that  the  number  of 
integers  which  are  less  than  iV  and  not  prime  to  it  is 

-'('-5)('-|)('-;)('-^)- 

that  is, 

N     N     N  ^     ^     E^  ^ 

a       b       c  ao     ac     DC  ahc 

N 
Here  the  term  —  gives  the  number  of  the  integers 

N 
a»  2a,  3a,   ...  —  .a 

a 

N 
which  contain    a  as  a  factor ;  the  term  -7  gives  the  number  of 

fl.  H.  A.  23 
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Y 
the  integers  ab,  2ab,  Sab,  •  •  •  -r  «^>  which  contain    a&  as  a  factor, 

and  so  on.     Further,  every  integer  is  reckoned  once,  and  once 

only;   thus,   each  multiple  of   ab  will  appear  once  among  the 

multiples  of  a,  once  among  the  multiples  of  6,  and  once  negatively 

among   the   multiples  of   ab,   and  is   thus  reckoned  once  only. 

N     N     N 
Again,  each  multiple  of  abc  will  appear  among  the  — ,    -=- ,    — 

terms  which  are  multiples  of  a,  b,  c  respectively;   among  the 

N     N     N 

--  ,    —  ,    =-  terms  which  are  multiples  of  ab,  ac,  be  respectively ; 

ab      a>c      be 

N 
and  among  the  -r-  multiples  of  ahc,  that  is,  since  3-3  +  1  =  1, 

each  multiple  of  ahc  occurs  once,  and  once  only.     Similarly,  other 
cases  may  be  discussed. 


433.     [Wilson's  Theorem.]     If-^bea  prims  number^  1  +  l^  -  1 
is  divisible  by  p. 


(;,-l)(p-2),„_ 


By  Ex.  2,  Art.  314  we  have 
(^-_1  =  (;,  -  ir '  -(,P-I){p-  2/-  +  '''     \'^^     ''  (/>  -  3)' 

-<^Illl^=-BK£jll)(^_4).-.+ ...  to^-1  terms; 


and   by  Fermat's   Theorem  each  of   the  expressions  (jt?  - 1)**  *, 
(^  «  2)^-',  {p^  3)^"',  ...  is  of  the  form  1  +  M(jp)\  thus 

|jp-l  =  if  (jt>)  +  jl  -  (p-  1)  +  (^"j)(^-^).,...toy-l  termsj 

=if(;,)+{(i-ir-.(-i)'-} 

=  i/"(p)  —  1,  since  jp  -- 1  is  even. 
Therefore  1  +  h?  - 1  =  if  (p). 

This  theorem  is  only  true  when  p  is  prime.     For  suppose  jp 
has  a  factor  q)  then  q  is  less  than  'p  and  must  divide  |jt?  —  1 ;  hence 

1  +  1^-1  is  not  a  multiple  of  q,  and  therefore  not  a  multiple  of  jp. 


Wilson's  Theorem   may  also  be  proved  without  using   the 
result  quoted  from  Art  314,  as  in  the  following  article. 
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434.    [Wilson's  Theorem.]    If  ^  he  a  prime  number,  1  +  I  p  —  1 


is  divisihle  hy  p. 

Let  a  denote  cmy  one  of  the  numbers 

1,  2,  3,  4,  ...  0>-l)  (1), 

then  a  is  prime  to  p,  and  if  the  products 

l.a,  2. a,  3. a,   {p—\)a 

are   divided  by  jp,   one  and  only  one  of   them   leaves   the   re- 
mainder 1.     [Art.  426.] 

Let  this  be  the  product  ma]  then  we  can  shew  that  the 
numbers  m  and  a  are  different  unless  a=jp-- 1  or  1.  For  if  a' 
were  to  give  remainder  1  on  division  by  jp,  we  should  have 

a'  -  1  =  0  (mod.  p\ 

and  since  p  is  prime,  this  can  only  be  the  case  when  a  + 1  =p, 
or  a  —  1  =  0;  that  is,  when  a^p—l  or  1. 

Hence  one  and  only  one  of  the  products  2a,  3a,  ...  (p  -  2)  a 
gives  remainder  1  when  divided  by  p ;  that  is,  for  cmy  one  of  the 
series  of  numbers  in  (1),  excluding  the  first  and  last,  it  is 
possible  to  find  one  other,  such  that  the  product  of  the  pair  is  of 
the  form  M  (p)  +  1. 

Therefore  the  integers  2,  3,  4,  ...  (jp  — 2),  the  number  of 
which  is  even,  can  be  associated  in  pairs  such  that  the  product  of 
each  pair  is  of  the  form  M  {p)  +  \. 

Therefore  by  multiplying  all  these  pairs  together,  we  have 
2.3.4  ...  (;?-2)  =  if(^)  +  l; 

thatis,  1.2.3.4  ...  (/>-!)  =  (/>-!)  {^0^)  + 1}; 

whence  |p  - 1  =  Mip)  +jp  -  1 ; 

or  1  +  I  jt?  —  1  is  a  multiple  of  p» 

Cor.  If  2j[7  +  1  is  a  prime  number  (jg)'  +  (-  \y  is  divisible 
by  2p  +  L 

For  by  Wilson's  Theorem  1  +  [22  is  divisible  by  2p  +  1.  Put 
71  =  2j»  +  1,  so  that p+\=n  —p ;  then 

|22  =  1.2.3.4 p(p+'^)(p  +  2) (w-1) 

=  1  (n- 1)  2 (w - 2)  3 (n - 3)  ...  pin-^p) 
=  a  multiple  of  w  +  (-  1/  (|^)«. 

Therefore  l  +  {-  ly  {[p)'   is  divisible   by  n  or   2p +1,   and 
therefore  (!£)'+(-!/  is  divisible  by  2jt>+l. 

23— a 
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435.     Many  theorems  relating  to  the  properties  of  numbers 
can  be  proved  by  induction. 

Example  ] .     If  p  is  a  prime  number,  x^-x  is  divisible  by  p. 
Let  a;P  -  a;  be  denoted  by /(x) ;  then 

f{x-\-l)-f{x)  =  {x-\-l)P-(x  +  l)-{xP-x) 

=pxP-^  +^^^  a;P-2  +  . . .  +px 

=  a  multiple  of  ^,  if  2?  is  prime  [Art.  419.] 
.*.  f{x  +  l)=f{x)  +  &  multiple  of^. 

If  therefore /(a;)  is  divisible  hy  p.so  also  is/(a;  +  l);  but 

/(2)  =  2P-2  =  (l  +  l)P-2, 

and  this  is  a  multiple  of  p  when  p  is  prime  [Art.  419] ;  therefore  /  (3)  is  divisible 
by  jp,  therefore  /(4)  is  divisible  by  j>,  and  so  on;  thus  the  proposition  is  true 
universally. 

This  furnishes  another  proof  of  Fermat*s  theorem,  for  if  x  is  prime  to  j?, 
it  follows  that  x^'^  - 1  is  a  multiple  of  p. 

Example  2.     Prove  that  52«+2  -  24w  -  25  is  divisible  by  576. 

Let  6*»^  -  24n  -  25  be  denoted  by  /  (n) ; 

then  /(n+l)  =  52»»-H-24(n+l)-25 

=  5«.52«+2-24n-49; 

.-. /(n  +  l)-25/(n)=25(24n  +  25)-24n-49 

=  676(n+l). 

Therefore  if /(n)  is  divisible  by  676,  so  also  is  /(n  +  l);  but  by  trial  we 
see  that  the  theorem  is  true  when  n=l,  therefore  it  is  true  when  n=2,  there- 
fore it  is  true  when  n=3,  and  so  on;  thus  it  is  true  universally. 

The  above  result  may  also  be  proved  as  follows : 

52»+2  _  24n  -  26  =  25»H-i  _  24n  -  25 

=25(l+24)»*-24n-25 

=  25  +  25.  n.  24  + Jlf(24«)-24w-25 

=576n+if(676) 

=itf(576). 

EXAMPLES.     XXX.  b. 

1.  Shew  that  lO** + 3 .  4'* + 2 + 5  ig  divisible  by  9. 

2.  Shew  that  2  .  ?»*+ 3 .  S**  -  5  is  a  multiple  of  24. 

3.  Shew  that  4 .  6**  +  S**  "•■  ^  when  divided  by  20  leaves  remainder  9. 

4.  Shew  that  8.  7*+4»*+*  is  of  the  form  24  (2r- 1). 
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5.  If  p  is  prime,  shew  that  2  \p--S  + 1  is  a  multiple  of  jo. 

6.  Shew  that  a**  + 1  -  a  is  divisible  by  30. 

7.  Shew  that  the  highest  power  of  2  contained  in    |2''  — 1    is 
2'"-r-l. 

8.  Shew  that  3*» + « + 52» + 1  is  a  multiple  of  14. 

9.  Shew  that  3^+^+l60n^  -  56n  -  243  is  divisible  by  612. 

10.  Prove  that  the  sum  of  the  coefficients  of  the  odd  powers  of  ^ 
in  the  expansion  of  {l+x+a:^-ha^  +  a:*)^~\  when  n  is  a  prime  number 
other  than  5,  is  divisible  by  n, 

11.  If  71  is  a  prime  number  greater  than  7,  shew  that  n^-l  is 
divisible  by  504. 

12.  If  n  is  an  odd  number,  prove  that  n^-{-3n*+*7n^~  II  is  a 
multiple  of  128. 

13.  If  ^  is  a  prime  number,  shew  that  the  coefficients  of  the  terms 
of  (l+a7)P"i  are  alternately  greater  and  less  by  unity  than  some  mul- 
tiple ofp, 

14.  If  jp  is  a  prime,  shew  that  the  sum  of  the  (p  —  iy^  powers  of 
any  p  numbers  in  arithmetical  progression,  wherein  the  common  differ- 
ence is  not  divisible  by  p,  is  less  by  1  than  a  multiple  of  jo. 

15.  Shew  that  aP  -  b^^  is  divisible  by  91,  if  a  and  b  are  both  prime 
to  91. 

16.  If  JO  is  a  prime,  shew  that  | jo  -  2r  |2r  - 1  ~  1  is  divisible  by  p, 

17.  If  n— 1,  7i  +  l  are  both  prime  numbers  greater  than  5,  shew 
that  n(n2-4)  is  divisible  by  120,  and  n^{n^+l^  by  720.  Also  shew 
that  n  must  be  of  the  form  30^  or  30^+12. 

18.  Shew  that  the  highest  power  of  w  which  is  contained  in  In''—  1 

,  ^                                  7i^—nr-{-r-l 
IS  equal  to . 

19.  If  jt?  is  a  prime  number,  and  a  prime  to  p,  and  if  a  square 

number  c^  can  be  found  such  that  c^  —  am  divisible  by  p,  shew  that 

l(p-i) 
a^       - 1  is  divisible  hyp. 

20.  Find  the  general  solution  of  the  congruence 

9ar-l=0(mod.  139). 
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21.  Shew  that  the  sum  of  the  squares  of  all  the  numbers  less  than 
a  given  number  N  and  prime  to  it  is 

Y('-;)(-i)(>-9-4(-><'-«<-*- 

and  the  sum  of  the  cubes  is 

a,  hyC,  being  the  different  prime  factors  of  iT. 

22.  If  p  and  q  are  any  two  positive  int^ers,  shew  that  \pq  is 
divisible  by  ([p)*.  \q  and  by  {\q)^'  \p> 

23.  Shew  that  the  square  numbers  which  are  also  triangular  are 
given  by  the  squares  of  the  coefficients  of  the  powers  of  x  in  the  ex- 
pansion of  = —  g,  and  that  the  square  numbers  which  are  also 
pentagonal  by  the  coefficients  of  the  powers  of  x  in  the  expansion  of 

1 

24.  Shew  that  the  sum  of  the  fourth  powers  of  all  the  numbers 
less  than  N  and  prime  to  it  is 

-g(l-a3)(l-6')(l-cs)..., 
a,h,c,..,  being  the  different  prime  factors  of  iV. 

25.  If  <l>  (iV)  is  the  number  of  integers  which  are  less  than  iV  and 
prime  to  it,  and  if  ^  is  prime  to  Ny  shew  that 

-r*(^  _  1  =  0  (mod.  N), 

26.  If  di,  c?2,  c?3, ...  denote  the  divisors  of  a  number  y^  then 

Shew  also  that 


♦CHAPTER  XXXI. 


The  General  Theory  of  Continued  Fractions. 


*4:36.     In  Chap.  xxv.  we  have  investigated  the  properties  of 

Continued  Fractions  of  the  form  a,  +  —     ....  where  a  ,  a  ^,., 

are  positive  integers,  and  a,  is  either  a  positive  integer  or  zero. 
We  shall  now  consider  continued  fractions  of  a  more  general 
type. 

*437.     The   most   general   form  of   a  continued  fraction   is 
— ,  where  a^  a^,  a^,  ...,  6^,  6^,  63,  ...  represent 


any  quantities  whatever. 

h       h       h 
The  fractions  — ,    ^ ,    —  ,  . . .   are  called   components  of   the 

Cb  d  (X/ 

continued  fraction.  We  shall  confine  our  attention  to  two  cases; 
(i)  that  in  which  the  sign  before  each  component  is  positive; 
(ii)  that  in  which  the  sign  is  negative. 

*438.     To  investigate  the  law  0/ /bntiation  of  the  successive 
convergents  to  tlie  continued  fraction 

^1       \      \ 


a,  +   a^  +   ag  + 
The  first  three  convergents  are 

We  see  that  the  numerator  of  the  third  convergent  may  be 
formed  by  multiplying  the  numerator  of  the  second  convergent  by 
ftg,  and  the  numerator  of  the  first  by  h^  and  adding  the  results 
together;  also  that  the  denominator  may  be  formed  in  like 
manner. 
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Suppose  that  the  successive  convergents  are  formed  in  a 
similar  way;  let  the  numerators  be  denoted  by  jt?, ,  p^^  Pz-'-y 
and  the  denominators  by  5^,,  q,,  q^, ... 

Assume  that  the  law  of  formation  holds  for  the  n^  con- 
vergent ;  that  iSy  suppose 

The  {n+iy^  convergent   differs  from  the   n*^   only   in   having 

a  +  -***  in  the  place  of  a  ;  hence 
"      ^  J.,  * 

the  (n  +  1)***  convergent 

If  therefore  we  put 

we  see  that  the  numerator  and  denominator  of  the  (n  +  1)***  con- 
vergent follow  the  law  which  was  supposed  to  hold  in  case  of  the 
n^\  But  the  law  does  hold  in  the  case  of  the  third  convergent ; 
hence  it  holds  for  the  fourth;  and  so  on;  therefore  it  holds 
universally. 

*439.     In  the  case  of  the  continued  fraction 

6.       b.       b. 


a 


a^-    a^-    Og  - 


we  may  prove  that 

a  result  which  may  be  deduced  from  that  of  the  preceding  article 
by  changing  the  sign  of  h^, 

*440.     In  the  continued  fraction 

*.        b,       \ 


we  have  seen  that 
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but  ^"^^^"-^  ^ ^■^^^''-t , 

and  is  therefore  a  proper  fraction ;  hence  ^^  —  ~  is  numerically 
less  than  —  —  — ^ ,  and  is  of  opposite  sign. 

By  reasoning  as  in  Art.  335,  we  may  shew  that  every  con- 
vergent of  an  odd  order  is  greater  than  the  continued  fraction, 
and  every  convergent  of  an  even  order  is  less  than  the  continued 
fraction ;  hence  every  convergent  of  an  odd  order  is  greater  than 
every  convergent  of  an  even  order. 

Thus  ^-^!^  —  ^  is  positive  and  less  than    """^  —  ^ ;  hence 

"%*-¥\    q^n  q^n-x    qaa 

P2n  +  \  ^  Pan-\ 


[2«+) 


V211-I 


P  P  P  P 

Also  ^^"-^  —  ^-^  is  positive  and  less  than  "*  ^  -    ^"~' ;  hence 

qin-\    qzn  q^H-x    q^n-t 

Pan  ^    P2n-2 
3  8«  q%n-i 

Hence  the  convergents  of  an  odd  order  are  all  greater  than 
the  continued  fraction  but  continually  decrease,  and  the  con- 
vergents of  an  even  order  are  all  less  than  the  continued  fraction 
but  continually  increase. 

Suppose  now  that  the  number  of  components  is  infinite,  then 
the  convergents  of  an  odd  order  must  tend  to  some  finite  limit, 
and  the  convergents  of  an  even  order  must  also  tend  to  some 
finite  limit ;  if  these  limits  are  equal  the  continued  fraction  tends 
to  one  definite  limit ;  if  they  are  not  equal,  the  odd  convergents 
tend  to  one  limit,  and  the  even  convergents  tend  to  a  different 
limit,  and  the  continued  fraction  may  be  said  to  be  oscillating;  in 
this  case  the  continued  fraction  is  the  sjrmbolical  representation  of 
two  quantities,  one  of  which  is  the  limit  of  the  odd,  and  the  other 
that  of  the  even  convergents. 


(Pn__Pn-l\. 
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*441.     To  shew  that  the  continued  fraction  — —  — ^-  — ^-~  ... 

8i_  flu— 

h4i8  a  definite  value  if  the  limit  of  -v; — ~   when  n  is  infinite  is 
greater  tha/n  zero. 

The  continued  fraction  will  have  a  definite  value  when  n  is 
infinite  if  the  difference  of  the  limits  of  ^-^  and  ~  is  equal  to  zero. 

Now  ?!L+i_-P«=-.^±?i!lzl/'? 

whence  we  obtain 

^n+1    q^  q^x  '  qn  ""  q^ '  q^  W2    qJ' 

and  ^n+^^n     =  ^n+1  Kgn-1  +  ^«gn-a)  ^  ^n«n+l  +   ^n+l^ng«-8  . 

also  neither  of  these  terms  can  be  negative;  hence  if  the  limit  of 
-  "  *^^  is  greater  than  zero  so  also  is  the  limit  of      "^    *  ;  in  which 

case  the  limit  of  -^>^^-^  is  less  than  1 ;  and  therefore  "^5li_  ^  ig 
the  limit  of  the  product  of  an  infinite  number  of  proper  fractions, 
and  must  therefore  be  equal  to  zero :  that  is,  -f-^^  and  —  tend  to 
the  same  limit ;  which  proves  the  proposition. 


But 


For  example,  in  the  continued  fraction 

n' 


V     2*     3'  -* 


3+  6+  7+ 2n+l+  "*' 

and  therefore  the  continued  fraction  tends  to  a  definite  limit. 
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*442.     In  the  contintted  fraction  — -        *         ' 


a^  —  a  —  ag  - 

if  the  denominator  of  every  component  exceeds  the  numerator  hy 
unity  at  lea^t,  the  corwergenta  a/re  positive  fractimis  in  ascending 
order  of  mxignitude. 

By  supposition  —  ,    -^ ,    —  ,  . . .  are  positive  proper  fractions 

^I  ^2  ^3 

in  each  of  which  the  denominator  exceeds  the  numerator  by 
unity  at  least.     The  second  convergent  is         1      ,  and  since  a, 

a 
exceeds  h^  by  unity  at  least,  and  -^  is  a  proper  fraction,  it  follows 

that  «!  — ^  is  greater  than  6, ;  that  is,  the  second  convergent  is 

a  positive  proper  fraction.     In  like  manner  it  may  be  shewn 

that        * ,    is  a  positive  proper  fraction ;  denote  it  by  y^,  then 
%-- 

the  third  convergent  is    — ^—^  ,  and  is  therefore  a  positive  proper 

fraction.  Similarly  we  may  shew  that  — ^  — ^  — *  is  a  positive 
proper  fraction;  hence  also  the  fourth  convergent 


K     K     K    K 


«,    -       %-      «8  -     «4 


is  a  positive  proper  fraction ;  and  so  on. 

Again,     p^  =  a^p^_,  -  6 j>^_, ,     q^  =  aji^^ ,  -  hji^_^ , 

hence  ^^^  --  —  and  ~  —  ^^^^  have  the  same  sign. 

But  ^  -  ^  =  _^^  _  li  =  ^« ,   and  is  therefore  positive ; 

hence  ^^>^,  ^>^*     ^>^:    and  so  on;  which  proves  the 

92     9y      9^     92      9^     9n 
proposition. 
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Cor.  If  the  number  of  the  components  is  infinite,  the  con- 
vergents  form  an  infinite  series  of  proper  fractions  in  ascending 
order  of  magnitude  ;  and  in  this  case  the  continued  fraction  must 
tend  to  a  definite  limit  which  cannot  exceed  unity. 

*443.     From  the  formula 

we  may  always  determine  in  succession  as  many  of  the  con- 
vergents  as  we  please.  In  certain  cases,  however,  a  general 
expression  can  be  found  for  the  n^  convergent. 

Example,     To  find  the  n**  convergent  to  - —  -= —  •= — 

6—  o—  5  — 


We  have|?^=6p,j.i  -  6p^_,;  hence  the  numerators  form  a  recurring  series 
any  three  consecutive  terms  of  which  are  connected  by  the  relation 

Let  S=p^  +p^+p.^'^-\- ...  +i)^a;*-i  + ... ; 

then,  as  in  Art.  326,  we  have  ^=^i  +  (^8-^/i)  ^. 
*  *  1  -  6a:  +  6a;" 

But  the  first  two  convergents  are  r ,    r^ ; 

o       la 

6  18  12 


l-6ar  +  6a;»     l-3a;     l-2a;* 
whence  2>n = 18  . 3»-i  - 12  .  2»»-i  =  6(3"-  2*). 

Similarly  if  S'=^i  +  ^2*+^s**+-+^ii**~^+  ••» 

whence  ^n = 9  •  3*"^  -  4  .  2»-i  =  3*+^  -  2»+i. 

Pn_  6(3*-2**) 

This  method  will  only  succeed  when  a,  and  6,  are  constant 
for  all  values  of  n.     Thus  in  the  case  of  the  continued  fraction 

—    ...  ,   we  may   shew   that   the   numerators  of  the 

successive  convergents  are  the  coefficients  of  the  powers  of  x  in 

the  expansion  of   r: ^-^,   and  the   denominators  are   the 

Ot  -4-  liOf 

coefiScients  of  the  powers  of  x  in  the  expansion  of  = ^-j . 
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*444.  For  the  investigation  of  tlie  general  values  of  p^  and  q^ 
the  student  is  referred  to  works  on  Finite  Differences ;  it  is  only 
in  special  cases  that  these  values  can  be  found  by  Algebra,  The 
following  method  will  sometimes  be  found  useful. 

12       3 

Example,     Find  the  value  of  ,—    ^ —    5 — 

1+    ^+    0+ 


The  same  law  of  formation  holds  for  p^  and  q^\  let  us  take  u^  to  denote 
either  of  them ;  then  u^ = nM^_i  +  wm^.j, 

or  ttn -  («  + 1)  Wh-i=  -  (tt»-i  - nu^. 


Similarly,  u^_i  -  nu^.^  =  -  (Mn-2  -  w  - 1  Wn-s)* 


M3-4m3=  -(«2-3mi); 
whence  by  multiplication,  we  obtain 

ii^-(n  +  l)ti^_,  =  (-  l)«-«(Ua-3u,). 

1      2 

The  first  two  conyergents  are  ^  »   j ;  hence 


n-2 


Thus 


I'n-l  _  MT"^  gn  ^n-l  _  (-  1) 


n~2 


|n  +  l        in         |n-fl   '         |n+l       in         |n  +  l   ' 
In       |/i-l         |n_     *  In        n-1         In 


|3_    |2_        |3J  |3      |2_''|3_' 

2  |2'  l^"^  |2' 


whence,  by  addition 


n  +  l"'|2      |3J  |£    ■*■    |n+l    ' 


gn  t        1         1         1  (-1)*"" 

^-7^  =  1-72;+  rs  -  77  + + 


in+l  |2_"^|3^     |4"^ ^  |n  +  l   ' 

By  making  n  infinite,  we  obtain 

gn      «        \        «/       «-l 

which  is  therefore  the  value  of  the  given  expression. 
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■I  -I  V 

*445.     If  every  compon&rU  of  — —  — —   — —  ...   is  a  proper 

frcLction  vnih  integral  numerator  and  denominator,  the  continued 
fraction  is  incommensurable. 

For  if  possible,  suppose  that  the  continued  fraction  is  com- 
mensurable  and  equal  to  -j  ,  where  A  and  B  are  positive  integers ; 

then  T  =  — ^^  /.  ,  where  /!  denotes  the  infinite  continued  fraction 

— 5 ^  ...  ;  hence/,  = — ^-^ — -  =  ^  suppose.    Now  A,  B,  a^,  ftj 

CTj  +    ttjj  +  Jo  B 

are  integers  and  f  is  positive,  therefore  (7  is  a  positive  integer. 

G         h 
Similarly  -^  =  — ^ ,   where  f^   denotes   the  infinite  continued 

fraction  — —  —^-  . . . ;  hence  /*_  =  — ^-= =  7=  suppose ;  and  as 

ttj  +  a^  +  C  0 

before,  it  lollows  that  i>  is  a  positive  integer ;  and  so  on. 

Again,  -^ ,    -^ ,    r^  ,   ...    are   proper  fractions ;   for  -j  is  less 

than  — ,   which  is  a  proper  fraction ;  -=t  is  less  than  -^  \   -^  \b 
ttj  Jj  a^      {j 

less  than  — ;  and  so  on. 


«8 


Thus  il,  jB,  C,  i),  ...  form  an  infinite  series  of  positive  integers 
in  descending  order  of  magnitude ;  which  is  absurd.  Hence  the 
given  fraction  cannot  be  commensurable. 

The  above  result  still  holds  if  some  of  the  components  are 
not  proper  fractions,  provided  that  from  and  after  a  fixed  com- 
ponent all  the  others  are  proper  fractions. 

For  suppose  that  -^  and  all  the  succeeding  components  are 
,11 
proper  fractions ;  thus,  as  we  have  just  proved,  the  infinite  con- 
tinued fraction  beginning  with  -2  is  incommensurable:  denote 

a 

n 

it  by  A;,  then  the  complete  quotient  corresponding  to  —  is  r-  > 
and  therefore  the  value  of  the  continued  fraction  is-^^^^^^ — ^-^^^  • 
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This  cannot  be  commensurable  unless  — —  =  ^-^^^ ;   and  this 
condition  cannot  hold  \mless   ^^^^  =  ^^^=^ ,   ^-?^*  =  ?^ ,  •  •  • ,    and 

an-s         "n-z         9n-a         9n-4 

finally  t!^  =  ^  ;  that  is  hfi^  =  0,  which  is  impossible ;  hence  the 
given  fraction  must  be  incommensurable. 

*446.     If  every  component  of  — —    — ^ ^-  ...   is  a  proper 

fraction  with  integral  numerator  and  denom>inator,  and  if  the 
value  of  the  infinite  continued  fraction  beginning  with  any  com- 
ponent  is  less  than  unity,  the  fraction  is  incommensurable. 

The  demonstration  is  similar  to  that  of  the  preceding  article. 


*  EXAMPLES.    XXXI.  a. 

1.     Shew  that  in  the  continued  fraction 

ttj—     ^2—     ^3~    ' 

Pn^^CtnPn-l-bnPn-ii      ?n  =  «n2'n  - 1 "  ^nS'n  -  2  • 

— ^ —  )    into  a  continued  fraction  with  unit 
3.    Shew  that 


(1)     ^a^+b=^a  + 


(2)     sla^-b^a- 


2a+    2a+ 

b         b 
2a-    2a- 


4.  In  the  continued  fraction  — ~  — —  — —  ....  if  the  denominator 

Oi-    a,-    flg- 

of  every  component  exceed  the  numerator  by  unity  at  least,  shew  that 
Pf^  and  q^  increase  with  n, 

5.  If  a^y  aj,  a3,...a^  are  in  harmonical  progression,  shew  that 


«n             1 

1 

1 

1 

«a 

««-i     2- 

2- 

2^  - 

—  2- 

a, 
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6.    Shew  that 

("+  2ir+  2^  •••)' +  ("^  -  2^  air  •••y=M 

'""1    ("+2^+   2-i-)(*"2ir  2^: -)  =  «*- 2^1    2^-1  •••• 


7.     In  the  continued  fraction 

b       b       b 


a+    a+   a+ 
shew  that  l>n  +  i  =  ^<?«>     &2'«+i-«/^n  +  i  =  ^^!/n-i- 

8.     Shew  that  A  .1.  A =  &.     "'"'^ 


a+    a+    a+ a«+i-)3*+i  ' 

.r  being  the  number  of  components,  and  a,  /3  the  roots  of  the  equation 

k^-ak-b=0. 

9.     Prove  that  the  product  of  the  continued  fractions 
^1111  ,^1  11  1 


6+   c+   d+   a+ '"*'  -c+    -b+    -a+    -d+"'' 

is  equal  to  —  1. 
Shew  that 

-Q      J_    _4^     _9_   _64_  (n^'iy    ^(n  +  l)(n+2)(2n+S) 

•  1-    5-    13-    25-  n^+(n+lf  6 

11       ^   A.    A.  ?i^-l  _yi(yi+3) 

•  1-    5-    7-  27i  +  l"       2   "    • 

■in        2       3       4  n+1     7i+2     ,,,«,„ 

12-    2-3-43 «-+Tr  «+2=^+^+ll+li+-+l^ 

13.     ^^/-A -^ =«-!. 

1-    3-    4-    5—  n+1- 


14. 


15. 


8  2n+2  2(eg-l) 


1+   2+    3+ n+    e^+l 

3.3    3.4    3.5          3(7?,+2)  ^  6 (2fl3+ 1) 

1+      2+     3+   n+       "    5e3-2 


16.    If  Wi  =  T  >  Wo  =  — I ,  t^o  = -7 , ,  each  successive  fractiou 

bein^  formed  by  taking  the  denominator  and  the  sum  of  the  numerator 
and  denominator  of  the  preceding  fraction  for  its  nimierator  and  denomi-' 

/K  1 

nator  respectively,  shew  that  w«,  = 


2 
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17.    Prove  that  the  n*^  convergent  to  the  continued  fraction 


r+1-    r  +  1-   r+1- 


18.    Find  the  value  of    -A 


a. 


a« 


a^  +  l—    02  +  1-    Oj+l- 
Oj,  Oj,  ^3,...  being  positive  and  greater  than  unity. 

19.    Shew  that  the  ti'**  convergent  to  1  -  - —    - — 
the  (2ji  —  1)***  convergent  to  ^— -  - —    —     - 


+ 


iu  equal  to 


20,    Shew  that  the  3w***  convergent  to 

J 1 1 1 1 1       1 

5-    2-    1-    5-    2-    1-    5- 


is 


n 


3/1  +  1  * 


21.     Shew  that 


3-g 


2+    3+    4+  *••  '       e-2  ' 
hence  shew  that  e  lies  between  2  J  and  2^. 


Conversion  of  Series  into  Continued  Fractions. 


) 


*447.     It  will  be  convenient  here  to  write  the  series  in  the  form 


Put 
then 


Hence 


H.  H.  A. 


1        1        1 
—  +  —  +  —  + 
u,      t*„      u„ 


a 


1 

+  —  . 


1  1 

—  +  — 


1 


^r         ^r+l  r  r 


u^  +  x/ 


u 


•  •    JC    —  ""~  — — — 


r+1 


1  1 

—   +—    =- 
**1  «*2 


1  i 

■5—  = 


u. 


u. 


u,-~ 


u  —    u  +  u 


u  +  u 

I         a 


24 
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Similarly, 

11111             1  u^' 

—  +  —  +  —=—+ = — — -*— — 

1  U^  u. 


8 . 

i 


^1-       -^I  +  W,-       ^8  +  «^3 


and  so  on ;  hence  generally 
111  ^1 

W,        U^       W3  u^ 


1        <         <  <-l 


Example  1.    Express  as  a  continued  fraction  the  series 


1 

1    ^'            1  r   1^-      ^* 

1'               — 1  1      XI 

a^a^a^                            aQa^a^...n^ 

Put 

1              X                  1 

«n      «nan+l       an  +  ^n* 

then 

K  +  y  J  K+1  -  a;) = a^a„+, ; 

Hence 

1         X     _       1              1         a^^ 

«o     «o«i      ''o  +  y©      «o+    ^-^ 

Aorain 

1 

a; 

.        «2_1         X   fl           X    \_1 

^0^ 


and  generally 


«©+   Oi+yi-x 

1          AqX         ajj; 

a0  +    flj  —  X  +    flj  —  J7 

1 

X              X^                    /      ^v«           «** 

^0 

%fh     ^f/hP,^     •••  '  ^     *'   aoOiOg.-.a^ 

1            floX             OyC                 ^n~\^ 

~  rt0+     01-35+     a2-X+   f'n~^ 

Example  2.    Express  log  (1 +0;)  as  a  continued  fraction. 
We  have  log(i+j;)=a:--2 +|- -  ^  + 


The  required  expression  is  most  simply  deduced  from  the   continued 
fraction  equivalent  to  the  series 

X      x'^     3^     x^ 


flj      flj      rtg      a^ 
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By  patting 


X 


a^     a»fi     an+y«' 


"we  obtain  y„= — 


«»i+l-«n«* 


hence  we  have 


X      X*     s^     set*               X           aJ^x             aJx  aJx 
h +  ...= — ~ * ^ 


tti     a^     a^a^  0^+    a^  —  a^x  +    Oj  —  cl^x  +    a^  —  a.^x  +  '     ' 

,      ,,       ,       a:         Vx  2^x  3^x 


1+    2-X+    S-2x+    4-Sx  + 


*448.    In  certain  cases  we  may  simplify  the  components  of  the 
continued  fraction  by  the  help  of  the  following  proposition : 

The  continued  fraction 

\       K       h       b. 


»!  +    Og  +    ttg  4-    a^  + 


is  equal  to  the  continued  fraction 

cA      £i^A.    Vs^      Ca^A 
c,a,+    c^a^+    c^a^-^    c^a^+  ' 

where  Cj,  c^,  c^,  c^, are  any  quantities  whatever. 

Let  f,  denote  — —   — —    ;  then 

the  continued  fraction  =       ^  ^  ^ 


Let  /*  denote  — —  — *-  ...  ;  tlien 

«» + «.  + 


/J  /J  A 

Similarly,  c^/^  =  — '  ^  ^   -  ;  and  so  on ;  whence  the  proposition 
is  established. 


24—2 
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^EXAMPLES.     XXXL  b. 

Shew  that 

1. + + +  (-!)»'  — 

«0       «1       ^2       ^3  ^n 

2.        l+_^+J^+ +  '^ 

_    1          a^a?          a^^  an-i-*? 

"~ao""    ai+^—    a2+.r— a^  +  ^* 

r  — 1__   r       r  +  1       r+2 
•     r-2""r^  r+1-    r  +  2-  

.        271         1       1       1       1  .       *       ,.     . 

4.      — rT  =  ^i —   1 —  1 —  1 — to  w  quotients. 

n+1      1-    4—    1—   4—  ^ 

15      14.I4.I4.         4.J__J_    i_  A    A  ^!_ 

^*        ■^2"^3"^ "^w+l"*!-    3-    5-    7-  2n+l  • 

«•        12-^22^ (n  +  l)2        1-      12  +  22-     w2  +  (^+l)2- 

7      ^=^14.  ^       ^  2^  3^ 

1-    A'  +  2-    ^+3-    ^+4-  

ollll,  la  b  c 

a     ah     ahc      abed     '"     a+    6  —  1+   c—l+    d—l+ 

1111  1  r  r^  r^ 

^'     ^■'*r"*"r*'^^"*"i^'^  •••"'^^i^  7-3+1-   r^+l-    /^Tl"^"*" 

ai+   ^2+    ^3+  a^     1+   «!+   02+    a3+ ««-! ' 

11    If   p__^  A  A.         0-A  A  ^ 

shew  that  /*(a+l +  §)  =  «+§. 

12.     Shew  that 1 1.'- .|-  ...    is    equal  to  the    con- 

9i     Mi     Ms     Mi 

tinued  fraction  -—    -—   — -  —;-•••»  where  q^,  q.^,  ^'3, ...  are   the 
denominators  of  the  successive  convergents. 


CHAPTER  XXXII. 


PROBABILITY. 


449.   Definition.    If  an  event  can  happen  in  a  ways  and  fail  in 
h  ways,  and  each  of  these  ways  is  equally  likely,  the  probability, 

or  the  chance,  of  its  happening  is  ^ ,  and  that  of  its  failing  is 


a+6' 

For  instance,  if  in  a  lottery  there  are  7  prizes  and  25  blanks, 

7 
the  chance  that  a  person  holding  1  ticket  will  win  a  prize  is  ^ , 

25 
and  his  chance  of  not  winning  is  -^ . 

450.  The  reason  for  the  mathematical  definition  of  pro- 
bability may  be  made  clear  by  the  following  considerations : 

If  an  event  can  happen  in  a  ways  and  fail  to  happen  in  h 
ways,  and  all  these  ways  are  equally  likely,  we  can  assert  that  the 
chance  of  its  happening  is  to  the  chance  of  its  failing  as  a  to  h. 
Thus  if  the  chance  of  its  happening  is  represented  by  ha^  where 
h  is  an  undetermined  constant,  then  the  chance  of  its  failing 
will  be  represented  by  kh. 

.*.  chance  of  happening  +  chance  of  failing  —  h(a-\-  h) 

Now  the  event  is  certain  to  happen  or  to  fail ;  therefore  the  sum 
of  the  chances  of  happening  and  failing  must  represent  certainty. 
If  therefore  we  agree  to  take  certainty  as  our  unit,  we  have 

l=k(a  +  b),    or  k= r 5 


a 


.  • .  the  chance  that  the  event  will  happen  is  =  > 

^^  a  +  6 

and  the  chance  that  the  event  will  not  happen  is = . 

^^  a  +  b 

Cor.     If  ^  is  the  probability  of  the  happening  of  an  event, 
the  probability  of  its  not  happening  is  l-p. 
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451.  Instead  of  saying  that  the  chance  of  the  happening  of 

an  event  is =- ,  it  is  sometimes  stated  that  ths  odds  are  ^  to  h 

a  +  0 

in  favour  of  tlis  event,  orh  to  b.  against  the  event. 

452.  The  definition  of  probability  in  Art.  449  may  be  given 
in  a  slightly  different  form  which  is  sometimes  Useful.  If  c  is  the 
total  number  of  cases,  each  being  equally  likely  to  occur,  and  of 
these  a  are  favourable  to  the  event,  then  the  probability  that  the 

event  will   happen  is  - ,  and  the  probability  that  it  will  not 

c 

happen  is  1  —  . 

c 

Example  1.  What  is  the  chance  of  throwing  a  number  greater  than  4 
with  an  ordinary  die  whose  faces  are  numbered  from  1  to  6? 

There  are  6  possible  ways  in  which  the  die  can  fall,  and  of  these  two 
are  favourable  to  the  event  required ; 

2     1 
therefore  the  required  chance  =-  =  --. 

Example  2.  From  a  bag  containing  4  white  and  5  black  balls  a  man 
draws  3  at  random;  what  are  the  odds  against  these  being  all  black? 

The  total  number  of  ways  in  which  3  balls  can  be  drawn  is  ^Cg,  and 
the  number  of  ways  of  drawing  3  black  balls  is  '^C,;  therefore  the  chance 
of  drawing  3  black  balls 

_  »C3  _  5.4.3  _  _6^ 

"■»C73'~9.8.7""42* 

Thus  the  odds  against  the  event  are  37  to  5. 

Example  3.  Find  the  chance  of  throwing  at  least  one  ace  in  a  single 
throw  with  two  dice. 

The  possible  number  of  cases  is  6  x  6,  or  36. 

An  ace  on  one  die  may  be  associated  with  any  of  the  6  numbers  on  the 
other  die,  and  the  remaining  5  numbers  on  the  first  die  may  each  be  asso- 
ciated with  the  ace  on  the  second  die ;  thus  the  number  of  favourable  cases 
is  11. 

Therefore  the  required  chance  is  ^tt  . 

ob 

Or  we  may  reason  as  follows : 

There  are  5  ways  in  which  each  die  can  be  thrown  so  as  not  to  give  an 

ace;  hence  25  throws  of  the  two  dice  will  exclude  aces.     That  is,  the  chance 

25 
of  not  throwing  one  or  more  aces  is  q^ ;  so  that  the  chance  of  throwing  one 

*i      *•    1     25  11 

ace  at  least  is  1  -  5^,   or  ^  . 

00  36 
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Example  4.  Find  the  chance  of  throwing  more  than  15  in  one  throw  with 
3  dice. 

A  throw  amonnting  to  18  mast  be  made  up  of  6,  6,  6,  and  this  can  occur 
in  1  way;  17  can  be  xnade  up  of  6,  6,  5  which  can  occur  in  3  ways;  16  may 
be  made  up  of  6,  6,  4  and  6,  5,  6,  eadi  of  which  arrangements  can  occur  in 
3  ways. 

Therefore  the  number  of  favourable  cases  is 

1  +  3  +  3  +  3,     or   10. 

And  the  total  number  of  cases  is  C^,  or  216 ; 

therefore  the  required  chance =^~y«  =  y^  . 

Example  6.  A  has  3  shares  in  a  lottery  in  which  there  are  3  prizes  and 
6  blanks ;  B  has  1  share  in  a  lottery  in  which  there  is  1  prize  and  2  blanks : 
shew  that  ^'s  chance  of  success  is  to  f  s  as  16  to  7. 

A  may  draw  3  prizes  in  1  way ; 

3    2 
he  may  draw  2  prizes  and  1  blank  in  =-^  x  6  ways ; 

6    /> 
he  may  draw  1  prize  and  2  blanks  in  3  x  ^--n  ways ; 

the  sum  of  these  numbers  is  64,  which  is  the  number  of  ways  in  which  A  cau 

9.8.7 
win  a  prize.    Also  he  can  draw  3  tickets  in     *    '    ,  or  84  ways; 

1 .  2  .  o 

therefore  A^B  chance  of  success =;rT=  —r  . 

84      21 

iJ's  chance  of  success  is  clearly  -  ; 

o 

Ifi      1 
therefore  ^'s  chance  :  J5's  chance =^rz-  :  = 

21      o 

=  16  :  7. 
Or  we  might  have  reasoned  thus :   A  will  get  all  blanks  in  ^  *    '     ,   or 

20  ways ;  the  chance  of  which  is  —  ,  or  —  ; 

o4  21 

therefore  A'b  chance  of  success  =  1  -  —-  =  — . 

453.  Suppose  that  there  are  a  number  of  events  A,  B,  (7,..., 
of  which  one  must,  and  only  one  can,  occur ;  also  suppose  that 
a,  by  c,...  are  the  numbers  of  ways  respectively  in  which  these 
events  can  happen,  and  that  each  of  these  ways  is  equally  likely 
to  occur ;  it  is  required  to  find  the  chance  of  each  event. 

The  total  number  of  equally  possible  ways  is  a  +  5  +  c+  ..., 
and  of  these  the  number  favourable  to  il  is  a ;  hence  the  chance 


876  HIGHER  ALGEBRA. 

that  A  will  happen  is  z .     Similarly  the  chance  that  B 

will  happen  is  ? ;  and  so  on, 

464.  From  the  examples  we  have  given  it  will  be  seen  that 
the  solution  of  the  easier  kinds  of  questions  in  Probability  requires 
nothing  more  than  a  knowledge  of  the  definition  of  Probability, 
and  the  application  of  the  laws  of  Permutations  and  Combina- 
tions. 

EXAMPLES.    XXXn.  a. 

1.  In  a  single  throw  with  two  dice  find  the  chances  of  throwing 
(1)  five,  (2)  six. 

2.  From  a  pack  of  52  cards  two  are  drawn  at  random ;  find  the 
chance  that  one  is  a  knave  and  the  other  a  queen. 

3.  A  bag  contains  5  white,  7  black,  and  4  red  balls:  find  the 
chance  that  three  balls  drawn  at  random  are  all  white. 

4.  If  four  coins  are  tossed,  find  the  chance  that  there  should  be 
two  heads  and  two  tails. 

5.  One  of  two  events  must  happen :  given  that  the  chanco  of  the 
one  is  two-thirds  that  of  the  other,  find  the  odds  in  favour  of  the  other. 

6.  If  from  a  pack  four  cards  are  drawn,  find  the  chance  that  they 
will  be  the  four  honours  of  the  same  suit. 

7.  Thirteen  persons  take  their  places  at  a  round  table,  shew  that 
it  is  five  to  one  against  two  particular  persons  sitting  together. 

8.  There  are  three  events  A,  B,  C,  one  of  which  must,  and  only 
one  can,  happen;  the  odds  are  8  to  3  against  ^,  5  to  2  against  B:  find 
the  odds  against  C, 

9.  Compare  the  chances  of  throwing  4  with  one  die,  8  with  two 
dice,  and  12  with  three  dice. 

10,  In  shuffling  a  pa^ck  of  cards,  four  are  accidentally  dropped ;  find 
the  chance  that  the  missing  cards  should  be  one  from  each  suit. 

11,  A  has  3  shares  in  a  lottery  containing  3  prizes  and  9  blanks  • 
^  has  2  shares  in  a  lottery  containing  2  prizes  and  6  blanks :  compare 
tneir  chances  of  success.  ^ 

12,  Shew  that  the  chances  of  throwing  six  with  4   ^   or  9  r1* 
respectively  are  as  1  :  6  :  18.  '  * '  "^^® 
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13.  There  are  three  works,  one  consisting  of  3  volumes,  one  of  4, 
and  the  other  of  1  volume.  They  are  placed  on  a  shelf  at  random ; 
prove  that  the  chance  that  volumes  of  the  same  works  are  all  together 

3 

"*  140- 

14.  A  and  B  throw  with  two  dice ;  if  A  throws  9,  find  J5's  chance 
of  throwing  a  higher  number. 

15.  The  letters  forming  the  word  Clifton  are  placed  at  random  in 
a  row :  what  is  the  chance  that  the  two  vowels  come  together  ? 

16.  In  a  hand  at  whist  what  is  the  chance  that  the  4  kings  are 
held  by  a  specified  player  ? 

17.  There  are  4  shillings  and  3  half-crowns  placed  at  random  in 
a  line :  shew  that  the  chance  of  the  extreme  coins  being  both  half- 
crowns  is  ^ .  Generalize  this  result  in  the  case  of  m  shillings  and 
n  half-crowns. 


455.  We  have  hitherto  considered  only  those  occurrences 
which  in  the  language  of  Probability  are  called  Simple  events. 
When  two  or  more  of  these  occur  in  connection  with  each  other, 
the  joint  occurrence  is  called  a  Compound  event. 

For  example,  suppose  we  have  a  bag  containing  5  white 
and  8  black  balls,  and  two  drawings,  each  of  three  balls,  are 
made  from  it  successively.  If  we  wish  to  estimate  the  chance 
of  drawing  first  3  white  and  then  3  black  balls,  we  should  be 
dealing  with  a  compound  event. 

In  such  a  case  the  result  of  the  second  drawing  might  or 
might  not  be  dependent  on  the  result  of  the  first.  If  the  balls 
are  not  replaced  after  being  drawn,  then  if  the  first  drawing  gives 
3  white  balls,  the  ratio  of  the  black  to  the  white  balls  remaining 
is  greater  than  if  the  first  drawing  had  not  given  three  white; 
thus  the  chance  of  drawing  3  black  balls  at  the  second  trial 
is  affected  by  the  result  of  the  first  But  if  the  balls  are  re- 
placed after  being  drawn,  it  is  clear  that  the  result  of  the  second 
drawing  is  not  in  any  way  affected  by  the  result  of  the  first. 

We  are  thus  led  to  the  following  definition : 

Events  are  said  to  be  dependent  or  independent  according  as 
the  occurrence  of  one  does  or  does  not  affect  the  occwx^^CkSSRk  ^\.*<ksfe 
others.     Dependent  events  are  Bometimo^  «a.\!^\«\ife  ciW\*.vo^«^* 
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466.  Jf  tJi^re  are  tux)  independent  events  the  respective  pro- 
habiUtiea  of  which  are  knoum,  to  find  the  probability  that  both  vnU 
happen. 

Suppose  that  the  first  event  may  happen  in  a  ways  and  fail 
in  b  ways,  all  these  cases  being  equally  likely ;  and  suppose  that 
the  second  event  may  happen  in  a'  ways  and  fail  in  6'  ways, 
all  these  ways  being  equally  likely.  Each  of  the  a  +  b  cases  may 
be  associated  with  each  of  the  a'  +  6'  cases,  to  form  (a  +  b)  (a'  +  6') 
compound  cases  all  equally  likely  to  occur. 

In  a^'  of  these  both  events  happen,  in  bb'  of  them  both  fail, 
in  a5'  of  them  the  first  happens  and  the  second  fails,  and  in  ab 
of  them  the  first  fails  and  the  second  happens.     Thus 


aa' 


is  the  chance  that  both  events  happen ; 


(a +  5)  (a' +6') 

5 r- — ; — 777  is  the  cliauco  that  both  events  fail : 

(a  +  6)(a+6) 

nJi' 

— =7"  is  the  chance  tliat  the  first  happens  and  the  second 

(a  +  6)  (a  +  6 ) 

fails; 

n'h 

7-r^—, — rn  is  the  chance  that  the  first  fails  and  the  second 

(a +  6)  (a  +6) 

happens. 

Thus  if  the  respective  chances  of  two  independent  ©vents  are 
p  and  p\  the  chance  that  both  will  happen  is  pp\  Similar 
reasoning  will  apply  in  the  case  of  any  number  of  independent 
events.  Hence  it  is  easy  to  see  that  if  p^,  jo„  p^,  ...  are  the 
respective  chances  that  a  number  of  independent  events  will 
separately  happen,  the  chance  that  they  will  all  happen  is 
PiPiPs  •  •  •  >  *^®  chance  that  the  two  first  will  happen  and  the  rest 
fail  is  p^p^  (1  —  jPg)  (1  -/?J... ;  and  similarly  for  any  other  par- 
ticular case. 

457.  If  p  is  the  chance  that  an  event  will  happen  in 
one  trial,  the  chance  that  it  will  happen  in  any  assigned  suc- 
cession of  r  trials  is  p^ ;  this  follows  from  the  preceding  article 
by  supposing 

Pi=P^^Pz== =P' 

To  find  the  chance  that  some  one  at  least  of  the  events  will 
happen  we  proceed  thus :  the  chance  that  all  the  events  fail 
is  (1  -/?i)  (1  —p^  (1  —p^  •••>  and  except  in  this  case  some  one 
of  the  events  must  happen ;  hence  the  required  chance  is 
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ExtmpU  1.  Two  drawings,  each  of  8  balls,  are  made  from  a  bag  oon- 
taming  6  white  and  8  black  balls,  the  balls  being  replaced  before  the  second 
trial :  find  the  chance  that  the  first  drawing  will  give  3  white,  and  the  second 
3  black  balls. 

The  number  of  ways  in  which  3  balls  may  be  drawn  is  ^C7, ; 

Swhite *C7,; 

Sblack 8(7,. 

5.4     13.12.11       5 


Therefore  the  chance  of  3  white  at  the  first  trial = 
and  the  chance  of  3  black  at  the  second  trial = 


1.2*     1.2.3     ~  143  * 
8.7.  G     13.12.11       28 


u  > 


1.2.3  •     1.2.3     ""143 

therefore  the  chance  of  the  compound  event  =  ,-.7,  x  .r-rs  =  ^,  .  .^  . 

14t>      143      20449 

Example  2.  In  tossing  a  coin,  find  the  chance  of  throwing  head  and  tail 
alternately  in  3  successive  trials. 

Here  the  first  throw  must  give  either  head  or  tail ;  the  chance  that  the 

second  gives  the  opposite  to  the  first  is  ^ ,  and  the  chance  that  the  third  throw 

is  the  same  as  the  first  is  ^  . 

Ill 
Therefore  the  chance  of  the  compound  event  =  »  x  ;;  =  7  . 

2      2      4 

Example  3.  Supposing  that  it  is  9  to  7  against  a  person  A  who  is  now 
35  years  of  age  living  till  he  is  65,  and  3  to  2  against  a  person  B  now  45 
living  till  he  is  75 ;  find  the  chance  that  one  at  least  of  these  persons  will  be 
alive  30  years  hence. 

9 
The  chance  that  A  will  die  within  30  years  is  ^^ ; 

lb 

3 

the  chance  that  B  will  die  within  30  years  is  =  ; 

Q       3  27 

therefore  the  chance  that  both  will  die  is  =-5  x  ^  ,  or  ^jr  ; 

io      0  oU 

therefore  the  chance  that  both  will  not  be  dead,  that  is  that  one  at  least  will 

,       ...    -     27  53 

beahve,  isl--,  org^. 

458.  By  a  slight  modification  of  the  meaning  of  the  symbols 
in  Art.  456,  we  are  enabled  to  estimate  the  probability  of  the 
concurrence  of  two  dependent  events.  For  suppose  that  when  the 
first  event  has  Jiappened^  a'  denotes  the  number  of  ways  in  which 
the  second  event  can  follow,  and  h'  the  number  of  ways  in  which 
it  will  not  follow ;  then  the  number  of  ways  in  which  the  two 
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events  can  happen  together  is  <Mt\  and  the  probability  of  their 

CM 

concurrence  is 


Thus  if  p  is  the  probability  of  the  first  event,  and  p'  the 
contingent  probability  that  the  second  will  follow,  the  probability 
of  the  concurrence  of  the  two  events  is  'pp. 

Example  1.  In  a  hand  at  whist  find  the  chance  that  a  specified  player 
holds  bol£  the  king  and  queen  of  tramps. 

Denote  the  player  by  A ;  then  the  chance  that  A  has  the  king  is  clearly 

13 

P7^;  for  this  particular  card  can  be  dealt  in  52  different  ways,  13  of  which  fall 

Oa 

to  A,    The  chance  that,  when  he  has  the  king,  he  can  also  hold  the  queen  is 
then  YT  >  for  the  queen  can  be  dealt  in  51  ways,  12  of  which  fall  to  A, 

Therefore  the  chance  required =r^  x  /FJ  =  irr  • 

OZ       01        if 

Or  we  might  reason  as  follows  : 

The  number  of  ways  in  which  the  king  and  the  queen  can  be  dealt  to  A  is 
equal  to  the  number  of  permutations  of  13  things  2  at  a  time,  or  13 .  12. 
And  similarly  the  total  number  of  ways  in  which  the  king  and  queen  can  be 
dealt  is  52 .  51. 

Therefore  the  chance  =-^-^7^  =  t;;,  as  before. 

62.51      17 

Example  2.  Two  drawings,  each  of  3  balls,  are  made  from  a  bag  con- 
taining 5  white  and  8  black  balls,  the  halls  not  being  replaced  before  the 
second  trial:  find  the  chance  that  the  first  drawing  will  give  3  white  and 
the  second  3  black  balls. 

At  the  first  trial,  3  balls  may  be  drawn  in  ^Cg  ways ; 
and  3  white  balls  may  be  drawn  in  ^C,  ways; 

therefore  the  chance  of  3  white  at  first  trial =r-^^ '         — =  j-—  . 

l.J  l.J.o  14o 

When  3  white  balls  have  been  drawn  and  removed,  the  bag  contains 
2  white  and  8  black  balls ; 

therefore  at  the  second  trial  3  balls  may  be  drawn  in  i<*C7,  ways ; 
and  3  black  balls  may  be  drawn  in  ^C,  ways ; 

therefore  the  chance  of  3  black  at  the  second  trial 

^8.7.6  .  10.9.8_  7 
""1.2.3  •    1.2.3  ""15  * 

therefore  the  chance  of  the  compound  event 

7 


X  =-=  = 


"143     16  "429* 
The  student  should  compare  this  solution  with  that  of  Ex.  1,  Art.  467. 
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459.  If  am,  event  can  happen  in  two  or  more  different  ways 
which  are  mutually  exclusive,  the  chance  that  it  will  happen  is 
the  sum  of  the  chances  of  its  happening  in  these  different  ways. 

This  is  sometimes  regarded  as  a  self-evident  proposition  arising 
immediately  out  of  the  definition  of  probability.  It  may,  how- 
ever, be  proved  as  follows  : 

Suppose  the  event  can  happen  in  two  ways  which  cannot 

concur :  and  let   7^ ,    r^  be  the  chances  of  the  happening  of  the 

event  in  these  two  ways  respectively.  Then  out  of  bfi^  cases 
there  are  afi,  in  which  the  event  may  happen  in  the  first  way, 
and  o-ftj  ways  in  which  the  event  may  happen  in  the  second; 
and  tnese  ways  cannot  concur.  Therefore  in  all,  out  of  hjl>^  cases 
there  are  afi^  +  aji>^  cases  favourable  to  the  event;  hence  the 
chance  that  the  event  will  happen  in  one  or  other  of  the  two 
ways  is 

g.fe,  +  aj>,  _a,      g, 
66  6       6  * 

Similar  reasoning  will  apply  whatever  be  the  number  of  ex- 
clusive ways  in  which  the  event  can  happen. 

Hence  if  an  event  can  happen  in  n  ways  which  are  mutually 
exclusive,  and  if  p.,  Pg,  p^,  ---Pn  *^®  *^®  probabilities  that  the 
event  will  happen  m  these  difterent  ways  respectively,  the  pro- 
bability that  it  will  happen  in  some  one  of  these  ways  is 

^,+i?«+^3+ +^n. 

Example  1.     Find  the  chance  of  throwing  9  at  least  in  a  single  throw 
with  two  dice. 

4 

9  can  be  made  up  in  4  ways,  and  thus  the  chance  of  throwing  9  is  ^^  . 

3 

10  can  be  made  up  in  3  ways,  and  thus  the  chance  of  throwing  10  is  ^ . 

2 

11  can  be  made  up  in  2  ways,  and  thus  the  chance  of  throwing  11  is^ . 

12  can  be  made  up  in  1  way,  and  thus  the  chance  of  throwing  12  is  -^ . 

Now  the  chance  of  throwing  a  number  not  less  than  9  is  the  sum  of  these 
separate  chances; 

*u               AX.            4  +  3-1-2  +  1      5 
,'.  the  required  chance  = ^ =  =^ . 
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ExampU  2.  One  purse  contains  1  sovereign  and  3  shillings,  a  second 
parse  contains  2  sovereigns  and  4  shillings,  and  a  third  contains  3  sovereigns 
and  1  shilling.  If  a  coin  is  taken  out  of  one  of  the  purses  selected  at 
random,  find  the  chance  that  it  is  a  sovereign. 

Since  each  purse  is  equally  likely  to  be  taken,  the  chance  of  selecting 

the  first  is  x  ;  and  the  chance  of  then  drawing  a  sovereign  is  - ;  hence  the 
8  4 

chance  of  drawing  a  sovereign  so  far  as  it  depends  upon  the  first  purse  is 
-  X  7,  or  ^^.     Similarly  the  chance  of  drawing  a  sovereign   so  fax  as  it 

«>      4  12 

12  1 

depends  on  the  second  purse  is  -  x  ^ ,  or  - ;  and  from  the  third  purse  the 

13  1 
chance  of  drawing  a  sovereign  is  ^  x  -j ,  or  -r ; 

o      4         4 

.'.  the  required  chance=—  +  ,-;  +  2  ~  o  • 

460.  In  the  preceding  article  we  have  seen  that  the  pro- 
Imbility  of  an  event  may  sometimes  be  considered  as  the  sum  of 
the  probabilities  of  two  or  more  separate  events ;  but  it  is  very 
important  to  notice  that  the  probability  of  one  or  other  of 
a  series  of  events  is  the  sum  of  the  probabilities  of  the  separate 
events  onlj/  when  t/ie  events  are  mutiially  exclusive^  that  is,  when 
the  occurrence  of  one  is  incompatible  with  the  occurrence  of  any 
of  the  others. 

Example,  From  20  tickets  marked  with  the  first  20  numerals,  one  is 
drawn  at  random :  find  the  chance  that  it  is  a  multiple  of  3  or  of  7. 

g 
The  chance  that  the  number  is  a  multiple  of  3  is  ^ ,  and  the  chance  that 

2 
it  is  a  multiple  of  7  is  —  ;  and  these  events  are  mutually  exclusive,  hence  the 

required  chance  is  90  "*"  90  *  ^'^  fi  * 

But  if  the  question  had  been:  find  the  chance  that  the  number  is  a 
multiple  of  3  or  of  5,  it  would  have  been  incorrect  to  reason  as  follows : 

Because  the  chance  that  the  number  is  a  multiple  of  3  is  ^ ,  and  the 

4 
chance  that  the  number  is  a  multiple  of  5  is  ^ ,  therefore  the  chance  that 

6       4         1 
it  is  a  multiple  of  3  or  6  is  ha  +  sa  ,  or  5 .    For  the  number  on  the  ticket 

might  be  a  multiple  hath  of  3  and  of  5,  so  that  the  two  events  considered 
are  not  mutually  exclusive. 

461.  It  should  be  observed  that  the  distinction  between 
simple  and  compound  events  is  in  many  cases  a  purely  artificial 


PROBABILITY.  383 

one  ;  in  fact  it  often  amounts  to  nothing  more  than  a  distinction 
between  two  different  modes  of  viewing  the  same  occurrence. 

Example,    A  bag  contains  5  white  and  7  black  balls;  if  two  balls  are 
drawn  what  is  the  chance  that  one  is  white  and  the  other  black? 

(i)    Regarding  the  ocoorrenoe  as  a  simple  event,  the  chance 

IK 
=  {6x7)^»<7j=g. 

(ii)  The  occurrence  may  be  regarded  as  the  happening  of  one  or  other 
of  the  two  following  compound  events : 

(1)  drawing  a  white  and  then  a  black  ball,  the  chance  of  which  is 

6       7  35 

12^11  ^^   132' 

(2)  drawing  a  black  and  then  a  white  ball,  the  chance  of  which  is 

LA.         ^ 
12  ^11'°^  132* 

And  since  these  events  are  mutually  exclusive,  the  required  chance 

35       35      35 
~  132  ■*■  132  ~  66  • 

It  will  be  noticed  that  we  have  here  assumed  that  the  chance  of  drawing 
two  specified  balls  successively  is  the  same  as  if  they  were  drawn  simul- 
taneously.   A  little  consideration  will  shew  that  this  must  be  the  case. 


EXAMPLES.    XXXn.  b. 

1.  What  is  the  chance  of  throwing  an  ace  in  the  first  only  of  two 
successive  throws  with  an  ordinary  die  ? 

2.  Three  cards  are  drawn  at  random  from  an  ordinary  pack :  find 
the  chance  that  they  will  consist  of  a  knave,  a  queen,  and  a  king. 

3.  The  odds  against  a  certain  event  are  5  to  2,  and  the  odds  in 
•favour  of  another  event  independent  of  the  former  are  6  to  5  :  find  the 
chance  that  one  at  least  of  the  events  will  hai)pen. 

4.  The  odds  against  A  solving  a  certain  problem  are  4  to  3,  and 
the  odds  in  favour  of  B  solving  the  same  problem  are  7  to  6 ;  what  is 
the  chance  that  the  problem  will  be  solved  if  they  both  try  ? 

5.  What  is  the  chance  of  drawing  a  sovereign  from  a  purse  one 
compartment  of  which  contains  3  shillings  and  2  sovereigns,  and  the 
other  2  sovereigns  and  1  shilling  ] 

6.  A  bag  contains  17  counters  marked  with  the  numbers  1  to  17. 
A  counter  is  drawn  and  replaced;  a  second  drawing  is  then  made: 
what  is  the  chance  that  the  first  number  drawn  is  even  and  the  second 
odd? 
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7.  Four  persons  draw  each  a  card  from  an  ordinary  pack:  find 
the  chance  (1)  that  a  card  is  of  each  suit,  (2)  that  no  two  cards  are  of 
equal  value. 

8.  Find  the  chance  of  throwing  six  with  a  single  die  at  least  once 
in  five  triab. 

9.  The  odds  that  a  book  will  be  favourably  reviewed  by  three 
independent  critics  are  5  to  2,  4  to  3,  and  3  to  4  respectively ;  what  is 
the  probability  that  of  the  three  reviews  a  majority  will  be  mvourable? 

10.  A  bag  contains  5  white  and  3  black  balls,  and  4  are  successively 
drawn  out  and  not  replaced ;  what  is  the  chance  that  they  are  alternately 
of  different  colours  ? 

11.  In  three  throws  with  a  pair  of  dice,  find  the  chance  of  throwing 
doublets  at  least  once. 

12.  If  4  whole  numbers  taken  at  random  are  multiplied  together 
shew  that  the  chance  that  the  last  digit  in  the  product  is  1,  3,  7,  or  9 
.     16 

^®  626  ' 

13.  In  a  purse  are  10  coins,  all  shillings  except  one  which  is  a 
sovereign ;  in  another  are  ten  coins  all  shillings.  Nine  coins  are  taken 
from  the  former  purse  and  put  into  the  latter,  and  then  nine  coins  are 
taken  from  the  latter  and  put  into  the  former :  find  the  chance  that 
the  sovereign  is  still  in  the  first  purse. 

14.  If  two  coins  are  tossed  5  times,  what  is  the  chance  that  there 
will  be  5  heads  and  6  tails  ? 

15.  If  8  coins  are  tossed,  what  is  the  chance  that  one  and  only 
one  will  turn  up  head? 

16.  Aj  Bj  C  in  order  cut  a  pack  of  cards,  replacing  them  after  each 
cut,  on  condition  that  the  first  who  cuts  a  spade  shall  win  a  prize :  find 
their  respective  chances. 

17.  A  and  B  draw  from  a  purse  containing  3  sovereigns  and 
4  shillings :  find  their  respective  chances  of  first  drawing  a  sovereign, 
the  coins  when  drawn  not  being  replaced. 

18.  A  party  of  n  persons  sit  at  a  round  table,  find  the  odds  against 
two  specified  individuals  sitting  next  to  each  other. 

19.  A  is  one  of  6  horses  entered  for  a  race,  and  is  to  be  ridden  by 
one  of  two  jockeys  B  and  C.  It  is  2  to  1  that  B  rides  A,  in  which 
case  all  the  horses  are  equally  likely  to  win ;  if  C  rides  A,  his  chance 
is  trebled  :  what  are  the  odds  against  his  winning  ? 

20,     If  on  an  average  1  vessel  in  every  10  is  wrecked,  find  the  chance 
that  out  of  5  vessels  expected  4  at  leaat  m^\  acm^  safely. 
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462.  The  probahUity  of  the  happening  of  an  event  in  one 
trial  being  known,  required  the  probability  of  its  happening  once, 
twice^  three  times,  . . .  exactly  in  n  trials. 

Let  p  be  the  probability  of  the  happening  of  the  event  in 
a  single  trial,  and  let  q  =  l  —p ;  then  the  probability  that  the 
event  will  happen  exactly  r  times  in  n  trials  is  the  (r  +  1)*^  term 
in  the  expansion  of  (q  +  p)". 

For  if  we  select  any  particular  set  of  r  trials  out  of  the  total 
number  n,  the  chance  that  the  event  will  happen  in  every  one  of 
tJiese  r  trials  and  fail  in  all  the  rest  is  p^if""  [Art.  456],  and  as 
a  set  of  r  trials  can  be  selected  in  "(7^  ways,  all  of  which  are 
equally  applicable  to  the  case  in  point,  the  required  chance  is 

If  we  expand  (p  +  qf  by  the  Binomial  Theorem,  we  have 

jE?»  +  "C,j[?""'9'  +  "Cjo""y  +  ...  +  "C'^.^i^y '  +  ...  +9^; 

thus  the  terms  of  this  series  will  represent  respectively  the 
probabilities  of  the  happening  of  the  event  exactly  n  times,  n—X 
times,  TO  -  2  times, ...  in  w  trials. 

* 

463.  If  the  event  happens  n  times,  or  fails  only  once, 
twice, ...  (w-r)  times,  it  happens  r  times  or  more ;  therefore  the 
chance  that  it  happens  at  least  r  times  in  n  trials  is 

or  the   sum   of  the  first  n  —  r  + 1   terms   of  the  expansion  of 

"Example  1.    In  four  throws  with  a  pair  of  dice,  what  is  the  chance  of 
throwing  doublets  twice  at  least? 

6  1 

In  a  single  throw  the  chance  of  doublets  is  ^ ,  or  ^ ;  and  the  chance  of 

failing  to  throw  doublets  is  ^ .    Now  the  required  event  follows  if  doublets 

6 
are  thrown  four  times,  three  times,  or  twice ;  therefore  the  required  chance 

/I     6\* 
is  the  sum  of  the  first  three  terms  of  the  expansion  of  (  «  +  «  )  • 

1  19 

Thus  the  chance    =gi(l  +  4  .6  +  6.  5^)  =  —  . 

H.  H.  A.  ^"^ 
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Example  2.  A  bag  contains  a  certain  number  of  balls,  some  of  which  are 
white;  a  ball  is  drawn  and  replaced,  another  is  then  drawn  and  replaced; 
and  BO  on:  itpia  the  chance  of  drawing  a  white  ball  in  a  single  trial,  find 
the  number  of  white  balls  that  is  most  likely  to  have  been  drawn  in  n  trials. 

The  chance  of  drawing  exactly  r  white  balls  is  *C^»*g**-*",  and  we  have  to 
find  for  what  value  of  r  this  expression  is  greatest. 

Now  •»C^»"g*^»-  >  *C^ii>»--^g«-^»^^>, 

so  long  as  (n-r+l)p>rqf 

or  {n-\-l)p>{p  +  q)r. 

But  p  +  q  =  l;  hence  the  required  value  of  r  is  the  greatest  integer  in 
p(n+l). 

If  n  is  such  that  pn  is  an  integer,  the  most  likely  case  is  that  of  pn 
successes  and  qn  failures. 

464.  Suppose  that  there  are  n  tickets  in  a  lottery  for  a  prize 
of  £x;  then  since  each  ticket  is  equally  likely  to  win  the  prize,  and 
a  person  who  possessed  all  the  tickets  must  win,  the  money  value  of 

OS 

each  ticket  is  £-:  in  other  words  this  would  be  a  fair  sum  to 

pay  for  each  ticket;  hence  a  person  who  possessed  r  tickets  might 

vx 
reasonably  expect  £  —  as  the  price  to  be  paid  for  his  tickets  by 

any  one  who  wished  to  buy  them;  that  is,  he  would  estimate 

£-x  &a  the  worth  of  his  chance.     It  is  convenient  then  to  in- 
n 

troduce  the  following  definition  : 

If  p  represents  a  person's  chance  of  success  in  any  venture 
and  M  the  sum  of  money  which  he  will  receive  in  case  of  success, 
the  sum  of  money  denoted  by  pAI  is  called  his  expectation. 

465.  In  the  same  way  that  expectation  is  used  in  reference 
to  a  person,  we  may  conveniently  use  the  phrase  probable  value 
applied  to  things. 

Example  1.  One  purse  contains  5  shillings  and  1  sovereign :  a  second 
purse  contains  6  shillings.  Two  coins  are  taken  from  the  first  and  placed  in 
the  second;  then  2  are  taken  from  the  second  and  placed  in  the  first: 
find  the  probable  value  of  the  contents  of  each  purse. 

The  chance  that  the  sovereign  is  in  the  first  purse  is  equal  to  the  sum  of 
the  chances  that  it  has  moved  twice  and  that  it  has  not  moved  at  all; 
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112         3 
that  is,  the  chance=-  .  7  +  o  •  1 =t  • 

o    4      o  4 

.*.  the  chance  that  the  sovereign  is  in  the  second  purRe= j . 

Hence  the  probable  valae  of  the  first  purse 

3  1 

=7  of  26«.  +  -  of  6«.  =  £1.  08.  3d. 

4  4 

.*.  the  probable  value  of  the  second  purse 

=31». -20i«.  =  10«.  9d, 

Or  the  problem  may  be  solved  as  follows : 
The  probable  value  of  the  coins  removed 

=  5  of  25«.=8J«.; 
the  probable  value  of  the  coins  brought  back 

=  -of  {68.  +  84«.)=3/,«.; 

.*.  the  probable  value  of  the  first  purse 

=  (25-84  +  3,55)  shillings =£1.  0«.  3d.,  as  before. 

Example  2.  A  and  B  throw  with  one  die  for  a  stake  of  £11  which  is  to 
be  won  by  the  player  who  first  throws  6.  If  A  has  the  first  throw,  what  are 
their  respective  expectations? 

1  5      i?      1 

In  his  first  throw  A*a  chance  is  - ;  in  his  second  it  is  ^  x  ^  x  ;; ,  because 

o  D      o      6 

each  player  must  have  failed  once  before  A  can  have  a  second  throw ;  in  his 
third  throw  his  chance  Is  ( ^  j  x  x  because  each  player  must  have  failed 
twice ;  and  so  on. 

Thus  A*s  chance  is  the  sum  of  the  infinite  series 


ii-©'^©*^ }• 


Similarly  B*a  chance  is  the  sum  of  the  infinite  series 

5    1  L      /5V     /5\* 


•I  f""©" '■©*'■ }' 


.*.  ^'s  chance  is  to  P's  as  6  is  to  5;  their  respective  chances  are  therefore 

6  5 

^-  and  r-r ,  and  their  expectations  are  £6  and  £5  respectively. 

25—2 
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466.     We  shall  now  give  two  problems  which  lead  to  useful 
and  interesting  results. 

Example  1.  Two  players  A  and  B  want  respectively  m  and  n  points  of 
winning  a  set  of  games ;  their  chances  of  winning  a  single  game  are  p  and  q 
respectively,  where  the  sum  of  p  and  q  is  unity ;  the  stake  is  to  belong  to 
the  player  who  first  makes  up  his  set :  determine  the  probabilities  in  favour 
of  each  player. 

Suppose  that  A  wins  in  exactly  m+r  games;  to  do  this  he  must  win  the 
last  game  and  m-1  out  of  the  preceding  m+r-1  games.  The  chance  of 
this  is  «+»--iC7^_i  p**-!  q^p,  or  "^-^C^-iP'^q''., 

Now  the  set  will  necessarily  be  decided  in  m+n-1  games,  and  A  may 
win  his  m  games  in  exactly  m  games,  or  m+1  games, ... ,  or  m+n-1  games; 
therefore  we  shall  obtain  the  chance  that  A  wins  the  set  by  giving  to  r  the 
values  0,  1,  2, ...  n  - 1  in  the  expression  '*+^-iC^_i  p^  q^.    Thus  A'b  chanoe  is 


p^  ^l+niq  +  -^^-^f  q^+  . 

m  +  n-2 

_K     1 n«— 1 

•   '    m-1  n-1^ 

similarly  B*a  chance  is 

.  L             n(}i  +  l)    , 

m+n-2            ) 
1      *,t»— if 

'!• 


This  question  is  known  as  the  "  Problem  of  Points,"  and  has 
engaged  the  attention  of  many  of  the  most  eminent  mathematicians 
since  the  time  of  Pascal.  It  was  originally  proposed  to  Pascal  by 
the  Chevalier  de  M^r^  in  1654,  and  was  discussed  by  Pascal  and 
Fermat,  but  they  confined  themselves  to  the  case  in  which  the 
players  were  supposed  to  be  of  equal  skill :  their  results  were  also 
exhibited  in  a  difFerent  form.  The  formulae  we  have  given  are 
assigned  to  Montmort,  as  they  appear  for  the  first  time  in  a  work 
of  his  published  in  1714.  The  same  result  was  afterwards  ob- 
tained in  different  ways  by  Lagrange  and  Laplace,  and  by  the 
latter  the  problem  was  treated  very  fully  under  various  modi- 
fications. 

Example  2.  There  are  n  dice  with  /faces  marked  from  1  to  /;  if  these 
are  thrown  at  random,  what  is  the  chance  that  the  sum  of  the  numbers 
exhibited  shfdl  be  equal  to  p? 

Since  any  one  of  the  /  faces  may  be  exposed  on  any  one  of  the  n  dice, 
the  number  of  ways  in  which  the  dice  may  fall  is  /*. 

Also  the  number  of  ways  in  which  the  numbers  thrown  will  have  p  for 
their  sum  is  equal  to  the  coefficient  of  x^  in  the  expansion  of 

(aj^  +  a;«  +  x*+...+a/)«; 

for  this  coefficient  arises  out  of  the  different  ways  in  which  n  of  the  indices 
1,  2,  3,  .../can  be  taken  so  as  to  form p  by  addition. 
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Now  the  above  expression  =  a?*  (1 + a? + a?^  + . . .  +  x^-^)^ 

We  have  therefore  to  find  the  coefficient  of  x^-^  in  the  expansion  of 

(1  -  a;^»  (1  -  x)-\ 
VT  /I       /x«    -.         /    n(n-l)    „.    n(n-l)(n-2)   ,^ . 

and  (l-.)-«=l-H»:.+!^)^+"<"+^)<y^>^+- 

Multiply  these  series  together  and  pick  out  the  coefficient  of  x^*-^  in  the 
product ;  we  thus  obtain 

n{n  +  l)...(p-l)         n(n  +  l)...(j?-/-l) 


ip-n  p-n-f 

n(n-l)    n{n-\-l)...{p-2f-l) 
•*~T:2~-  \p-n-2f 

where  the  series  is  to  continue  so  long  as  no  negative  factors  appear.     The 
required  probability  is  obtained  by  dividing  this  series  by/*. 

This  problem  is  due  to  De  Moivre  and  was  published  by  him 
in  1730;  it  illustrates  a  method  of  frequent  utility, 

Laplace  afterwards  obtained  the  same  formula,  but  in  a  much 
more  laborious  manner;  he  applied  it  in  an  attempt  to  demon- 
strate the  existence  of  a  primitive  cause  which  has  made  the 
planets  to  move  in  orbits  close  to  the  ecliptic,  and  in  the  same 
direction  as  the  earth  round  the  sun.  On  this  point  the  reader 
may  consult  Todhunter's  History/  of  Prohahility,  Art.  987. 


EXAMPLES.    XXXn.  c. 

1.  In  a  certain  game  ^'s  skill  is  to  jB's  as  3  to  2 :  find  the  chauco 
of  A  winning  3  games  at  least  out  of  5. 

2.  A  coin  whose  faces  are  marked  2,  3  is  thrown  5  times :  what 
is  the  chance  of  obtaining  a  total  of  12  ? 

3.  In  each  of  a  set  of  games  it  is  2  to  1  in  favour  of  the  winner 
of  the  previous  game :  what  is  the  chance  that  the  player  who  wins 
the  first  game  shall  win  three  at  least  of  the  next  four  ? 

4.  There  are  9  coins  in  a  bag,  6  of  which  are  sovereigns  and 
the  rest  are  unknown  coins  of  equal  value ;  find  what  they  must  be  if 
the  probable  value  of  a  draw  is  12  shillings. 
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5.  A  coin  is  tossed  n  times,  what  is  the  chance  that  the  head  will 
present  itself  an  odd  number  of  times? 

6.  From  a  bag  containing  2  sovereigns  and  3  shillings  a  person 
is  allowed  to  draw  2  coins  indiscriminately;  find  the  value  of  his  ex- 
pectation. 

7.  Six  persons  throw  for  a  stake,  which  is  to  be  won  by  the  one 
who  first  throws  head  with  a  penny  ;  if  they  throw  in  succession,  find 
the  chance  of  the  fourth  person. 

8.  Counters  marked  1,  2,  3  are  placed  in  a  bag,  and  one  is  with- 
drawn and  replaced.  The  operation  being  repeated  three  times,  what 
is  the  chance  of  obtaining  a  total  of  6  ? 

9.  A  coin  whose  faces  are  marked  3  and  5  is  tossed  4  times :  what 
are  the  odds  against  the  sum  of  the  mmibers  thrown  being  less  than  15  ? 

10.  Find  the  chance  of  throwing  10  exactly  in  one  throw  with 
3  dice. 

11.  Two  players  of  equal  skill,  A  and  B,  are  playing  a  set  of 

nes ;  they  leave  off  playing  when  A  wants  3  points  and  B  wants  2. 
le  stake  is  £16,  what  share  ought  each  to  take? 

12.  A  and  B  throw  with  3  dice :  if  A  throws  8,  what  is  j?'s  chance 
of  throwing  a  higher  number  ? 

13.  A  had  in  his  pocket  a  sovereign  and  foiu*  shillings ;  taking  out 
two  coins  at  random  he  promises  to  give  them  to  B  and  C.  What  is 
the  worth  of  C*s  expectation  ? 

•14.    In  five  throws  with  a  single  die  what  is  the  chance  of  throwing 
(1)  three  aces  exactly y  (2)  three  aces  at  least. 

15.  A  makes  a  bet  with  B  of  5«.  to  2«.  that  in  a  single  throw  with 
two  dice  he. will  throw  seven  before  B  throws  four.  Each  has  a  pair 
of  dice  and  they  throw  simultaneously  until  one  of  them  wins :  find  ^s 
expectation. 

16.  A  person  throws  two  dice,  one  the  common  cube,  and  the  other 
a  regular  tetrahedron,  the  number  on  the  lowest  face  being  taken  in  the 
case  of  the  tetrahedron;  what  is  the  chance  that  the  sum  of  the 
numbers  thrown  is  not  less  than  5  ? 

17.  A  bag  contains  a  coin  of  value  if,  and  a  number  of  other  coins 
whose  aggregate  value  is  9n.  A  person  draws  one  at  a  time  till  he 
draws  the  com  M :  find  the  value  of  his  expectation. 

18.  If  6?i  tickets  numbered  0,  1,  2, 6n- 1  are  placed  in  a  bag, 

and  three  are  drawn  out,  shew  that  the  chance  that  the  sum  of  the 
numbers  on  them  is  equal  to  6n  is 

(6n-l)(6/i-2)' 
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*Inverse  Probability. 

*467.  In  all  the  cases  we  have  hitherto  considered  it  has  been 
supposed  that  our  knowledge  of  the  causes  which  may  produce  a 
certain  event  is  such  as  to  enable  us  to  determine  the  chance  of 
the  happening  of  the  event.  We  have  now  to  consider  problems 
of  a  different  character.  For  example,  if  it  is  known  that  an 
event  has  happened  in  consequence  of  some  one  of  a  certain 
number  of  causes,  it  may  be  required  to  estimate  the  probability 
of  each  cause  being  the  true  one,  and  thence  to  deduce  the  pro- 
bability of  future  events  occurring  under  the  operation  of  the 
same  causes. 

*468.  Before  discussing  the  general  case  we  shall  give  a 
numerical  illustration. 

Suppose  there  are  two  purses,  one  containing  5  sovereigns 
and  3  shillings,  the  other  containing  3  sovereigns  and  1  shilling, 
and  suppose  that  a  sovereign  has  been  drawn :  it  is  required  to 
find  the  chance  that  it  came  from  the  first  or  second  purse. 

Consider  a  very  large  number  N  of  trials ;  then,  since  before 
the  event  each  of  the  purses  is  equally  likely  to  be  taken,  we  may 

assume  that  the  first  purse  would  be  chosen  in  ^  iV  of  the  trials, 
and  in  ^  of  these  a  sovereign  would  be  drawn ;  thus  a  sovereign 

o 

5      1  5 

would  be  drawn  5  x  ^-A^,  or  s-^iT  times  from  the  first  purse. 

o      J  Id 

The  second  purse  would  be  chosen  in  ^N  oi  the  trials,  and  in 

3 

J  of  these  a  sovereign  would  be  drawn ;  thus  a  sovereign  would 

3 
be  drawn  -iV  times  from  the  second  purse, 
o 

Now  N  is  very  large  but  is  otherwise  an  arbitrary  number ; 
let  us  put  iV-  16?i;  thus  a  sovereign  would  be  drawn  bn  times 
from  the  first  purse,  and  6w  times  from  the  second  purse;  that  is, 
out  of  the  \\n  times  in  which  a  sovereign  is  drawn  it  comes 
from  the  first  purse  bn  times,  and  from  the  second  purse  6n 
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times.     Hence  the  probability  that  the  sovereign  came  from  the 

5 
first  purse  is  yy,  and   the    probability  that   it    came   from    the 

second  is  r-r  • 

*469.  It  is  important  that  the  student's  attention  should  be 
directed  to  the  nature  of  the  assumption  that  has  been  made  in 
the  preceding  article.  Thus,  to  take  a  particular  instance, 
although  in  60  throws  with  a  perfectly  symmetrical  die  it  may 
not  happen  that  ace  is  thrown  exactly  10  times,  yet  it  will 
doubtless  be  at  once  admitted  that  if  the  number  of  throws  is 
continually  increased  the  ratio  of  the  number  of  aces  to  the 
number  of  throws  will  tend  more  and  more  nearly  to  the  limit 

^ .     There  is  no  reason  why  one  face  should  appear  oftener  than 

another ;  hence  in  the  long  run  the  number  of  times  that  each  of 
the  six  faces  will  have  appeared  will  be  approximately  equal. 

The  above  instance  is  a  particular  case  of  a  general  theorem 
which  is  due  to  James  Bernoulli,  and  was  first  given  in  the  Ars 
Conjectandi,  published  in  1713,  eight  years  after  the  author's 
death.     Bernoulli's  theorem  may  be  enunciated  as  follows : 

If  p  is  the  probability  that  an  event  happens  in  a  single  triaZy 
then  if  the  nvmher  of  trials  is  indefinitely  increased,  it  becomes  a 
certainty  that  the  limit  of  the  ratio  of  the  number  of  successes  to  the 
number  of  trials  is  equal  to  p;  in  other  words,  if  the  number  of 
trials  is  N,  the  number  of  successes  mmf  be  taken  to  be  pN. 

See  Todhunter's  History  of  Probability,  Chapter  vii.  A  proof 
of  Bernoulli's  theorem  is  given  in  the  article  Probability  in  the 
Encyclopcedia  Britannica, 

*470.  An  observed  event  has  happened  through  some  one  of  a 
number  of  mutiuilly  exclusive  causes :  required  to  find  the  pro- 
bability  of  any  assigned  cause  being  the  true  one. 

Let  there  be  n  causes,  and  before  the  event  took  place  suppose 
that  the  probability  of  the  existence  of  these  causes  was  estimated 
at  Pj ,  Pj,  Pg,  . . .  -P„.  Let  p^  denote  the  probability  that  when  the 
r***  cause  exists  the  event  will  follow :  after  the  event  has  occurred 
it  is  required  to  find  the  probability  that  the  r***  cause  was  the 
true  one. 


PROBABILITY.  3, 

Consider  a  very  great  number  JV  of  trials ;  then  the  first  can 
exists  in  PjiV  of  these,  and  out  of  this  number  the  event  follows 
in  ©i-PjiV;  similarly  there  are  pJ^^N  trials  in  which  the  event 
follows  from  the  second  cause;  and  so  on  for  each  of  the  other 
causes.    Hence  the  number  of  trials  in  which  the  event  follows  is 

{P.Px  +pA  +■■■  +PP.)  N,  or  N%{pP); 

and  the  number  in  which  the  event  was  due  to  the  r*^  cause  is 
p^P^N]  hence  after  the  event  the  probability  that  the  r*^  cause 
was  the  true  one  is 

pJ',N-^N%{pPy, 

that  is,  the  probability  that  the  event  was  produced  by  the  r*** 

PrPr 


cause  is 


S(K)" 


*471.  It  is  necessary  to  distinguish  clearly  between  the  pro- 
bability of  the  existence  of  the  several  causes  estimated  before 
the  event,  and  the  probability  after  the  event  has  happened  of  any 
assigned  cause  being  the  true  one.  The  former  are  usually  called 
a  priori  probabilities  and  are  represented  hy  P^^  P^,  P^,  ,..  P^; 
the  latter  are  called  a  posteriori  probabilities,  and  if  we  denote 
them  by  §,,  Q^,  Q^,  ...  §„,  we  have  proved  that 

^'   ^{pp)' 

where  p^.  denotes  the  probability  of  the  event  on  the  hypothesis 
of  the  existence  of  the  r^  cause. 

From  this  result  it  appears  that  2  (C)  =  1|  which  is  other- 
wise evident  as  the  event  has  happened  from  one  and  only  one 
of  the  causes. 

"We  shall  now  give  another  proof  of  the  theorem  of  the  pre- 
ceding article  which  does  not  depend  on  the  principle  enunciated 
in  Art.  469. 

*472.  An  observed  event  has  happened  through  some  one  of  a 
number  of  mutiuilly  exclusive  causes :  required  to  find  tJie  pro- 
bability of  any  assigned  cause  being  the  true  one. 

Let  there  be  n  causes,  and  before  the  event  took  place  suppose  that 
the  probability  of  the  existence  of  these  causes  was  estimated  at 
P^f  P^f  P^f  ,.,  P^,  Let  p^  denote  the  probability  that  when  the 
r*^  cause  exists  the  event  will  follow ;  then  the  antecedent  proba- 
bility that  the  event  would  follow  from  the  r^^  cause  ia  p^P^, 
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Let  Q^  be  the  a  posteriori  probability  that  the  r^  cause  was  the 
true  one;  then  the  probability  that  the  r^  cause  was  the  true  one 
is  proportional  to  the  probability  that,  if  in  existence,  this  cause 
would  produce  the  event ; 

■    o  -  pA- 

Hence  it  appears  that  in  the  present  class  of  problems  the 
product  PfPry  will  have  to  be  correctly  estimated  as  a  first  step; 
in  many  cases,  however,  it  will  be  found  that  Pj,  P^,  P3,  ...  are 
all  equal,  and  the  work  is  thereby  much  simplified. 

Example,  There  are  3  bags  each  containing  5  white  balls  and  2  black 
balls,  and  2  bags  each  containing  1  white  ball  and  4  black  balls :  a  black  ball 
having  been  drawn,  find  the  chance  that  it  came  from  the  first  group. 

Of  the  five  bags,  3  belong  to  the  first  group  and  2  to  the  second ;  hence 

If  a  bag  is  selected  from  the  first  group  the  chance  of  drawing  a  black 

2  *  4  2  4 

ball  is  - ;  if  from  the  second  group  the  chance  is  -= ;  thus  i>i =;= »  1^2= ^ » 


Hence  the  chance  that  the  black  ball  came  from  one  of  the  first  group  is 

15 
43' 
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*473.  When  an  event  has  been  observed,  we  are  able  by 
the  method  of  Art.  472  to  estimate  the  probability  of  any 
particular  cause  being  the  true  one ;  we  may  then  estimate 
the  probability  of  the  event  happening  in  a  second  trial,  or 
we  may  find  the  probability  of  the  occurrence  of  some  other 
event. 

For  example,  p^  is  the  chance  that  the  event  will  happen 
from  the  r^  cause  if  in  existence,  and  the  chance  that  the  7^ 
cause  is  the  true  one  is  Q^ ;  hence  on  a  second  trial  the  chance 
that  the  event  will  happen  from  the  7^^  cause  is  p^Q^.  Therefore 
the  chance  that  the  event  will  happen  from  some  one  of  the 
causes  on  a  second  trial  is  2  {pQ)* 


PROBABILITY.  395 

Example.  A  purse  contains  4  coins  which  are  either  sovereigns  or 
shillings ;  2  coins  are  drawn  and  found  to  be  shillings:  if  these  are  replaced 
what  is  the  chance  that  another  drawing  will  give  a  sovereign  ? 

This  question  may  be  interpreted  in  two  ways,  which  we  shall  discuss 
separately. 

I.  If  we  consider  that  all  numbers  of  shillings  are  a  priori  equally  likely, 
we  shall  have  three  hypotheses;  for  (i)  all  the  coins  may  be  shillings,  (ii) 
three  of  them  may  be  shillings,  (iii)  only  two  of  them  may  be  shillings. 

Here  Pi=P^=P^; 

also  Pi=h    JPs=2»    ^=6' 

Hence  probability  of  first  hypothesis =l'^(l  +  9  +  c)  =  in=Qi» 
probability  of  second  hypothesis =2'^(^'*'2"*"6)™i0~^*' 
probability  of  third  hypothesis =g-i-  (l  +  o  +  a)  ^io"^^*" 
Therefore  the  probability  that  another  drawing  will  give  a  sovereign 

=  WixO)  +  (QaXi)+(Q8.x|) 

-i    A     ?    Jl-A-I 
~4'10'*"4'10"40""8* 

II.  If  each  coin  is  equally  likely  to  be  a  shilling  or  a  sovereign,  by  taking 

/I     1\* 
the  terms  in  the  expansion  of  f  ^  +  ^ )  ,  we  see  that  the  chance  of  four 

1  4  6 

shillings  is  j^t  oi  three  shillings  is  t«  i  of  two  shillings  is  ^^ ;  thus 

P_i     p-±     p_A. 

also,  as  before.  ^,=1,        ^,=^.       ^.=|. 

Hence  «i  _«»_«»_  M«a±«5  - 1 

uenoe  "6-12-6"         24         -24" 

Therefore  the  probability  that  another  drawing  will  give  a  sovereign 

1    ^1 

"^  8  ■*"  16 ""  4  * 
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*474.  We  shall  now  shew  how  the  theory  of  probability  may 
be  applied  to  estimate  the  truth  of  statements  attested  by  wit- 
nesses whose  credibility  is  assumed  to  be  known.  We  shall 
suppose  that  each  witness  states  what  he  believes  to  be  the  truth, 
whether  his  statement  is  the  result  of  observation,  or  deduction, 
or.  experiment;  so  that  any  mistake  or  falsehood  must  be 
attributed  to  errors  of  judgment  and  not  to  wilful  deceit. 

The  class  of  problems  we  shall  discuss  furnishes  a  useful 
intellectual  exercise,  and  although  the  results  cannot  be  regarded 
as  of  any  practical  importance,  it  will  be  found  that  they  confirm 
the  verdict  of  common  sense. 

*475.  When  it  is  asserted  that  the  probability  that  a  person 
speaks  the  truth  is  /?,  it  is  meant  that  a  large  number  of  state- 
ments made  by  him  has  been  examined,  and  that  'p  is  the  ratio 
of  those  which  are  true  to  the  whole  number. 

*476.  Two  independent  witnesses,  A  and  jB,  whose  proba- 
bilities of  speaking  the  truth  are  'p  and  p'  respectively,  agree  in 
making  a  certain  statement:  what  is  the  probability  that  the 
statement  is  true  % 

Here  the  observed  event  is  the  fact  that  A  and  B  make  the 
same  statement.  Before  the  event  there  are  four  hypotheses;  for 
A  and  B  may  both  speak  truly ;  or  A  may  speak  truly,  B  falsely; 
or  A  may  speak  falsely,  B  truly ;  or  A  and  B  may  both  speak 
falsely.     The  probabilities  of  these  four  hypotheses  are 

pp\    p{l-p'),    p'{l-p)y     {1-J»){1-/)  respectively. 

Hence  after  the  observed  event,  in  which  A  and  B  make  the 
same  statement,  the  probability  that  the  statement  is  true  is  to 
the  probability  that  it  is  false  as  pp'  to  (1  -  p)  (l  —  p')  ;  that 
is,  the  probability  that  the  joint  statement  is  true  is 

pp' 


pp'^{\-p){\-p')' 


Similarly  if  a  third  person,  whose  probability  of  speaking  the 
truth  is  p"y  makes  the  same  statement,  the  probability  that  the 
statement  is  true  is 


ppY 


ppY^{V-p)(l-V')(l-p")' 
and  so  on  for  any  number  of  persons. 
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*477.  In  the  preceding  article  it  has  been  supposed  that  we 
have  no  knowledge  of  the  event  except  the  statement  made  by  A 
and  jB;  if  we  have  information  from  other  sources  as  to  the 
probability  of  the  truth  or  falsity  of  the  statement,  this  must  be 
taken  into  account  in  estimating  the  probability  of  the  various 
hypotheses. 

For  instance,  if  A  and  B  agree  in  stating  a  fact,  of  which 
the  a  priori  probability  is  P,  then  we  should  estimate  the  pro- 
bability of  the  truth  and  falsity  of  the  statement  by 

Fpp'  and  (1  —  P)  (1  -Jt?)  (1  —  j^')  respectively. 

Example,  There  is  a  rafSe  with  12  tickets  and  two  prizes  of  £9  and  £3. 
Af  B,  C,  whose  probabilities  of  speaking  the  truth  are  i,  |,  %  respectively, 
report  the  result  to  D,  who  holds  one  ticket.  A  and  B  assert  that  he  has 
won  the  £9  prize,  and  C  asserts  that  he  has  won  the  £3  prize;  what  is  D's 
expectation? 

Three  cases  are  possible;  D  may  have  won  £9,  £3,  or  nothing ^  for  A,  B, 
C  may  all  have  spoken  falsely. 

Now  with  the  notation  of  Art.  472,  we  have  the  a  priori  probabilities 

P-1      P-1      P-i5. 

^^""12'     ^2-12'     ^»~12' 

1     2     24  1      1     33  1      1     22 

also     Pi-2^3^6~*30'  ^«""2  ^  3  ^  6~*30'  ^»""2  ^  3  ^  S-SO' 

"4       3  ""20  ""27* 

J  q 

hence  D's  expectation  =5=  of  £9  +  jr=  of  £3  =£1.  13«.  4 J. 

*478.  With  respect  to  the  results  proved  in  Art.  476,  it 
should  be  noticed  that  it  was  assumed  that  the  statement  can  be 
made  in  two  ways  only,  so  that  if  all  the  witnesses  tell  falsehoods 
they  agree  in  telling  the  same  falsehood. 

If  this  is  not  the  case,  let  us  suppose  that  c  is  the  chance 
that  the  two  witnesses  A  and  JS  will  agree  in  telling  the  same 
falsehood ;  then  the  probability  that  the  statement  is  true  is  to 
the  probability  that  it  is  false  as  pp'  to  c  (1  —p)  (1  -p'). 

As  a  general  rule,  it  is  extremely  improbable  that  two 
independent  witnesses  will  tell  the  same  falsehood,  so  that  c  is 
usually  very  small;  also  it  is  obvious  that  the  quantity  c  becomes 
smaller  as  the  number  of  witnesses  becomes  greater.  These  con- 
siderations increase  the  probability  that  a  statement  asserted  by 
two  or  more  independent  witnesses  is  true,  even  though  l!ie 
credibility  of  each  witness  is  small. 


398  HIGHER  ALGEBRA. 

Example,  A  speaks  truth  3  times  out  of  4,  and  B  7  times  out  of  10;  they 
both  assert  that  a  white  ball  has  been  drawn  from  a  bag  containing  6  balls 
all  of  different  colours  :  find  the  probability  of  the  truth  of  the  assertion. 

There  are  two  hypotheses ;  (i)  their  coincident  testimony  is  true,  (ii)  it  is 
false. 

Here  i\  =  ^,     P,=|; 

3       ?  11^ 

^*~4^i0'    ^*~26^4^10* 

for  in  estimating  p^  we  must  take  into  account  the  chance  that  A  and  B  will 
both  select  the  white  ball  when  it  has  not  been  drawn ;  this  chance  is 

111 

6  "^  6  ^'  25  • 

Now  the  probabilities  of  the  two  hypotheses  are  as  P^|)^  to  P^p^t  and 

therefore  as  85  to  1;  thus  the  probability  that  the  statement  is  true  is  ^^. 

36 

*479.  The  cases  we  have  considered  relate  to  the  probability 
of  the  truth  of  concurrent  testimony;  the  following  is  a  case  of 
traditionary  testimony. 

If  A  states  that  a  certain  event  took  place,  having  received  an 
account  of  its  occurrence  or  non-occurrence  from  By  what  is  the 
probability  that  the  event  did  take  place  ? 

The  event  happened  (1)  if  they  both  spoke  the  truth,  (2)  if 
they  both  spoke  falsely;  and  the  event  did  not  happen  if  only 
one  of  them  spoke  the  truth. 

Let  p,  p'  denote  the  probabilities  that  A  and  B  speak  the 
truth ;  then  the  probability  that  the  event  did  take  place  is 

and  the  probability  that  it  did  not  take  place  is 

*480.  The  solution  of  the  preceding  article  is  that  which  has 
usually  been  given  in  text-books;  but  it  is  open  to  serious  objec- 
tions, for  the  assertion  that  the  given  event  happened  if  both  A 
and  B  spoke  falsely  is  not  correct  except  on  the  supposition  that 
the  statement  can  be  made  only  in  two  ways.  Moreover, 
although  it  is  expressly  stated  that  A  receives  his  account  from 
By  this  cannot  generally  be  taken  for  granted  as  it  rests  on 
.^'s  testimony. 
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A  full  discussion  of  the  different  ways  of  interpreting  the 
question,  and  of  the  different  solutions  to  which  they  lead,  will  be 
found  in  the  Educational  Times  Reprint^  Vols,  xxvii,  and  xxxii. 


^EXAMPLES.    XXXn.  d. 

1.  There  are  four  balls  in  a  bag,  but  it  is  not  known  of  what 
colours  they  are ;  one  ball  is  drawn  and  found  to  be  white :  find  the 
chance  that  all  the  balls  are  white. 

2.  In  a  bag  there  are  six  balls  of  unknown  colours;  three  balls 
are  di^wn  and  found  to  be  black;  find  the  chance  that  no  black  ball 
is  left  in  the  bag. 

3.  A  letter  is  known  to  have  come  either  from  London  or  Clifton ; 
on  the  postmark  only  the  two  consecutive  letters  ON  are  legible ;  what 
is  the  chance  that  it  came  from  London  ? 

4.  Before  a  race  the  chances  of  three  runners,  A^  B,  C,  were 
estimated  to  be  proportional  to  5,  3,  2 ;  but  during  the  race  A  meets 
with  an  accident  which  reduces  his  chance  to  one-third.  What  are  now 
the  respective  chances  of  B  and  C  ? 

6.  A  purse  contains  n  coins  of  imknown  value ;  a  coin  drawn  at 
random  is  found  to  be  a  sovereign;  what  is  the  chance  that  it  is  the 
only  sovereign  in  the  bag  ? 

6.  A  man  has  10  shillings  and  one  of  them  is  known  to  have  two 
heads.  He  takes  one  at  random  and  tosses  it  5  times  and  it  always 
falls  head :  what  is  the  chance  that  it  is  the  shilling  with  two  heads  ? 

7.  A  bag  contains  5  balls  of  unknown  colour;  a  ball  is  drawn 
and  replaced  twice,  and  in  each  case  is  found  to  be  red :  if  two  balls 
are  now  drawn  simultaneously  find  the  chance  that  both  are  red. 

8.  A  purse  contains  five  coins,  each  of  which  may  be  a  shilling 
or  a  sixpence ;  two  are  drawn  and  found  to  be  shillings :  find  the  prob- 
able value  of  the  remaining  coins. 

9.  A  die  is  thrown  three  times,  and  the  sum  of  the  three  numbers 
thrown  is  15  :  find  the  chance  that  the  first  throw  was  a  four. 

10.  A  speaks  the  truth  3  out  of  4  times,  and  B  5  out  of  6  times : 
what  is  the  probability  that  they  will  contradict  each  other  in  stating 
the  same  fact  1 
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11.  A  speaks  the  truth  2  out  of  3  times,  and  B  4  times  out  of  5 ; 
they  agree  in  the  assertion  that  from  a  bag  containing  6  balls  of  different 
colours  a  red  ball  has  been  drawn :  find  the  probabihty  that  the  state- 
ment is  true. 

12.  One  of  a  pack  of  52  cards  has  been  lost;  from  the  remainder 
of  the  pack  two  cards  are  drawn  and  are  found  to  be  spades ;  find  the 
chance  that  the  missing  card  is  a  spade. 

13.  There  is  a  raffle  with  10  tickets  and  two  prizes  of  value  £5 
and  £\  respectively.  A  holds  one  ticket  and  is  informed  by  B  that 
he  has  won  the  £6  prize,  while  C  asserts  that  he  has  won  the  £1  prize : 
what  is  A'a  expectation,  if  the  credibility  of  B  is  denoted  by  f ,  and 
that  of  (7  by  I? 

14.  A  purse  contains  four  coins ;  two  coins  having  been  drawn  are 
foimd  to  be  sovereigns:  find  the  chance  (1)  that  all  the  coins  are 
sovereigns,  (2)  that  if  the  coins  are  replaced  another  drawing  will  give 
a  sovereign. 

15.  P  makes  a  bet  with  Q  of  £8  to  j£120  that  three  races  will  be 
won  by  the  three  horses  A,  B,  (7,  against  which  the  betting  is  3  to  2, 
4  to  1,  and  2  to  1  respectively.  The  first  race  having  been  won  by  A, 
and  it  being  known  that  the  second  race  was  won  either  by  By  or  by 
a  horse  />  against  which  the  betting  was  2  to  1,  find  the  value  of  P'a 
expectation. 

16.  From  a  bag  containing  n  balls,  all  either  white  or  black,  all 
numbers  of  each  being  equally  likely,  a  ball  is  drawn  which  turns  out 
to  be  white;  this  is  replaced,  and  another  ball  is  drawn,  which  also 
turns  out  to  be  white.    If  this  ball  is  replaced,  prove  that  the  chance 

of  the  next  draw  giving  a  black  ball  ia  ~(n-l)  (2w+ 1)"* . 

17.  If  mn  coins  have  been  distributed  into  m  purses,  n^  into  each, 
find  (1)  the  chance  that  two  specified  coins  will  be  found  in  the  same 
purse ;  and  (2)  what  the  chance  becomes  when  r  purses  have  been 
examined  ana  found  not  to  contain  either  of  the  specified  coins. 

18.  Ay  B  are  two  inaccurate  arithmeticians  whose  chance  of  solving 
a  given  question  correctly  are  ^  and  ^  respectively ;  if  they  obtain  the 
same  result,  and  if  it  is  1000  to  1  a^nst  their  making  the  same 
mistake,  find  the  chance  that  the  result  is  correct. 

19.  Ten  witnesses,  each  of  whom  makes  but  one  felse  statement  in 
six,  agree  in  asserting  that  a  certain  event  took  place ;  shew  that  the 
odds  are  five  to  one  in  favour  of  the  truth  of  their  statement,  even 

although  the  a  priori  probability  of  the  event  is  as  small  as  -^       . 
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Local  Probability.    Geometrical  Methods. 


*481.  The  application  of  Greometry  to  questions  of  Pro- 
bability requires,  in  general,  the  aid  of  the  Integral  Calculus; 
there  are,  however,  many  easy  questions  which  can  be  solved  by 
Elementary  Geometry. 

Example  1.  From  each  of  two  equal  lines  of  length  I  a  portion  is  cut 
off  at  random,  and  removed:  what  is  the  chance  that  the  sum  of  the 
remainders  is  less  than  I? 

Place  the  lines  parallel  to  one  another,  and  suppose  that  after  cutting, 
the  right-hand  portions  are  removed.  Then  the  question  is  equivalent  to 
asking  what  is  the  chance  that  the  sum  of  the  right-hand  portions  is  greater 
than  the  sum  of  the  left-hand  portions.  It  is  clear  that  the  first  sum  is 
equally  likely  to  be  greater  or  less  than  the  second;   thus  the  required 

probability  is  - . 

Cob.  Each  of  two  lines  is  known  to  be  of  length  not  exceeding  I :  the 
chance  that  their  sum  is  not  greater  than  Hs  ^ . 

Example  2.  If  three  lines  are  chosen  at  random,  prove  that  they  are 
just  as  likely  as  not  to  denote  the  sides  of  a  possible  triangle. 

Of  three  Hnes  one  must  be  equal  to  or  greater  than  each  of  the  other 
two ;  denote  its  length  by  I.  Then  all  we  know  of  the  other  two  lines  is  that 
the  length  of  each  lies  between  0  and  I,  But  if  each  of  two -lines  is  known  to 
be  of  random  length  between  0  and  2,  it  is  an  even  chance  that  their  sum 
is  greater  than  L    [Ex.  1,  Cor.] 

Thus  the  required  result  follows. 

Example  3.  Three  tangents  are  drawn  at  random  to  a  given  circle: 
shew  that  the  odds  are  3  to  1  against  the  circle  being  inscribed  in  the  triangle 
formed  by  them. 


Q 


Draw  three  random  lines  P,  Q,  R,  in  the  same  plane  as  the  circle,  and 
draw  to  the  circle  the  six  tangents  parallel  to  these  lines. 


H.  H.  A. 


2Q 
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Then  of  the  8  triangles  so  formed  it  is  evident  that  the  circle  will  be 
escribed  to  6  and  inscribed  in  2 ;  and  as  this  is  true  whatever  be  the  origmal 
directions  of  P,  Q,  R,  the  required  result  follows. 

*482.     Questions    in    Probability    may   sometimes    be   con- 
veniently solved  by  the  aid  of  co-ordinate  Geometry. 

Example,  On  a  rod  of  length  a  +  b+c,  lengths  a,  5  are  measured  at 
random:  find  the  probability  that  no  point  of  the  measured  lines  will 
coincide. 

Let  AB  be  the  line,  and  suppose  AP=x  and  PQ=a;  also  let  a  be 
measured  from  P  towards  B,  so  that  x  must  be  less  than  b  +  c.  Again  let 
AP'=y,  P'Q'=b^  and  suppose  P'Q'  measured  from  P'  towards  JB,  then  y  must 
be  less  than  a-\-c. 

Now  in  favourable  cases  we  must  have  AP'>AQ,  or  else  AP>'AQ^^ 

hence  y>a+a;,  or  x>b+y *...(!). 

Again  for  all  the  cases  possible,  we  must  have 

a;>0,  and  <6  +  c) 

y>0,  and  <a  +  c)   ^  '* 

Take  a  pair  of  rectangular  axes  and  make  OX  equal  to  5  +  c,  and  OY 
equal  to  a  +  c. 

Draw  the  line  y=a  +  x,  represented  by  TML  in  the  figure;  and  the  line 
x  =  b+y  represented  by  KB, 


Q 


A  P'  Q'   B  j.^—a—Q b ^"<^-^^r 

Then  YM,  KX  are  each  equal  to  c,  OM,  OT  are  each  equal  to  a. 

The  conditions  (1)  are  only  satisfied  by  points  in  the  triangles  MYL  and 
KXB,  while  the  conditions  (2)  are  satisfied  by  any  points  within  the  rect- 
angle OXyOY\ 

.'.the  required  chance  = , ~ . 

(a+c)(6  +  c) 

*483.     We  shall  close  this  chapter  with  some  Miscellaneous 
Examples. 

Example  1.  A  box  is  divided  into  m  equal  compartments  into  which  n 
balls  are  thrown  at  random;  find  the  probabiUty  that  there  will  be  p  com- 
partments each  containing  a  balls,  q  compartments  each  containing  6  balls. 
r  compartments  each  containing  c  balls,  and  so  on,  where 

pa+qb+rc-V =11. 
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Since  each  of  the  n  balls  can  fall  into  any  one  of  the  m  compartments 
the  total  nmnber  of  cases  which  can  occur  is  m\  and  these  are  all  equally 
likely.  To  determine  the  number  of  favourable  cases  we  must  find  the 
number  of  ways  in  which  the  n  balls  can  be  divided  into  p,  g,  r,  ...  parcels 
containing  a,  5,  e, ...  balls  respectively. 

First  choose  any  s  of  the  compartments,  where  8  stands  for  jp  +  g  +  r+ ... ; 

the  number  of  ways  in  which  this  can  be  done  is  ■; — r= — (1). 

\8  \m  —  8 


Next  subdivide  the  s  compartments  into  groups  containing  j7,  g,  r, ... 
severally;  by  Art.  147,  the  number  of  ways  in  which  this  can  be  done  is 


feli 


r ... 


(2). 


Lastly,  distribute  the  n  balls  into  the  compartments,  putting  a  into  each 
of  the  group  of  j7,  then  5  into  each  of  the  group  of  g,  c  into  each  of  the 
group  of  r,  and  so  on.    The  number  of  ways  in  which  this  can  be  done  is 

^ (3). 


{\a)-{\h_y{\cy 


Hence  the  number  of  ways  in  which  the  balls  can  be  arranged  to  satisfy 
the  required  conditions  is  given  by  the  product  of  the  expressions  (1),  (2),  (3). 
Therefore  the  required  probability  is 


m"(|a)P(|6^)«  ([£)*• l^ilt: \m-p-q-r- 


Example  2.  A  bag  contains  n  balls;  k  drawings  are  made  in  succession, 
and  the  baU  on  each  occasion  is  found  to  be  white :  find  the  chance  that  the 
next  drawing  will  give  a  white  ball;  (i)  when  the  balls  are  replaced  after 
each  drawing ;  (ii)  when  they  are  not  replaced. 

(i)  Before  the  observed  event  there  are  w+1  hypotheses,  equally  likely; 
for  the  bag  may  contain  0, 1,  2,  3, ...  n  white  balls.  Hence  following  the 
notation  of  Art.  471, 

and        p„=0,  p,=Q^  ,  p,=  {j^  ,  i),=  Q  P»=0'- 

Hence  after  the  observed  event, 


l*+2*+3*+...+n*" 

V 

Now  the  chance  that  the  next  drawing  will  give  a  white  ball=S  -  Q^.; 

IV 

thus  the  required  chance  =-  .        t>^2>^3>^     ";„>        : 

and  the  value  of  numerator  and  denominator  maj  b^  lowxi^-Vj  ks^»»  ^S^^. 
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In  the  particular  case  when  k=2, 

the  required  chance    =-  ]— ^-o — "[  "^ — ^ ■ 

_3(n+l) 
'"2{2n  +  l)* 

If  n  is  indefinitely  large,  the  chance  is  equal  to  the  limit,  when  n  is  in- 

k  +  1 
and  thus  the  chance  is  irrh  • 

(ii)    If  the  balls  are  not  replaced, 

_r    r-1    r-2  r-k+1 

^"""n'n^l'n^ n-k  +  V 

and       Q,=|r-^J:-^^^(--^-^^) (--^^ 


Si'r 


S(r-ifc+l)(r-ifc+2) (r-l)r 


r«0 


-ail^        (r-A;+l)(r^X;+2) (r-l)r  rA^t  394 1 

"^^+^^n-A:  +  l){n-X;+2) (n-l)n(n+l)-  ^^"^  ^^^'^ 


The  chance  that  the  next  drawing  will  give  a  white  ball=  S r  Q^ 

r=0  fl  —  tC 


r  —  k 
lext  drawing  win  give  a  wnite  Dau=  2; 

=  , Tw T^^ 1 ?T  2"(r-fc)(r-fc  +  l) (r-l)r 

{n-k){n-k  +  l) TO(n+l)^^        '^  '  ^        ^ 

k  +  1 (n-k)(n-k  +  l) n(n+l) 

~(n-fc)(n-fc  +  l) n(n+l)'  k+2 

k  +  1 
"&+2' 

which  is  independent  of  the  number  of  balls  in  the  bag  at  first. 

Example  3.  A  person  writes  n  letters  and  addresses  n  envelopes ;  if  the 
letters  are  placed  in  the  envelopes  at  random,  what  is  the  probability  that 
every  letter  goes  wrong? 

Let  u^  denote  the  number  of  ways  in  which  all  the  letters  go  wrong,  and 
let  abed ...  represent  that  arrangement  in  which  all  the  letters  are  in  their 
own  envelopes.  Now  if  a  in  any  other  arrangement  occupies  the  place  of  an 
assigned  letter  5,  this  letter  must  either  occupy  a'S  place  or  some  other. 

(i)  Suppose  h  occupies  a's  place.  Then  the  number  of  ways  in  which 
all  the  remaining  n-2  letters  can  be  displaced  is  u^-21  aiid  therefore  the 
numbers  of  ways  in  which  a  may  be  displaced  by  interchange  with  some  one 
of  the  other  n  - 1  letters,  and  the  rest  be  all  displaced  is  (n  - 1)  u,^_2* 
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(ii)  Suppose  a  occupies  5's  place,  and  b  does  not  occupy  a's.  Then  in 
arrangements  satisfying  the  required  conditions,  since  a  is  fixed  in  5*8  place, 
the  letters  &,  c,  d, ...  must  be  all  displaced,  which  can  be  done  in  u^_i  ways; 
therefore  the  number  of  ways  in  which  a  occupies  the  place  of  another  letter 
but  not  by  interchange  with  that  letter  is  (n  - 1)  u^-i ; 

from  which,  by  the  method  of  Art.  444,  we  find  u^  -  nu^_i={  -  l)^(u^  -  u^). 
Also  tti=0,  t^=l ;  thus  we  finally  obtain 


,    fl       11  (-in 


Now  the  total  number  of  ways  in  which  the  n  things  can  be  put  in  n 
places  is  In ;  therefore  the  required  chance  is 

|2      [S^"*"  [4     -  "*"     [n    • 

The  problem  here  involved  is  of  considerable  interest,  and  in 
some  of  its  many  modifications  has  maintained  a  permanent  place 
in  works  on  the  Theory  of  Probability.  It  was  first  discussed 
by  Montmort,  and  it  was  generalised  by  De  Moivre,  Euler,  and 
Laplace. 

*484.  The  subject  of  Probability  is  so  extensive  that  it  is 
impossible  here  to  give  more  than  a  sketch  of  the  principal 
algebraical  methods.  An  admirable  collection  of  problems,  illus- 
trating every  algebraical  process,  will  be  found  in  Whitworth's 
Choice  and  Chance;  and  the  reader  who  is  acquainted  with  the 
Integral  Calculus  may  consult  Professor  Orofton's  article  Proba- 
hility  in  the  Encyclopcedia  Brita/nnica,  A  complete  account  of 
the  origin  and  development  of  the  subject  is  given  in  Todhunter's 
History  of  the  Theory  of  Probability  from  the  time  of  Pascal  to 
that  ofLapkice, 

The  practical  applications  of  the  theory  of  Probability  to 
commercial  transactions  are  beyond  the  scope  of  an  elementary 
treatise;  for  these  we  may  refer  to  the  articles  Annuities  and 
Insurance  in  the  Encyclopcedia  Britannica, 


♦EXAMPLES.    ZXXn.  e. 

1.  What  are  the  odds  in  favour  of  throwing  at  least  7  in  a  single 
throw  with  two  dice? 

2.  In  a  purse  there  are  5  sovereigns  and  4  shillings.  If  they  are 
drawn  out  one  by  one,  what  is  the  chance  that  they  come  out  sovereigns 
and  shillings  alternately,  beginning  with  a  sovereign  ? 
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3.  If  on  an  average  9  ships  out  of  10  return  safe  to  port,  what 
is  the  chance  that  out  of  5  ships  expected  at  least  3  will  arrive  ? 

4.  In  a  lotterv  all  the  tickets  are  blanks  but  one;  each  person 
draws  a  ticket,  ana  retains  it:  shew  that  each  person  has  an  equal 
chance  of  drawing  the  prize. 

5.  One  bag  contains  5  white  and  3  red  balls,  and  a  second  bag 
contains  4  white  and  5  red  balls.  From  one  of  them,  chosen  at  random, 
two  balls  are  drawn :  find  the  chance  that  they  are  of  different  colours. 

6.  Five  persons  A,  B,  C,  Dy  B  throw  a  die  in  the  order  named 
until  one  of  them  throws  an  ace :  find  their  relative  chances  of  winning, 
supposing  the  throws  to  continue  till  an  ace  appears. 

7.  Three  squares  of  a  chess  board  being  chosen  at  random,  what 
is  the  chance  that  two  are  of  one  colour  and  one  of  another  ? 

8*  A  person  throws  two  dice,  one  the  common  cube,  and  the  other 
a  r^ular  tetrahedron,  the  number  on  the  lowest  face  being  taken  in 
the  case  of  the  tetrahedron ;  find  the  average  value  of  the  throw,  and 
compare  the  chances  of  throwing  5,  6,  7. 

9.  ^'s  skill  is  to  jB's  as  1  :  3;  to  (7's  as  3  :  2;  and  to  i^s  as  4  :  3: 
find  the  chance  that  A  in  three  trials,  one  with  each  person,  will  succeed 
twice  at  least. 

10.  A  certain  stake  is  to  be  won  by  the  first  person  who  throws 
an  ace  with  an  octahedral  die:  if  there  are  4  persons  what  is  the 
chance  of  the  last  ? 

11.  Two  players  -4,  B  of  equal  skill  are  playing  a  set  of  games ;  A 
wants  2  games  to  complete  the  set,  and  B  wants  3  games:  compare 
their  chances  of  winning. 

12.  A  purse  contains  3  sovereigns  and  two  shillings:  a  person 
draws  one  coin  in  each  hand  and  looks  at  one  of  them,  which  proves 
to  be  a  sovereign ;  shew  that  the  other  is  equally  likely  to  be  a  sovereign 
or  a  shilling. 

13.  A  and  B  play  for  a  prize ;  ^  is  to  throw  a  die  first,  and  is  to 
win  if  he  throws  6.  If  he  fails  -B  is  to  throw,  and  to  win  if  he  throws 
6  or  5.  If  he  fails,  ^  is  to  throw  again  and  to  win  with  6  or  5  or  4, 
and  so  on :  find  the  chance  of  each  player. 

14.  Seven  persons  draw  lots  for  the  occupancy  of  the  six  seats  in 
a  first  class  railway  compartment :  find  the  chance  (1)  that  two  specified 
persons  obtain  opposite  seats,  (2)  that  they  obtain  adjacent  seats  on 
the  same  side. 

16.    A  number  consists  of  7  digits  whose  sum  is  59 ;  prove  that  the 

4 

chance  of  its  being  divisible  by  11  is  —  . 

^1 

Id,    Find  the  chance  of  throwing  12  in  a  single  throw  with  3  dice. 
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17.  A  bag  contains  7  tickets  marked  with  the  numbers  0, 1,  2,  ...6 
respectively.  A  ticket  is  drawn  and  replaced;  find  the  chance  that 
after  4  drawings  the  sum  of  the  numbers  drawn  is  8. 

18.  There  are  10  tickets,  5  of  which  are  blanks,  and  the  others  are 
marked  with  the  numbers  1,  2,  3,  4,  5:  what  is  the  probability  of 
drawing  10  in  three  trials,  (1)  when  the  tickets  are  replaced  at  every 
trial,  (2)  if  the  tickets  are  not  replaced  ? 

19.  If  n  integers  taken  at  random  are  multiplied  together,  shew 

2^ 
that  the  chance  that  the  last  digit  of  the  product  is  1,  3,  7,  or  9  is  —  ; 

thechanceofitsbeing2,4,6,or8i«*^;ofit8being5is^"; 

10**  — 8**  — 5** +4" 
and  of  its  being  0  is =^-j . 

20.  A  purse  contains  two  sovereigns,  two  shUlings  and  a  metal 
dummy  of  tne  same  form  and  size;  a  person  is  allowed  to  draw  out  one 
at  a  time  till  he  draws  the  dummy :  find  the  value  of  his  expectation. 

21.  A  certain  sum  of  money  is  to  be  given  to  the  one  of  three 
persons  A,  B,  C  who  first  throws  10  with  three  dice ;  supposing  them 
to  throw  in  the  order  named  until  the  event  happens,  prove  that  their 
chances  are  respectively 


(S)"'  S"  """^  {ij- 


22.  Two  persons,  whose  probabilities  of  speaking  the  truth  are 

2  5 

-  and  -  respectively,  assert  that  a  specified  ticket  has  been  drawn  out 

of  a  bag  containing  15  tickets :  what  is  the  probability  of  the  truth  of 
the  assertion  ? 

23.  A  bag  contains  —^-^ —    counters,  of  which  one  is  marked  1, 

two  are  marked  4,  three  are  marked  9,  and  so  on ;  a  person  puts  in  his 
hand  and  draws  out  a  counter  at  random,  and  is  to  receive  as  many 
shillings  as  the  number  marked  upon  it:  find  the  value  of  his  ex- 
pectation. 

24.  If  10  things  are  distributed  among  3  persons,  the  chance  of 
a  particular  person  having  more  than  5  of  them  is  ■ . 

25.  If  a  rod  is  marked  at  random  in  n  points  and  divided  at 
those  points,  the  chance  that  none  of  the  parts  shall  be  greater  than 

-th  of  the  rod  is  —  . 
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26.  There  are  two  purses,  one  containing  three  sovereigns  and  a 
shilling,  and  the  other  containing  three  shillings  and  a  sovereign.  A  coin 
is  taken  from  one  (it  is  not  known  which)  and  dropped  into  the  other ; 
and  then  on  drawing  a  coin  from  each  purse,  they  are  found  to  be  two 
shillings.  What  are  the  odds  against  tMs  happening  again  if  two  more 
are  drawn,  one  from  each  purse  ? 

27.  If  a  triangle  is  formed  by  joining  three  points  taken  at  random 
in  the  circumference  of  a  circle,  prove  that  the  odds  are  3  to  1  against 
its  being  acute-angled. 

28.  Three  points  are  taken  at  random  on  the  circumference  of  a 
circle :  what  is  the  chance  that  the  sum  of  any  two  of  the  arcs  so 
determined  is  greater  than  the  third? 

29.  A  line  is  divided  at  random  into  three  parts,  what  is  the  chance 
that  they  form  the  sides  of  a  possible  triangle? 

30.  Of  two  purses  one  originally  contained  26  sovereigns,  and  the 
other  10  sovereigns  and  15  shillings.  One  purse  is  taken  by  chance 
and  4  coins  drawn  out,  which  prove  to  be  all  sovereigns :  wliiat  is  the 
chance  that  this  purse  contains  onlv  sovereigns,  and  what  is  the  prob- 
able value  of  the  next  draw  from  it  i 

31.  On  a  straight  line  of  length  a  two  points  are  taken  at  random ; 
find  the  chance  that  the  distance  between  them  is  greater  than  b, 

32.  A  straight  line  of  length  a  is  divided  into  three  parts  by  two 
points  taken  at  random ;  find  the  chance  that  no  part  is  greater  than  b, 

33.  If  on  a  straight  line  of  length  a+b  two  lengths  a,  b  are 
measured  at  random,  the  chance  that  the  conmion  part  of  these  lengths 

shall  not  exceed  c  is  -7 ,  where  0  is  less  than  aorb;  also  the  chance 

n  —  h 

that  the  smaller  length  b  lies  entirely  within  the  larger  a  is . 

34.  If  on  a  straight  line  of  length  a+b+c  two  lengths  a,  b  are 
measured  at  random,  the  chance  of  their  having  a  conmion  part  which 

shall  not  exceed  d  is  7-  .    >  ,  \  ,>  ,  where  d  is  less  than  either  a  or  b, 

{o+a){c+b)' 

35.  Four  passengers,  A,  J?,  C,  D,  entire  strangers  to  each  other,  are 
travelling  in  a  railway  train  which  contains  I  first-class,  m  second-class, 
and  n  third-class  compartments.  A  and  B  are  gentlemen  whose  re- 
spective a  priori  chances  of  travelling  first,  second,  or  third  class  are 
represented  in  each  instance  by  X,  /x,  j/;  C7  and  1)  are  ladies  whose 
similar  a  priori  chances  are  each  represented  hj  I,  m,  n.  Prove 
that,  for  all  values  of  X,  fi,  v  (except  in  the  particular  case  when 
X  :  ft  ;  v—l  :  m  :  w),  A  and  5  are  more  likely  to  oe  found  both  in  the 
conr^dixij  of  the  same  lady  than  each  with  a  difierent  one, 


CHAPTER  XXXin. 


Determinants. 


485.  The  present  chapter  is  devoted  to  a  brief  discussion  of 
determinants  and  their  more  elementary  properties.  The  slight 
introductory  sketch  here  given  will  enable  a  student  to  avail 
himself  of  the  advantages  of  determinant  notation  in  Analytical 
Geometry,  and  in  some  other  parts  of  Higher  Mathematics; 
fuller  information  on  this  branch  of  Analysis  may  be  obtained 
from  Dr  Salmon's  Lessons  Introductory  to  the  Modem  Higher 
Algebra^  and  Muir's  Theory  of  Determinants, 

486.  Consider  the  two  homogeneous  linear  equations 

a^x  +  6,2/  =  0, 

multiplying  the  first  equation  by  6^,,  the  second  by  6,,  sub- 
tracting and  dividing  by  a;,  we  obtain 

afi^  -  afi^  =  0. 

This  result  is  sometimes  written 

a,     \    =0, 

%     K 

and  the  expression  on  the  left  is  called  a  detenninant.  It  consists 
of  two  rows  and  two  columns,  and  in  its  expanded  form  each 
term  is  the  product  of  two  quantities;  it  is  therefore  said  to  be 
of  the  second  order. 

The  letters  a,,  6,,  a,,  6,  are  called  the  constittients  of  the 
determinant^  and  the  terms  afi^,  ajb^  are  called  the  elements. 
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487.     Since 


a. 


a, 


=  afi^  -  aj),  = 


a,     a- 


it  follows  that  the  valvs  of  the  determinant  is  not  altered  hy  chang- 
ing the  rows  into  columns^  and  the  columns  into  rows, 

488.     Again,  it  is  easily  seen  that 


«1 

6. 

=  — . 

6, 

»i 

,  and 

»i 

6. 

=  — . 

<». 

6, 

». 

\ 

K 

«. 

«. 

6. 

«. 

h 

that  is,  i/*  loe  interchange  two  rows  or  two  columns  of  the  deter- 
minant,  we  obtain  a  determina/nt  which  differs  from  it  only  in  sign, 

489.     Let  us  now  consider  the  homogeneous  linear  equations 

ttjOJ  +  5jy  +  c^z  =  0, 
a^x  +  h^  +  c^z  =  0, 
a^  +  63^  +  c^  =  0. 

By  eliminating  a;,  y,  »,  we  obtain  as  in  Ex.  2,  Art.  16, 

=  0. 


or             ttj 

K  c. 

+1 

\ 

c,    a. 

+  «. 

6. 

K   «. 

0,    «. 

**3 

6a 

This  eliminant  is  usually  written 

»i   *i   «i 

=  0, 

a,    6.    c. 

< 

»3     *s    « 

8 

and  the  expression  on  the  left  being  a  determinant  which  consists 
of  three  rows  and  three  columns  is  called  a  determinant  of  the 
third  order. 

490.     By  a   rearrangement  of  terms  the  expanded  form  of 
the  above  determinant  may  be  written 


»i  (*A  -  *8^a)  +  »2(^8^,  -  ^i^a)  +  «a(^i^2  -  Vi)' 


or 


a. 


\ 

h 

+  «. 

h 

6, 

^ 

6. 

"» 

c. 

0, 

«. 

«. 

«. 
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hence 


a. 


b^ 


a  h 

2  2 

a  b 

3  8 


a. 


a-     a, 


6.     5-     5, 


that  is,  ^^6  -yaZi^e  o/*  <A6  determinant  is  not  altered  by  changing  the 
rows  into  columns,  and  the  colv/mns  into  rows, 

491.     From  the  preceding  article, 


a 


1 


6. 


c.     = 


«2         K 
^3         ^3 


=»1 

\ 

«. 

+«. 

K 

". 

.+«. 

6> 

Cl 

h 

«. 

^ 

Cl 

6. 

c. 

=  a. 


K 

0, 

*^2 

6, 

Cl 

+  % 

K 

Cl 

h 

«« 

63 

«3 

K 

«. 

(1)." 


Also  from  Art.  489, 


a 


1 


h 


8  2 


1 

=  «, 

^ 

c. 

-^ 

«. 

c. 

+  «! 

«. 

K 

2 

6, 

c. 

»3 

C3 

«8 

K 

3 

...(2). 


We  shall  now  explain  a  simple  method  of  writing  down  the 
expansion  of  a  determinant  of  the  third  order,  and  it  should  be 
noticed  that  it  is  immaterial  whether  we  develop  it  from  the  first 
row  or  the  first  column. 

From  equation  (1)  we  see  that  the  coefficient  of  any  one  of 
the  constituents  a, ,  a^,  a^  is  that  determinant  of  the  second  order 
which  is  obtained  by  omitting  the  row  and  column  in  which 
it  occurs.  These  determinants  are  called  the  Minors  of  the 
original  determinant,  and  the  left-hand  side  of  equation  (1)  may 
be  written 

where  ^,,  -4^,  A^  are  the  minors  of  a^  a^,  a^  respectively. 

Again,  from  equation  (2),  the  determinant  is  equal  to 

a^A^-b^B^-^cfi^, 
where  A^,  B^,  G^d>.ve  the  minors  of  a^  b^,  c^  respectively.  ^ 
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492.     The  determinaoit 


a. 


a 
a. 


0, 

«i 

K 

«, 

K 

«. 

-  a,  ( ^3  -  63C,)  +  6,  (c,a3  -  c^a^j  +  c,  (^,63  -  aj>^ 


hence 


«. 

6. 

«■ 

=  — 

6. 

«i 

c, 

«. 

6. 

". 

6. 

«. 

«. 

«. 

6. 

«. 

^ 

«a 

"a 

Thus  it  appears  that  if  two  adjacent  columns^  or  rows,  of  the 
determina/rU  a/re  mterchmiged,  the  sign  of  the  determinant  is 
changed,  hut  its  value  remains  unaltered, 

Tf  for  the  sake  of  brevity  we  denote  the  determinant 

a,     5,     Cj 
a,     \     c, 

%        K         ^8 

by  {cbyb^c^y  then  the  result  we  have  just  obtained  may  be  written 

(*i  Va)  =  -  (»i  Va)- 
Similarly  we  may  shew  that 

493.  If  two  rows  or  tvx)  columns  of  the  determinant  a/re 
identical  the  determinant  va/nishes. 

For  let  I)  be  the  value  of  the  determinant,  then  by  inter- 
changing two  rows  or  two  columns  we  obtain  a  determinant 
whose  value  is  -J9;  but  the  determinant  is  unaltered;  hence 
2>  =  -  J9,  that  is  J9  =  0.     Thus  we  have  the  following  equations, 

Mi-«2^a  +  Ma  =  A 

M, -M8  +  Ma=o> 

^i^i-^A  +  ^a^a  =  0- 

494.  If  each  constituent  in  any  row,  or  in  any  column^  is 
multiplied  by  the  same  factor,  then  the  determinant  is  mtUtipUed 
hy  that  factor. 
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For 


ma^ 

h, 

Ci 

ma^ 

K 

^a 

ma^ 

K 

<^a 

=  ma^ .  A^  —  ma^ .  A^  +  ma^ .  A^ 
=  m{a^A^-a^A^  +  a^A^); 

which  proves  the  proposition. 

Cor.  If  each  constituent  of  one  row,  or  column,  is  the  same 
multiple  of  the  corresponding  constituent  of  another  row,  or 
column,  the  determinant  vanishes. 

495.  If  each  constituent  in  any.  rowy  or  column,  consists  o/ttvo 
terms,  then  the  determinant  cam,  he  expressed  as  the  sum  of  two 
other  determinants. 


Thus  we  have 

«!  +  a,     61 

Ci 

= 

«i 

ft, 

«i 

+ 

«! 

h 

Cj 

»a  +  S      K 

<^2 

«. 

K 

«. 

s 

K 

«, 

»a  +  S      K 

<^z 

«. 

K 

«. 

<»« 

K 

C3 

for  the  expression  on  the  left 

=  {(^Ai  -  Ma  +  Ma)  +  («i^i  -  Ma  +  Ma)  > 

which  proves  the  proposition. 

In  like  manner  if  each  constituent  in  any  one  row,  or  column, 
consists  of  m  terms,  the  determinant  can  be  expressed  as  the 
sum  of  m  other  determinants. 


Similarly,  we  may  shew  that 

a,  +  a,     6,  +  P^     c^ 

a,  +  a,     6,  +  ^,     c. 

• 

»3  +  «8       ^8  +  ^8       ^a 

»i     ^1     ^1 

+ 

«1  ^1  ^'l 

+ 

'^i 

^ 

^'i 

+ 

«.    ^.    c, 

aa     K     ^8 

«a      ^a      ^a 

a. 

K 

^a 

°.   A   ". 

^3         ^3         <^3 

«a 

^3      ^3 

S 

K 

^8 

«3        ^3        «» 
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These  results  may  easily  be  generalised;  thus  if  the  con- 
stituents of  the  three  columns  consist  of  m,  n,  p  terms  respec- 
tively, the  determinant  can  be  expressed  as  the  sum  of  mnp 
determinants. 


Example  1.     Shew  that 


b  +  c 
c-\-a 
a  +  b 


a-  b 
b-c 
c-a 


a 
b 
c 


=  Sahc  -a^-lfi  —  c'. 


The  given  determinant 

baa 

ebb 

ace 

Of  these  four  determinants  the  first  three  vanish,  Art.  403 ;  thus  the  ex- 
pression  reduces  to  the  last  of  the  four  determinants;  hence  its  value 

=,-{c(ca-a6)-6(ac-6«)+a(a«-6c)} 
=  3a6c-a«-6«-c8. 


— 

b 

b 

a 

+ 

c 

a 

a 

— 

c 

b 

a 

e 

e 

b 

a 

b 

b 

a 

c 

b 

a 

a 

c 

b 

c 

e 

b 

a 

c 

Example 

2. 

Fin 

dth 

le^ 

^ali 

le  of 

67  19  21  , 

39  13  14  1 

81  24  26  ! 

We  have 

67  19  21 

= 

10  +  67  19  1 

21 

= 

10  19  21 

+ 

67  19  21 

39  13  14 

0  +  39  13  : 

L4 

0  13  14 

39  13  14 

81  24  26 

9  +  72  24  J 

26 

9  24  26 

72  24  26 

= 

10  19  21  = 

10 

19  19  +  2 

= 

10 

19  2 

0  13  14 

0 

13  13  +  1 

0 

13  1 

9  24  26 

9 

24  24  +  2 

9 

24  2 

=  10 

13  1 

+  9 

19 

2 

=20-63= -43. 

. 

24 

2 

13 

1 

• 

496.     Consider  the  determinant 

a^+ph^  +  qc^     6,     c^ 

as  in  the  last  article  we  can  shew  that  it  is  equal  to 


a, 

6,  c, 

+ 

ph, 

6, 

"i 

+ 

qc, 

6,  c, 

«. 

K     ". 

pK 

*. 

". 

?«, 

K     «. 

«3 

K     ", 

pK 

K 

"3 

9", 

K     ", 
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and  the  last  two  of  these  determinants  vanish  [Art.  494  Cor.]. 
Thus  we  see  that  the  given  determinant  is  equal  to  a  new  one  whose 
first  column  is  obtained  by  subtracting  from  the  constituents  of 
the  first  column  of  the  original  determinant  equimultiples  of  the 
corresponding  constituents  of  the  other  columns,  while  the  second 
and  third  columns  remain  unaltered. 


Conversely, 


a. 


»„ 


a. 


and  what  has  been  here  proved  with  reference  to  the  first  column 
is  equally  true  for  any  of  the  columns  or  rows ;  hence  it  appears 
that  in  reducing  a  determinant  we  may  replace  any  one  of  the 
rows  or  columns  by  a  new  row  or  column  formed  in  the  following 
way: 

Take  the  constituents  of  the  row  or  column  to  be  replaced, 
and  increase  or  diminish  them,  by  any  equimultiples  of  the  cor- 
responding constituents  of  one  or  more  of  the  other  rows  or 
columns. 

After  a  little  practice  it  will  be  found  that  determinants 
may  often  be  quickly  simplified  by  replacing  two  or  more  rows 
or  columns  simultaneously :  for  example,  it  is  easy  to  see 
that 


a^-hpb^    b^-qc^ 

Ci 

■= 

«! 

6, 

^2+ A     K-9[^2 

^a 

«. 

b. 

»3+A    K-^<^z 

^3 

«a 

K 

but  in  any  modification  of  the  rule  as  above  enunciated,  care 
must  be  taken  to  leave  one  row  or  column  unaltered. 

Thus,  if  on  the  left-hand  side  of  the  last  identity  the  con- 
stituents of  the  third  column  were  replaced  by  c,  -\-ra^y  c^  +  ra^, 
Cg  +  ra  respectively,  we  should  have  the  former  value  in- 
creased by 

a^+pb^     b,-qc. 


»3+A 


ra. 


ra^ 


ra„ 
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and  of  the  four  determinants  into  which  this  may  be  resolved 
there  is  one  which  does  not  vanish,  namely 

pK     -  S'c,     ra^ 

PK        -^^Z        ^«3 


Example  1.    Fini 

1  the  value  of 

29    26    22 

■ 

26    31    27 

63    64    46 

The  given  determinant 

=: 

3    26    -4 

= -3x4x 

1    26    1 

= 

-12x 

1     26    1 

-6    31    -4 

-2    31    1 

-3      6    0 

9    64     -8 

3    64    2 

12    0 

=  -12 


1      1    26 

=  -12 

-3    6 

0-3      6 

1    2 

0      12 

=  132. 


[Explanation,  In  the  first  step  of  the  reduotion  keep  the  second  column 
unaltered;  for  the  first  new  column  dimmish  each  constituent  of  the  first 
column  by  the  corresponding  constituent  of  the  second ;  for  the  third  new 
column  diminish  each  constituent  of  the  third  column  by  the  corresponding 
constituent  of  the  second.  In  the  second  step  take  out  the  factors  3  and 
-  4.  In  the  third  step  keep  the  first  row  unaltered ;  for  the  second  new  row 
diminish  the  constituents  of  the  second  by  the  corresponding  ones  of  the 
first ;  for  the  third  new  row  diminish  the  constituents  of  the  third  by  twice 
the  corresponding  constituents  of  the  first.  The  remaining  steps  will  be 
easily  seen.] 


Example  2.    Shew  that 


a-h-c         2a  2a 

26  b-c-a        26 

2c  2c         c-a-b 


=  (a  +  6  +  c)8. 


The  given  determinant 


a+b+c    a+b+c    a+b+c 
26         b-c-a         26 
2c  2c         c-a-b 


=  {a  +  b  +  c)  X 


=  (a  +  6  +  c)  X 


10  0 

26    -b-c-a        0 
2c  0  -c-a-b 


11  1 

26     b-c-a  26 

2c         2c         c-a-b 


{a  +  b  +  c)  X 


-b-c-a         0 
0  -c-a-b 


=  {a  +  b  +  cy. 
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[Explanation,  In  the  first  new  determinant  the  first  row  is  the  sum  of 
the  constituents  of  the  three  rows  of  the  original  determinant,  the  second 
and  third  rows  being  unaltered.  In  the  third  of  the  new  determinants  the 
first  column  remains  unaltered,  while  the  second  and  tlurd  columns  are 
obtained  by  subtracting  the  constituents  of  the  first  column  from  those  of 
the  second  and  third  respectively.  The  remaining  transformations  are  suffi- 
ciently obvious.] 

497.  Before  shewing  how  to  express  the  product  of  two  de- 
terminants as  a  determinant,  we  shall  investigate  the  value  of 

From  Art.  495,  we  know  that  the  above  determinant  can  be 
expressed  as  the  sum  of  27  determinants,  of  which  it  will  be 
sufficient  to  give  the  following  specimens : 

a^ttj     a^a^     a^a^    ,      a^a^ 
a^ttj     a^a^     a^a^  a.a^ 

»3«i     Va     ^z%  Vi 

these  are  respectively  equal  to 


8 
^3 


CL.OL  OL 


a,     a. 


a.     a„ 


a. 


a„ 


a„ 


%     % 


>  ^Ara 


^A  ".r. 

} 

a,o, 

«.y.   *>^. 

^A  «.y. 

«.«i 

«.7.    *A 

^A  c.v. 

«a«i 

«»r.  *A 

«.    6.    «. 

.  "Ar. 

«.     c,     6. 

«.   K  «. 

«.    c.    6. 

«s      \      "a 

«.        «8        &. 

the  first  of  which  vanishes;  similarly  it  will  be  found  that  21 
out  of  the  27  determinants  vanish.  The  six  determinants  that 
remain  are  equal  to 


(a  Ats  -  «*i^3r« + «  Ati  -  s^ir3 + '^^a^  -  ^^Ay^  ^ 


a. 


a. 


a. 


that  is, 


3 


a. 


a. 


a„ 


^.   r. 

X 

«.     6,     c, 

^.  r. 

o,    6,    c. 

^,   r. 

<»s     ^     «. 

hence  the  given  determinant  can  be  expressed  as  the  product  of 
two  other  determinants. 

498.     The  product  of  two  determinants  is  a  determinant. 
Consider  the  two  linear  equations 

a^.  +  6^.  =  0/ ^'^' 

H.  H.  A.  27 
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where 


(2). 


(3). 


Substituting  for  X^  and  X^  in  (1),  we  have 

(a,a,  +  \p;)  x^  +  (a^a^  +  6,^,)  a;,  =  0  J  

In   order   that   equations  (3)  may  simultaneously  hold   for 
values  of  x^  and  x^  other  than  zero,  we  must  have 


=  0 


(4). 


But  equations  (3)  will  hold  if  equations  (1)  hold,  and  this 
will  be  the  case  either  if 


a 


1 


1 


a,     K 


=  0 


(5), 


or  if  2:^  =  0  and  X^  =  0; 

which  last  condition  requires  that 


a. 


a. 


=  0 


(6). 


Hence  if  equations  (5)  and  (6)  hold,  equation  (4)  must  also 
hold ;  and  therefore  the  determinant  in  (4)  must  contain  as 
factors  the  determinants  in  (5)  and  (6) ;  and  a  consideration  of 
the  dimensions  of  the  determinants  shews  that  the  remaining 
factor  of  (4)  must  be  numerical ;  hence 

the  numerical  factor,  by  comparing  the  coefficients  of  afi^a  /S 
on  the  two  sides  of  the  equations,  being  seen  to  be  unity. 


«1  \ 

X 

«.    A 

=: 

a,     b. 

%    ^. 

Cor. 


a. 


a. 


a^  +  h^       a^a^  +  hfi^ 


a^%  +  6,6, 


a'  +  h^ 


The  above  method  of  proof  is  perfectly  general,  and  holds 
whatever  be  the  order  of  the  determinants. 

Since  the  value  of  a  determinant  is  not  altered  when  we 
write  the  rows  as  columns,  and  the  columns  as  rows,  the  product 
of  two  determinants  may  be  expressed  as  a  determinant  in 
several  ways;  but  these  will  all  give  the  same  result  on  ex- 
pansion. 
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Example,     Shew  that 


^1 

-B, 

Oi 

= 

«1 

^1 

^1 

-A 

B, 

-c. 

aa 

&2 

^2 

^3 

-B, 

f-a 

«3 

h 

^3 

the  capital  letters  denoting  the  minors  of  the  corresponding  small  letters  in 
the  determinant  on  the  right. 

Let  D,  D'  denote  the  determinants  on  the  right  and  left-hand  sides 
respectively;  then 


I>D'= 


a-^A^  -  b^Bj^  +  Cj  Ci  a^Ai  -  IqBj^  +  C2C1 

-  a^A^  +  6iJ5j  -c^C^       -  a^A^  +  b^^  ~  <^2^2 


D  0  0 
0  D  0 
0      0    D 


[Art.  493.] 


thus  I>D'=D^,  and  therefore  D'=DK 


EXAMPLES.    XXXm.  a. 

Calculate  the  values  of  the  determinants : 
1. 


4. 


7. 


9. 


1     1 

1 

2. 

13 

16 

19 

• 

3. 

13 

3     23 

35     37     34 

14     17    20 

30    7    53 

23     26     25 

15     18     21 

39    9     70 

a    h    g 

• 

5. 

\       z      -y 

• 

6. 

Ill 

h    h    f 

-Z        1          X 

1   1+^      1 

9    f    c 

y     -X     \ 

1       1       1+y 

a-6    6-c 

c-a 

8. 

h  +  c 

a          a 

• 

h-c     c—a 

a  —  h 

h 

c+a        h 

c-a    a-h 

h-c 

c 

c       a+b 

is  one  of  the  ii 

naginary  cube  roots  of  u 

nity,  find  the  value  of 

1          0)         0)2 

10. 

1        0)3 

0)2 

. 

0)       0)2       1 

0)3       1 

0> 

«2       1 

0) 

o> 

2       c 

1) 

1 

11.    Eliminate  I,  m,  n  from  the  equations 

al  +  cm+bn=^0,    cl-\-hm+an—0.    hl+am+cn=0, 
and  express  the  result  in  the  simplest  form. 

27 
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12.    Without  expanding  the  determinants,  prove  that 


a 

X 

P 


h 

y 

9. 


c 
z 
r 


y 

X 

z 


h     q 
a    p 


r  \ 


X 

P 
a 


y 
b 


z 
r 
c 


13.    Solve  the  equations  : 


(1) 


a 
m 
b 


a 
m 

X 


X 

m 
b 


=  0. 


(2) 


15-2^ 

11-307 

*7-x 


11 
17 
14 


10 
16 
13 


Prove  the  following  identities : 


14. 


b+c  c+a  a+b 
q+r  r+p  p+q 
y+z    z+x    x+y 


=  2 


a 
P 


b 
9. 


X    y 


c 
r 

z 


15. 


16. 


17. 


1 
1 
1 

1 
a 
a? 

X 


a 
b 
c 


a' 


^{b-c){c-a)  (a-b). 


1 
b 

&3 


18. 


yz 

-2a 
b+a 

c  +  a 


y 

zx 


C2 

1 
0 

<? 

z 
z^ 
xy 

a+b 
-26 
c+b 


^(b-c){c-a)(a-b){a+b+c). 


^{y-z){z-x){x-y)i:yz  +  zx+xy). 


a+c 
b  +  c 
-2c 


^ 4{b+c)  (c+a)  (a+b). 


19. 


20. 


(6+c)2         a2  a2 

62         (c+a)2         62 
c2  c2         (a +6)2 

Express  as  a  determinant 


=^2abc{a+b+c)\ 


0 
c 
6 


c 
0 
a 


6 
a 
0 


=  0. 


21.  Find  the  condition  that  the  equation  lx+my+nz='0  may  I 
satisfied  by  the  three  sets  of  values  (oj,  6^,  c^)  (an,  62,  Cg)  (ag,  63,  c^ 
and  shew  that  it  is  the  same  as  the  condition  that  tne  three  equation 

a^x+b^y  +  CjZ=Oy    a^+b^y  +  c^-^^    ^3^+ 633^  +  ^32=0 
may  be  simultaneously  satisfied  by  ^,  m,  w. 
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22.    Find  the  value  of 

a^+X^     ab  +  c\  ca-bX 

ab-c\     b^+\^  bc  +  a\ 

ca+b\    bc-a\  <^+X^ 


23.    Prove  that 


\       c       -b 

-c      X         a 

b       -a      X 


-y-id 


y-id 

a  +  ip 


a+ib    c+id 
—  c+id   a  — lb 

where  i  =  \/— l,  can  be  written  in  the  form 

A-iB    C-iD 

-C-iD    A+iB 

hence  deduce  the  following  theorem,  due  to  Euler : 

Theproditct  of  two  mms  each  of  four  squares  can  be  expressed  as  the 
sum  of  jour  squares. 

Prove  the  following  identities : 


24. 


1  bc+ad  l^c^  +  a^d^ 
1  ca+bd  <^a^  +  l^d^ 
1    ah+cd    a262  +  c2c^2 

=  -{b-c){c-'a){a-b){a-d){b-d){c-d). 


25. 


bc  —  a^ 
—  bc+ca  +  ab 
{a+b){a  +  c) 


26. 


ca-b^  ab-c^ 

bc  —  ca  +  ab       bc+ca-db 

(b+c)  (b+a)     (c+a)  (c+b) 

=  3  (b - c)  (c-a)  (a-b)  (a+b+c)  (bc+ca+ab). 
{a-yf    {a-zf 


{a  -  xY 

(b-x)^     {Jb-yf    (Jb-zf 

{c-xf     {c-yf     {c-zf 

=  2{b-c){c-a){a-b)(2/-z)(z-x){x-y). 

27.    Find  in  the  form  of  a  determinant  the  condition  that  the 
expression 

Ua^ + Vp^ +V>y^  +  2u'Py + 2vya  +  Zw'afi 

may  be  the  product  of  two  factors  of  the  first  degree  in  a,  p,y. 


28.    Solve  the  equation  : 

u+a^x      w'+dbx       v'+acx 
vf+abx       v+l^x       u'+bcx 
v'+acx      u'+bcx       w+<?x 
expressing  the  result  by  means  of  determinants. 


-0, 
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499.     The  properties  of  determinants   may  be   usefully  em- 
ployed in  solving  simultaneous  linear  equations. 

Let  tlie  equations  be 

a^  +  h^  +  Cj«  +  c^j  =  0, 

multiply  them  by  ^^  -  A^  A^  respectively  and  add  the  results, 
^j,  -4,,  -4 3  being  minors  of  a^,  a,,  a^  in  the  determinant 


i>  = 


a 


1 


^i 


%  K   ^, 

»8        ^8        \ 


The  coefficients  of  y  and  z  vanish  in  virtue  of  the  relations  proved 
in  Art.  493,  and  we  obtain 

Similarly  we  may  shew  that 

(^  A  -  6 A + *a^.)  y  +  K  A  -  <^A + ^3^) = 0, 

and 

{cfi,  -  ofi,  +  cfi^  z  +  {dfi,  -  rf,(7.  +  dfi,)  =  0. 

Now         a,A^  -  a,A,  +a^^  =  -  {\B^  -  b,B,  +  b^B^) 

hence  the  solution  may  be  written 

X  — y  z 


d. 

\ 

"i 

d. 

K 

«. 

d. 

K 

". 

d. 

«. 

«. 

d. 

«, 

0, 

d. 

»3 

". 

d, 

«i 

ft. 

d. 

«. 

ft. 

d> 

«. 

ft. 

-1 

«. 

ft. 

«. 

». 

ft. 

«. 

»3 

ft. 

"3 

or  more  symmetrically 


-1 


^ 

^i 

1 

^, 

<^2 

d 

^3 

^8 

d 

a. 


a. 


d 

1 


«8         <^8         ^3 


«1 

K 

d 

«a 

K 

d 

»8 

K 

*^3 

a 


1 


] 


I 


a,     2^,     c, 

«8         ^8         <^8 


500.     Suppose  we  have  the  system  of  four  homogeneous  linear 
eguations : 


DETERMINANTS, 


423 


a^  +  h^  +  c,«  +  d^  =  0, 
a^  +  6gy  +  c^z  4-  d^  =  0, 

a^a;  +  h^  +  c^«  +  d^  =  0. 

From  the  last  three  of  these,  we  have  as  in  the  preceding  article 

X  _  —y  z  -u 


K 

«. 

d. 

h 

«3 

d. 

K 

«« 

d. 

«. 

C. 

d. 

«. 

c. 

d. 

«4 

"* 

d. 

a„ 


b.     d 


«8        ^8 


c?„ 


a. 


6.     t^. 


». 

^ 

«. 

«. 

6. 

"» 

«4 

6. 

«4 

Substituting  in  the  first  equation,  the  eliminant  is 
a,    h^  c„  d.    -6,    a„  c„  c?„    +c, 

%    ^8    ^8 
«4    \    ^4 

This  may  be  more  concisely  written  in  the  form 


\ ",  d. 

-6, 

h  C.  <^a 

K    «4    ''l 

«,  ^  <^. 

-d. 

a,  b,  c. 

«.  K  ds 

«s  K  Ca 

«4    ^    <^4 

«4    *4    «4 

=  0. 


a. 


a 

i. 

«. 

d. 

«s 

^ 

<'» 

d. 

»4 

^4 

"* 

d. 

=  0; 


the  expression  on  the  left  being  a  determinant  of  the  fourth  order. 

Also  we  see  that  the  coefficients  of  a,,  fej,  o,,  d^  taken  with 
their  proper  signs  are  the  minors  obtained  by  omitting  the  row 
and  column  which  respectively  contain  these  constituents. 

501.  More  generally,  if  we  have  n  homogeneous  linear 
equations 

ttjOfj  +  Jj^g  +  CjOJg  +   +A;,aj^=0, 

a^,  +  b^x^-^c^x^+ +k^x^  =  Oy 


involving  n  unknown  quantities  x^y  x^,  x^,  •••  ^n>  ^^®se  quantities 
can  be  eliminated  and  the  result  expressed  in  the  form 


a 


1 


1 


«»   K 


a 


)       c 

n  n 


k 


=  0. 
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The  left-hand  member  of  this  equation  is  a  determinant  which 
consists  of  n  rows  and  n  columns,  and  is  called  a  determinant  of 
the  n^  order. 

The  discussion  of  this  more  general  form  of  determinant  is 
beyond  the  scope  of  the  present  work ;  it  will  be  sufficient  here 
to  remark  that  the  properties  which  have  been  established  in  the 
case  of  determinants  of  the  second  and  third  orders  are  quite 
general,  and  are  capable  of  being  extended  to  determinants  of 
any  order. 

For  example,  the  above  determinant  of  the  w*^  order  is 
equal  to 

a^A^-\B^  +  cfi^ - d^D^  +  ...  +  (-  \y"\K^, 

or  a^A^  -  M«  +  Ms  -  ^Aa  +.••+(- 1)""'  M»» 

according  as  we  develop  it  from  the  first  row  or  the  first  column. 
Here  the  capital  letters  stand  for  the  minors  of  the  constituents 
denoted  by  the  corresponding  small  letters,  and  are  themselves 
determinants  of  the  (n  - 1)*^  order.  Each  of  these  may  be  ex- 
pressed as  the  sum  oi  a  number  of  determinants  of  the  {n  —  2)*^ 
order;  and  so  on;  and  thus  the  expanded  form  of  the  deter> 
minant  may  be  obtained. 

Although  we  may  always  develop  a  determinant  by  means  of 
the  process  described  above,  it  is  not  always  the  simplest  method, 
especially  when  our  object  is  not  so  much  to  find  the  value  of 
the  whole  determinant,  as  to  find  the  signs  of  its  several 
elements. 

502.     The  expanded  form  of  the  determinant 


«. 

K 

". 

«. 

h 

«. 

% 

\ 

«. 

and  it  appears  that  each  element  is  the  product  of  three  factors, 
one  taken  from  each  row,  and  one  from  each  column;  also  the 
signs  of  half  the  terms  are  +  and  of  the  other  half  - .  The  signs 
of  the  several  elements  may  be  obtained  as  follows.  The  first 
element  afi^c^y  in  which  the  suffixes  follow  the  arithmetical  order, 
is  positive ;  we  shall  call  this  the  leading  element ;  every  other 
element  may  be  obtained  from  it  by  suitably  interchanging  the 
suffixes.     The  sign  +  or  -  is  to  be  prefixed  to  any  element  ac- 
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cording  as  it  can  be  deduced  from  the  leading  element  by  an 
even  or  odd  number  of  permutations  of  two  suffixes ;  for  instance, 
the  element  (ij)^c^  is  obtained  by  interchanging  the  suffixes  1  and 
3,  therefore  its  sign  is  negative;  the  element  aj^^c^  is  obtained 
by  first  interchanging  the  suffixes  1  and  3,  and  then  the  suffixes 
1  and  2,  hence  its  sign  is  positive. 

503.  The  determinant  whose  leading  element  is  afi^c^d^ ... 
may  thus  be  expressed  by  the  notation 

^db a  b c d  

the  S  ^  placed  before  the  leading  element  indicating  the  aggregate 
of  all  the  elements  which  can  be  obtained  from  it  by  suitable 
interchanges  of  suffixes  and  adjustment  of  signs. 

Sometimes  the  determinant  is  still  more  simply  expressed  by 
enclosing  the  leading  element  within  brackets;  thus  {(^fi^c^d^ ...) 
is  used  as  an  abbreviation  of  S  ±  afi^c^d^,,.. 

Example.  In  the  determinant  {aih^z'^4!^^  what  sign  is  to  be  prefixed  to 
the  element  aJb^Cid^e^l 

From  the  leading  element  by  permnting  the  snffizes  of  a  and  d  we  get 
ajb^^e^ ;  from  this  by  permuting  the  suffixes  of  h  and  c  we  have  a^b^c^e^ ; 
by  permuting  the  suffixes  of  c  and  d  we  have  a^jb^^d^^ ;  finally  by  permutmg 
the  suffixes  of  d  and  e  we  obtain  the  required  element  aJb^c^d^/R^^  and  since 
we  have  made  four  permutations  the  sign  of  the  element  is  positive. 

504.  If  in  Art.  501,  each  of  the  constituents  6^,  c  ,  ...  ^^  is 
equal  to  zero  the  determinant  reduces  to  a^A^ ;  in  other  words 
it  is  equal  to  the  product  of  a^  and  a  determinant  of  the  (w  -  1)"* 
order,  and  we  easily  infer  the  following  general  theorem. 

If  each  of  the  coTistituents  of  the  first  row  or  column  of  a 
determinant  is  zero  eaxept  the  frst,  and  if  this  constituent  is  equal 
to  m,  the  determina/nt  is  equal  to  m  times  that  determinant  of  lov)er 
order  which  is  obtained  by  omitting  tlie  first  column  cmd  fi/rst 
row. 

Also  since  by  suitable  interchange  of  rows  and  columns  any 
constituent  can  be  brought  into  the  first  place,  it  follows  that  if 
any  row  or  column  has  all  its  constituents  except  one  equal  to 
zero,  the  determinant  can  immediately  be  expressed  as  a  deter- 
minant of  lower  order. 

This  is  sometimes  useful  in  the  reduction  and  simplification 
of  determinants. 
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Example. 


Find  the  value  of 

30 

11 

20 

38 

6 

3 

0 

9 

11 

-2 

36 

3 

19 

6 

17 

22 

Diminish  each  constituent  of  the  first  column  by  twice  the  corresponding 
constituent  in  the  second  column,  and  each  constituent  of  the  fourth  column 
by  three  times  the  corresponding  constituent  in  the  second  column,  and 
we  obtain 


8 

0 

15 

7 


11 

3 

-2 

16 


20 

0 

36 

17 


5 
0 
9 
4 


and  since  the  second  row  has  three  zero  constituents  this  determinant 


=3 


8 

20 

5 

=  3 

8 

20 

15 

36 

9 

8 

19 

7 

17 

4 

7 

17 

5 
6 
4 


=  3 


0 

8 
7 


1 

19 
17 


0 

=  -3 

8  5 

5 

7  4 

4 

=  9. 


605.     The  following  examples  shew  artifices  which  are  oc- 
casionally useful. 

Example  1.     Prove  that 


a 
b 


a 


c 
d 


c     d    a    b 


a 


=  {a-\-b  +  c  +  d) (a-b  +  c - d) {a -b - c  +  d)  (a+b - c - d). 


By  adding  together  all  the  rows  we  see  that  a-hb  +  c  +  d  is  a  factor  of  the 
determinant;  by  adding  together  the  first  and  third  rows  and  subtracting 
from  the  result  the  sum  of  the  second  and  fourth  rows  we  see  that 
a-b+c-d  is  also  a  factor ;  similarly  it  can  be  shewn  that  a-b-c  +  d  and 
a+b-c-d  are  factors ;  the  remaining  factor  is  numerical,  and,  from  a  com- 
parison of  the  terms  involving  a^  on  each  side,  is  easily  seen  to  be  unity; 
hence  we  have  the  required  result. 


Example  2.     Prove  that 


1 
a 


a' 


1 
b 
62 


1 
c 


1 
d 


a 


8    63    c*     d^ 


=  (a-b)(a-c)(a-d){b-e)(b-d){c-d). 


The  given  determinant  vanishes  when  6= a,  for  then  the  first  and  second 

columns  are  identical ;  hence  a  -  6  is  a  factor  of  the  determinant  [Art.  514]. 

Similarly  each  of  the  expressions  a-c,  a  -  d,  6  -  c,  6  -  d,  c  -  d  is  a  factor  of 

the  determinant;  the  determinant  being  of  six  dimensions,  the  remaining 

factor  must  be  numerical ;  and,  from  a  comparison  of  the  terms  involving 

dc'd^  on  each  side,  it  is  easily  seen  to  \)ft  xmit^  \  Yi.exwife'^^  obtain  the  required 

reanlt. 
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EXAMPLES.     XXXTTT.  b. 

Calculate  the  values  of  the  determinants : 


1. 


1 
1 
1 
1 


1 
2 
3 

4 


1  1 

3  4 

6  10 

10  20 


2. 


3. 


a  1  1  1 
1  a  1  1 
1  1  a  1 
Ilia 


4. 


7  13  10    6 
5  9  7    4 

8  12  11     7 
4  10  6    3 

0  1  1 

1  b+c       a 

1  b  c+a 


1 

a 

b 

a+b 


5. 


3      2 

15  29 

16  19 


1 
2 
3 


4 
14 
17 


6. 


7. 


9. 


33  39     8     38 

0  X    ^    z 

X  0    z    y 

y  z     0    X 

z  y    X    0 

a  b  c 

a      a+b        a+b+c 

a  2a  +  b    3a  +  26  +  c 


8. 


1+a 
1 
1 
1 

0 

—  X 

-y 

—  z 


1 

l  +  b 
1 
1 

X 

0 
—  c 
-b 


1 

1 

1        1 

1  +  c        1 

1           1+6^ 

y   z 

• 

C       b 

0    a 

-a    0 

d 

a+b  +  c+d 
4a+36  +  2c  +  c? 
a    Za+b    6a+36+c     10a+66  +  3c+c^ 


10.     If  0)  is  one  of  the  imaginary  cube  roots  of  unity,  shew  that 
the  square  of 


1 

<<> 

0)2 

0)3 

— ' 

(O 

0)2 

0)3 

1 

0)2 

0)3 

1 

0) 

0)3 

1 

0) 

0)2 

1 
1 

2 
1 


1 

1 

1 

-2 


-2 
1 
1 
1 


1 

-2 

1 

1 


hence  shew  that  th^  value  of  the  determinant  on  the  left  is  3  /^  —  3. 

11.    If  {P-bc)x+{ch-fg)y+{bg-hf)z^O, 

(ch  -fg)  x+{g^-  ca)y  +  (af-gh)  2=0, 

{bg-hf)x+(af^gh)y+{h^  -ab)z=Q^ 

shew  that  abc  +  Ifgh  -  ap  -  hf  -  cVf-  =Q. 
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Solve  the  equations : 

12.  x+    y+   «=1, 


13.     ax+  hy+  cz=ky 


14. 


x+    y+    z+    u=l, 
ax  +  by  +  CZ+  du=ky 
a^x+l^+c^z+cPu^k^y 
a^x+bh/+<^z+dhL=i^. 


15.    Prove  that 

h+c-a-d 
c+a—b—d 
a+b-c-d 


bc-ad      bc{a+d)  —  ad{b+c) 
ca-bd      ca{b+d)-bd{c+a) 
ah-cd      ab{c+d)-cd{a+b) 
=.^2{b-c){c-a){a-b)(a-d){b-d)(c-d). 


16.    Prove  that 

a2      a2-(6-c)2  be 

52      52_(c_a)2  ca 

^       c2-(a-6)2  ab 


=  (6-c)(c-a)(a-6)(a+6+c)(a2+62+c2). 


17.    Shew  that 

a    b 

f  « 


c 

b 
e    f    a    b 
d    e    f    a 
c 
b 


where 


d    e  f 

c    d  e 

c     d 

b     c 

d    €    f    a    b 

c     d    e    f  a 

A=-a^-d^+2ce-2bf, 
B^e^  -b^  +2ac-2d/y 
C^di  -.p+2ae-2bd. 


ABC 
CAB 
B    C    A 


18.  If  a  determinant  is  of  the  n*^  order,  and  if  the  constituents 
of  its  first,  second,  third,  ...n*^  rows  are  the  first  n  fignrate  numbers  of 
the  first,  second,  third,  ,.,n^  orders,  shew  that  its  value  is  imity. 


CHAPTER  XXXIV. 


MISCELLANEOUS  THEOREMS  AND  EXAMPLES. 


506.  We  shall  begin  this  chapter  with  some  remarks  on  the 
permanence  of  algebraical  form,  briefly  reviewing  the  fundamental 
laws  which  have  been  established  in  the  course  of  the  work. 

507.  In  the  exposition  of  algebraical  principles  we  proceed 
analytically :  at  the  outset  we  do  not  lay  down  new  names  and 
new  ideas,  .  but  we  begin  from  our  knowledge  of  abstract 
Arithmetic ;  we  prove  certain  laws  of  operation  which  are  capable 
of  verification  in  every  particular  case,  and  the  general  theory  of 
these  operations  constitutes  the  science  of  Algebra. 

Hence  it  is  usual  to  speak  of  Arithmetical  Algebra  and  Sym- 
bolical A  Igebrtty  and  to  make  a  distinction  between  them.  In  the 
former  we  define  our  symbols  in  a  sense  arithmetically  intelligible, 
and  thence  deduce  fundamental  laws  of  operation ;  in  the  latter 
we  assume  the  laws  of  Arithmetical  Algebra  to  be  true  in  all 
cases,  whatever  the  nature  of  the  symbols  may  be,  and  so  find 
out  what  meaning  must  be  attached  to  the  symbols  in  order  that 
they  may  obey  these  laws.  Thus  gradually,  as  we  transcend  the 
limits  of  ordinary  Arithmetic,  new  results  spring  up,  new  lan- 
guage has  to  be  employed,  and  interpretations  given  to  symbols 
which  were  not  contemplated  in  the  original  definitions.  At  the 
same  time,  from  the  way  in  which  the  general  laws  of  Algebra 
are  established,  we  are  assured  of  their  permanence  and  uni- 
versality, even  when  they  are  applied  to  quantities  not  arithmeti- 
cally intelligible. 

508.  Confining  our  attention  to  positive  integral  values  of 
the  symbols,  the  following  laws  are  easily  established  from  a  priori 
arithmetical  definitions. 
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I.  The  Law  of  Oommutation,  which  we  enunciate  as  follows: 
(i)     Additions  and  subtractions  may  he  made  in  any  order. 
Thus  a  +  6-c  =  a-c  +  5  =  5-c  +  a. 

(ii)     Multiplications  and  divisions  may  be  made  in  any  order. 
Thus  axb  =  b'xai 

axbxc  =  bxcxa  =  axcxbi  and  so  on. 
ah-r-c  =  a  X  6-=-c  =  (a-^c)  x6  =  (6-7-c)xa. 

II.  The  Law  of  Distribution,  which  we  enunciate  as  follows : 

MvMiplications  and  divisions  m>ay  be  distributed  over  additions 
and  sVfbtractions, 

Thus  (a  —  b  +  c)m  =  am  —  bm  +  cm, 

(a-b){c-d)  =  ac-ad-bc  +  bd. 

[See  Elementary  Algebra^  Arts.  33,  35.] 

And  since  division  is  the  reverse  of  multiplication,  the  distri- 
butive law  for  division  requires  no  separate  diiscussion. 

III.  The  Laws  of  Indices. 

(i)  oT  xa''  =  a"*"*"", 


-ra=a 


(ii)  (ay  =  a"". 

[See  Elementary  Algebra,  Art.  233  to  235.] 

These  laws  are  laid  down  as  fundamental  to  our  subject^  having 
been  proved  on  the  supposition  that  the  symbols  employed  are 
positive  and  integral,  and  that  they  are  restricted  in  such  a  way 
that  the  operations  above  indicated  are  arithmetically  intelligible. 
If  these  conditions  do  not  hold,  by  the  principles  of  Symbolical 
Algebra  we  assume  the  laws  of  Arithmetical  Algebra  to  be  true 
in  every  case  and  accept  the  interpretation  to  which  this  assump- 
tion leads  us.  By  this  course  we  are  assured  that  the  laws  of 
Algebraical  operation  are  self-consistent,  and  that  they  include  in 
their  generality  the  particular  cases  of  ordinary  Aritlunetic. 

609.  From  the  law  of  commutation  we  deduce  the  rules 
for  the  removal  and  insertion  of  brackets  [Elementary  Algebra^ 
Arts.  21,  22] ;  and  by  the  aid  of  these  rules  we  establish  the  law 
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of  distribution  as  in  Art.  35.     For  example,  it  is  proved  that 

(a  —  b)(c  —  d)  =  ac  —  ad—bc-\-  bd, 

with  the  restriction  that  a,  b,  c,  d  are  positive  integers,  and  a 
greater  than  5,  and  c  greater  than  d.  Now  it  is  the  province  of 
Symbolical  Algebra  to  interpret  results  like  this  when  all  restric- 
tions are  removed.  Hence  by  putting  a  =  0  and  o  =  0,  we  obtain 
(—  b)  X  (—d)  =  bd,  or  the  product  of  two  negative  quantities  is 
positive.  Again  by  putting  6=0  and  c=  0,  we  obtain  a  x  (—d)=—ad, 
or  the  prodvAit  of  two  quantities  of  opposite  signs  is  negative. 

We  are  thus  led  to  the  Hule  of  Signs  as  a  direct  consequence 
of  the  law  of  distribution,  and  henceforth  the  rule  of  signs  is 
included  in  our  fundamental  laws  of  operation. 

510.  For  the  way  in  which  the  fundamental  laws  are  applied 
to  establish  the  properties  of  algebraical  fractions,  the  reader  is 
referred  to  Chapters  xix.,  xxi.,  and  xxii.  of  the  Ulementa/n/  Algebra; 
it  will  there  be  seen  that  symbols  and  operations  to  which  we 
cannot  give  any  a  priori  definition  are  always  interpreted  so  as 
to  make  them  conform  to  the  laws  of  Arithmetical  Algebra. 

511.  The  laws  of  indices  are  fully  discussed  in  Chapter  xxx. 
of  the  Elementary  Algebra,  When  m  and  n  are  positive  integers 
and  m  >  71,  we  prove  directly  from  the  definition  of  an  index  that 

a    y^  a  =a      \         a  -t- a  =a      j         \a  )  =a    . 

We  then  assume  the  first  of  these  to  be  true  when  the  indices 
are  free  from  all  restriction,  and  in  this  way  we  determine  mean- 
ings for  symbols  to  which  our  original  definition  does  not  apply. 

The  interpretations  for  a',  a°,  a""  thus  derived  from  the  first  law 
are  found  to  be  in  strict  conformity  with  the  other  two  laws; 
and  henceforth  the  laws  of  indices  can  be  applied  consistently  and 
with  perfect  generality. 

512.  In  Chapter  viii.  we  defined  the  symbol  i  or  J—\  as 
obeying  the  relation  t*  =  —  1.  From  this  definition,  and  by 
making  i  subject  to  the  general  laws  of  Algebra  we  are  enabled 
to  discuss  the  properties  of  expressions  of  the  form  a  + 16,  in 
which  real  and  imaginary  quantities  are  combined.  Such  forms 
are  sometimes  called  complex  numbers,  and  it  will  be  seen  by 
reference  to  Articles  92  to  105  that  if  we  perform  on  a  complex 
number  the  operations  of  addition,  subtraction,  multiplication, 
and  division,  the  result  is  an  general  itself  a  complex  number, 
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Also  since  every  rational  function  involves  no  operations  but 
those  above  mentioned,  it  follows  that  a  rational  function  of  a 
complex  number  is  in  general  a  complex  number. 

Expressions  of  the  form  a'^'y  log(a;  +  iy)  cannot  be  fully 
treated  without  Trigonometry;  but  by  the  aid  of  De  Moivre's 
theorem,  it  is  easy  to  shew  that  such  functions  can  be  reduced  to 
complex  numbers  of  the  form  A  +  iB, 

The  expression  e*"*"'"  is  of  course  mcluded  in  the  more  general 
form  oT^^'y  but  another  mode  of  treating  it  is  worthy  of  attention. 

We  have  seen  in  Art.  220  that 

e'—Lvm  (1  +  —  )  J  when  n  is  infinite, 

X  being  any  real  quantity;  the  quantity  e*^  may  be  similarly 
defined  by  means  of  the  equation 

^  =  Lim  [  1  + j  ,  when  n  is  infinite, 

X  and  y  being  any  real  quantities. 

The  development  of  the  theory  of  complex  numbers  will  be 
found  fully  discussed  in  Chapters  x.  and  xi.  of  Schlomilch's 
Homdbuch  der  algehraischen  Analysis, 

513.  We  shall  now  give  some  theorems  and  examples  illus- 
trating methods  which  will  often  be  found  useful  in  proving 
identities,  and  in  the  Theory  of  Equations. 

514.  To  find  the  remamider  when  amy  rational  integral  function 
of  X  is  divided  6y  x  -  a. 

Let  /(x)  denote  any  rational  integral  function  of  x ;  divide 
y{x)  hjx-a  until  a  remainder  is  obtained  which  does  not  involve 
x;  let  Q  be  the  quotient,  and  B  the  remainder ;  then 

/(x)^Q{x'a)-hR 

Since  JR  does  not  involve  x  it  will  remain  unaltered  whatever 
value  we  give  to  x ;  put  x  =  a,  then 

/(a)^QxO  +  li; 
now  Q  is  finite  for  finite  values  of  a;,  hence 
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Cor.     lf/(x)  is  exactly  divisible  by  oj  -  a,  then  i?  =  0,  that  is 
/(a)  =  0 ;  hence  if  a  rational  integral  function  of  x  vanishes  when 
X  =  a,  it  is  divisible  by  x  —  &, 

615.  The  proposition  contained  in  the  preceding  article  is  so 
useful  that  we  give  another  proof  of  it  which  has  the  advantage 
of  exhibiting  the  form  of  the  quotient. 

Suppose  that  the  function  is  of  n  dimensions,  and  let  it  be 
denoted  by 

then  the  quotient  will  be  of  w  -  1  dimensions ;  denote  it  by 

q^""'  +  q^^^' + s'aaj""'  +  •  •  •  +  s'.-i ; 

let  a  be  the  remainder  not  containing  x ;  then 

Po^  -^PiXi"''  +i?ga:""'  +i>8aj""*  +  ...  +p^ 

=  (aj  -  a)  (q^x"-'  +  q^x""'  +  g'^jc""'  +  . . .  +  5^^,  J  +  E. 

Multiplying  out  and  equating  the  coefficients  of  like  powers  of  x, 
we  have 

qo=Po> 

9i'-^o=Piy  or  q,  =  aq^+p,; 

9,-^i=P2y  or  q,  =  aq,+p^; 

^  -  ^n^i=Pn^  or  B  =  aq^^^  +^7,; 

thus  each  successive  coefficient  in  the  quotient  is  formed  by 
multiplying  by  a  the  coefficient  last  formed,  and  adding  the 
next  coefficient  in'  the  dividend.  The  process  of  finding  the 
successive  terms  of  the  quotient  and  the  remainder  may  be 
arranged  thus : 

Po       Pi       P^      Pz       Pn-l       P. 
aq^     aq^     aq^     aq^,^     aq^_^ 

%       ^1       ^2       %       9'„-i       ^ 
Thus       R  =  aq^_^  +p^  =  a  (aq^_^  +^„_,)  +  p„  = 

If  the  divisor  is  a?  +  a  the  same  method  can  be  used,  only  in 
this  case  the  multiplier  is  -  a, 

H.  H.  A.  28 
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Example,    Find  the  quotient  and  remainder  when  dx^  -x^+ Six* + 21a;  +  5 
is  divided  hj  x  +  2. 

Here  the  multiplier  is  -  2,  and  we  have 

8   -1      0      31      0      0      21      6 
-6     U   -28   -6    12   -24      6 

3   -7     14        3   -6     12   -   3    11 

Thus  the  quotient  is  Sx^-lx^  +  Ux*  +  Sx^-6x^+12x-S,  and   the    re- 
mainder is  11. 

616.  In  the  preceding  example  the  work  has  been  abridged 
by  writing  down  only  the  coefficients  of  the  several  terms,  zero 
coefficients  being  used  to  represent  terms  corresponding  to  powers 
of  X  which  are  absent.  This  method  of  Detached  Coefficients  may 
frequently  be  used  to  save  labour  in  elementary  algebraical 
processes,  particularly  when  the  functions  we  are  dealing  with 
are  rational  and  integral.     The  following  is  another  illustration. 

Example,     J>iYideSx/^-Qx^-53fi+2Qx^-SSx  +  26hy  a^-2x^-4x  +  8, 

1+2  +  4-8)3-8-   6  +  26-33  +  26(3-2  +  3 
3  +  6  +  12-24 

-2+   7+  2-33 
_2-   4-   8  +  16 


3-   6-17  +  26 
8+  6  +  12-24 


-6+2 
Thus  the  quotient  is  3a;'  -  2a; + 3  and  the  remainder  is  -  6a;  +  2. 

It  should  be  noticed  that  in  writing  down  the  divisor,  the  sign  of  every 
term  except  the  first  has  been  changed ;  this  enables  us  to  replace  the  process 
of  subtraction  by  that  of  addition  at  each  successive  stage  of  the  work. 

517.  The  work  may  be  still  further  abridged  by  the  following 
arrangement,  which  is  known  as  Homer's  Method  of  Synthetic 
Division, 

3-8-   5  +  26-33  +  26 
6  +  12-24 
-   4-   8  +  16 

6  +  12-24 


1 

2 

4 

-8 


3-2+    3+   0-   5+    2 


[Explanation,  The  column  of  figures  to  the  left  of  the  vertical  line 
consists  of  the  coefficients  of  the  divisor,  the  sign  of  each  after  the  first  being 
changed;  the  second  horizontal  line  is  obtained  by  multiplying  2,  4,  -8 
by  3,  the  first  term  of  the  quotient.  We  then  add  the  terms  in  the  second 
column  to  the  right  of  the  vertical  line ;  this  gives  -  2,  which  is  the  coeffi- 
cient of  the  second  term  of  the  quotient.    With  the  coefficient  thus  obtained 
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vre  form  the  next  horizontal  line,  and  add  the  terms  in  the  third  column ; 
this  gives  3,  which  is  the  coefficient  of  the  third  term  of  the  quotient. 

By  adding  up  the  other  columns  we  get  the  coefficients  of  the  terms  in 
the  remainder.] 

Example,     Divide  6a«  +  6a*6  -  Sa^h^  -  6a^b^  -  6ah*  by  2a^  +  Sa^b  -  b^ 
to  four  terms  in  the  quotient. 


6+6-8-6-6 
-9+0+3 
6  +  0-2 
3  +  0 


-   1 
12  +  0-4 


3-2-1  +  0-4 1  +11  +  0-4 


2 
3 
0 
1 


Thus  the  quotient  is  Sa^  -  2ab  -  b^  -  ^a-^b^  and  116»-4a-267  ig  the 
remainder. 

Here  we  add  the  terms  in  the  several  colunms  as  before,  but  each  sum  has 
to  be  divided  by  2,  the  first  coefficient  in  the  divisor.  When  the  requisite 
number  of  terms  in  the  quotient  has  been  so  obtained,  the  remainder  is 
found  by  merely  adding  up  the  rest  of  the  columns^  and  setting  down  the 
results  vdthout  division. 

The  student  may  easily  verify  this  rule  by  working  the  division  by 
detached  coefficients. 

518.  The  principle  of  Art.  514  is  often  useful  in  proving 
algebraical  identities;  but  before  giving  any  illustrations  of  it 
we  shall  make  some  remarks  upon  Symmetrical  and  Alternating 
Functions. 

A  function  is  said  to  be  symmetrical  with  respect  to  its  vari- 
ables when  its  value  is  unaltered  by  the  interchange  of  any  pair 
of  them ;  thus  x  +  y  +  z,  bc  +  ca  +  ab,  oc^  +  ^  +  z^  —  ocyz  are  sym- 
metrical functions  of  the  first,  second,  and  third  degrees  respec- 
tively. 

It  is  worthy  of  notice  that  the  only  symmetrical  function  of 
the  first  degree  in  x,  y,  z  is  of  the  form  M(x  +  y-\-z)y  where  M  is 
independent  of  a?,  y,  z, 

519.  It  easily  follows  from  the  definition  that  the  sum, 
difference,  product,  and  quotient  of  any  two  symmetrical  expres- 
sions must  also  be  symmetrical  expressions.  The  recognition  of 
this  principle  is  of  great  use  in  checking  the  accuracy  of  alge- 
braical work,  and  in  some  cases  enables  us  to  dispense  with  much 
of  the  labour  of  calculation. 

For  example,  we  know  that  the  expansion  of  (x  +  y  +  zY  must 
be  a  homogeneous  function  of  three  dimensions,  and  therefore 
of  the  form  a;^  +  y^  +  »*  +  -4  (x'y  +  osy'  +  y'z  +  yz^  +  z'x  +  zaf)  +  Bxyz, 
where  A  and  B  are  quantities  independent  of  a?,  y,  z. 

28—2 
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Put  « =  0,  then  -4  =  3,  being  the  coefficient  of  x^y  in  the  ex- 
pansion of  (a;  +  yf* 

Put  05  =  y  =  »  =  1,  and  we  get  27  =  3  +  (3  x  6)  +  ^ ;  whence 
^  =  6. 

Thus  (a?  +  y  +  %f 

=  a^  +  y^  +  z'^  +  3aff/  +  3a;y"  +  Sy'z  +  3y^  +  3z'x  +  3zaf  +  6asyz. 

520.  A  function  is  said  to  be  alternating  with  respect  to  its 
variables,  when  its  sign  but  not  its  value  is  altered  by  the  inter- 
change of  any  pair  of  them.     Thus  05  — y  and 

a»(6-c)  +  6»(c-a)+c»(a-6) 

are  alternating  functions. 

It  is  evident  that  there  can  be  no  linear  alternating  function 
involving  more  than  two  variables,  and  also  that  the  product  of 
a  symmetrical  function  and  an  alternating  function  must  be  an 
alternating  function. 

521.  Symmetrical  and  alternating  functions  may  be  con- 
cisely denoted  by  writing  down  one  of  the  terms  and  prefixing 
the  symbol  S;  thus  2a  stands  for  the  sum  of  all  the  terms  of  which 
a  is  the  type,  Soft  stands  for  the  sum  of  all  the  terms  of  which 
ah  is  the  type;  and  so  on.  For  instance,  if  the  function  involves 
four  letters  a,  6,  o,  d, 

Sa  =  a  +  5  +  c  +  (^; 

Soft  =  ah  +  ac  +  ad  +  bc  +  bd  +  cd; 
and  so  on. 

Similarly  if  the  function  involves  three  letters  a,  b,  c, 

2a' (6  -  c)  =  a»(6  - c)  4- b'{c -a) -^c\a-b); 

%a'bc  =  a'bc  +  b'ca  +  c^ah; 
and  so  on. 

It  should  be  noticed  that  when  there  are  three  letters  involved 
2a*6  does  not  consist  of  three  terms,  but  of  six :  thus 

%a'b  =  a'b  +  a'c  +  b'c  +  b'a  +  c^a  +  c% 

The  symbol  2  may  also  be  used  to  imply  summation  with 
regard  to  two  or  more  sets  of  letters;  thus 

Sy«  (b  -  c)  =  yz  (b  -  c)  +  zx  (c  -  a)  +  xy  (a  -  b). 
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522.  The  above  notation  enables  us  to  express  in  an  abridged 
form  the  products  and  powers  of  symmetrical  expressions :  thus 

{a  +  h  +  c)*  =  Sa*  +  32a'6  +  6a5c ; 

(a  +  6  +  c)*  =  Sa*  +  4Sa'6  +  6Sa«6"  +  122a"6c; 

Example  1.     Prove  that 

Denote  the  expression  on  the  left  by  E ;  then  E  is  a  fanotion  of  a  whioh 
vanishes  when  a=0;  hence  a  is  a  factor  of  E ;  similarly  5  is  a  factor  of  E. 
Again  E  vanishes  when  a=  -b,  that  is  a  +  &  is  a  factor  of  E;  and  therefore 
E  contains  ab  (a  +  &)  as  a  factor.  The  remaining  factor  must  be  of  two 
dimensions,  and,  since  it  is  symmetrical  with  respect  to  a  and  5,  it  must  be 
of  the  form  Aa^+ Bab +  Ab^;  thus 

{a  +  b)^'-a^-l^=ab(a  +  b)(Aa^+BaJ)  +  Ah^), 

where  A  and  B  are  independent  of  a  and  5. 

Putting  a=ly  6  =  1,  we  have  15=2A  +  B; 
putting        a = 2,  6  =  - 1,  we  have  15 = 6^  -  2B  j 
whence  A =5,  B  =  5;  and  thus  the  required  result  at  once  follows. 

Example  2.     Find  the  factors  of 

(63  +  c3)(6-c)  +  (c8  +  a8)(c-a)  +  (a3  +  68)(a_j). 

Denote  the  expression  by  E;  then  £  is  a  function  of  a  which  vanishes 
when  a=&,  and  therefore  contains  a- 5  as  a  factor  [Art.  514].  Similarly  it 
contains  the  factors  b-c  and  c-a;  thus  E  contains  {b  -  c)  (c  -  a)  (a  -  &)  as  a 
factor. 

Also  since  E  is  of  the  fourth  degree  the  remaining  factor  must  be  of  the 
first  degree ;  and  since  it  is  a  symmetrical  function  of  a,  5,  c,  it  must  be  of 
the  form  M{a  +  b  +  c),    [Art.  618] ; 

.'.  E=M{b-c){c-a){a-'b)(a  +  b+c), 

To  obtain  M  we  may  give  to  a,  6,  c  any  values  that  we  find  most  con- 
venient; thus  by  putting  a=0,  b=l,  c  =  2,  we  find  Jlf=l,  and  we  have  the 
required  result. 

Example  3.     Shew  that 
{x  +  y  +  z)^-a^-y^-sfi=5(y  +  z){z+x){x+y)(x^-\'y^  +  z^  +  yz  +  zx+xy). 

Denote  the  expression  on  the  left  by  E;  then  E  vanishes  when  y=  -«, 
and  therefore  y-^z  is  a  factor  of  E;  similarly  z+x  and  x+y  are  factors; 
therefore  E  contains  {y+z){z+x)  (x  +^)  as  a  factor.    Also  since  E  is  of  the 
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fifth  degree  the  remaining  factor  is  of  the  second  degree,  and,  sinoe  it  id 
symmetrical  in  x,  y,  2,  it  must  be  of  the  form 

A(a^-\'y^-\'Z'^)-\-B(yz-\-zx  +  xy). 

Puta;=y=2!=l;  thnslO=^+B; 
put        05=2,  y=l,  x;  =  0;  thus  35  =  5^  +  25; 
whence  A=B=5, 

and  we  have  the  required  result. 

523.  We  collect  here  for  reference  a  list  of  identities  which 
are  useful  in  the  transformation  of  algebraical  expressions ;  many 
of  these  have  occurred  in  Chap.  xxix.  of  the  Elementary  Algebra, 

S6c(6-c)  =  -  {b-c){C'-a)(a-b), 

2a«(6_c)  =  -(6-c)(c-a)(a-6). 

Sa(6"-c«)  =  (6-c)(c-a)(a-6). 

2a'  {b  -c)  =  -  {b  -  c)  {c  -  a)  (a  -b)  (a  -hb  +  c). 

a'  +  6'  +  c' -  3ahc  =  (a  +  b  +  c)(a'+b'-hc'-bc-ca-  ah). 

This  identity  may  be  given  in  another  form, 

a»  +  58  +  c'-3a6c  =  :^(a  +  6  +  c){(6-c)"  +  (c-a)"  +  (a-6)"}. 

{b-cy-\-{c-aY-\-{a-bf  =  Z{b''C){c-a){a^b). 
(a  +  6  +  c)'  -  a®  -  6'  -  c*  =  3  (6  +  c)  (c  +  a)  (a  +  b), 
26c  (6  +  c)  +  2abc  =(b  +  c)(c  +  a)  {a  +  b). 
2a'(6  +  c)  +  2ahc=  (b  +  c)(c  +  a)(a  +  b), 
{a  +  b-{-c){bc  +  ca-\-  ah)  -  ahc  =  (6  +  c)  (c  +  a)  {a  +  b), 
26  V  +  2cV  +  2aV  ^a^-b^-c" 

=  (a  +  6  +  c)  (6  +  c  -  a)  (c  +  a  -  6)  (a  +  6  -  c). 


EXAMPLES.    XXXIV.  a. 

1,  Find  the  remainder  when  3^ + 1 1^ + 90^;*  -  19a7  +  53  is  divided 
by  ^  +  5. 

2.  Find  the  equation  connecting  a  and  b  in  order  that 
may  be  divisible  by  ;r  -  3. 
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3.  Find  the  quotient  and  remainder  when 
:F5-5^+9^-6a?2-16a7+13  is  divided  by  a;2-ar+2. 

4.  Find  a  in  order  that  a;^  —  7^ + 5  may  be  a  factor  of 

5.  Expand    ._     ,    ^  ^ — ^  in  descending  powers  of  ^  to  four 

terms,  and  find  the  remainder. 

Find  the  factors  of 

6.  a(5-c)3+ft(c-a)3+c(a-6)8. 

7.  a*(62_c2)  +  6*(c2-a2)+c*(a2-62). 

8.  (a+6  +  c)3-(6  +  c-a)3-(c+a-5)3-(a  +  6-c)3. 

9.  a(6-c)2+6(c-a)2+c(a-6)2+8a6c. 

10.  a(6*-c*)  +  6(c*-a*)  +  c(a*-5*). 

11.  {J)C-\-ca-\-  oibf  -  ft3c3  -  <?a^  -  aW. 

12.  (a+6+c)*-(6+c)*-(c  +  a)*-(a+«»)*+a*+M+c*. 

13.  ia+h  +  cf-(J)+c-af''{c+a-hf-{a-\-h-cf. 

14.  (a7-a)S(6-c)s+(a7-6)3(c-a)3+(^-c)3(a-&)3. 

Prove  the  following  identities  : 

15.  2(&+c-2a)3=3(6+c-2a)(c+a-26)(a+6-2c). 

a(6-c)2  5(c-a)2  o(a-6)2     _ 

^^'    ((;-a)(a-6)'^(a-6)(6-(;)'^(6-c)(c-a)""^'^'^'^^' 

17       2a         26         2c       (6-c)(c-a)(a-5) 
^''    a+6'^6+c'^c+a'^(6+c)(c+a)(a+6)"" 

18.    2a2(6+c)-Sa3-2a6c=(6+c-a)(c+a-6)(a+6-c). 

^^-    (a_6)(a-c)  +  (6-c)(6-a)  +  (c-a)(c-6)""^''+'''*+''^' 

20.  42(6-c)(6+c-2a)2=92(6-.c)(6+c-a)2. 

21.  (y+;?)2(;?+^)2(a;+y)2=:2^(y+;?)2+2(5y2;)3-.2a;V'^^- 

22.  S(a6-c2)(ac-52)=(22^)(5jc-Sa2). 

23.  a6c  (Sa)3  -  (S6c)3=a&c2a3  -  Sft^cS = (a2  -  6c)  (62  -  ca)  (c2  -  ah). 

24.  2(6-c)3(6+c-2a)=0;  hence  deduce  20 -y)O+y-2a)8=0. 
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25.  (b+cy+{c+ay+{a+hY-S{b+c){c+a)(a+h) 

26.  If  a!=b+c-a,2/=o-{-a-bf  z=a+b-Cy  shew  that 

27.  Prove  that  the  value  of  a^+l^+<?-Zabc  is  unaltered  if  we 
substitute  «  — a,  «- 6,  «-  c  for  a,  5,  c  respectively,  where 

3«=2  (a  +  6+c). 
Find  the  value  of 

^*    {a-b){a-c){jc-ay  {b-c){b-'a)(X''by  (c-a){C'-b){x-c)' 

29.      7 TT} ^+77 wT x  + 


30. 


(a-6)(a-c)     (6-c)(6-a)     (c-a)(c-6)' 

(g+i?)(a+g)  (^>+i>)(^>+g)  (g+i>)(g+g) 

(a- 6)  (a-c)(a+dr)  "*"  (6-c) (6-a)  (6+^7)  "^  (c-a)  (c-6) (c+o;)  • 


31.    2^___M___.  32.    5 


(a-6)  (a-c)(a— c?) '  *       (a-6)  (a  — c)  (a-cQ  ' 

33.    If  07 +y + i? = «,  and  an^z  =jo^,  shew  that 

3^«     pj  \zs     pj      \z8     pj  \a:s    p)      yxs     p)  \yi     p)      s  ' 


Miscellaneous  Identities. 

524.  Many  identities  can  be  readily  established  by  making 
use  of  the  properties  of  the  cube  roots  of  unity;  as  usual  thes0 
will  be  denoted  by  1,  co,  w*. 

Example*    Shew  that 

(x-^-yf  -^  -y^ =lxy  (x+y)  {a?+xy+y^)K 

The  expression,  E^  on  the  left  vanishes  when  x=0,  y=Of  x-{-y=:0; 
hence  it  must  contain  xy  {x+y)  as  a  factor. 

Patting  a; =(tfy,  we  have 

JE7=  {(1  + W)7- w7_  1}  y7=  |(_  t^)7_  t^7_  IJ  y7 

hence  E  contains  a;  -  w^  as  a  factor;  and  similarly  we  may  shew  that  it  con- 
tams  X  -  ul^y  as  a  factor ;  that  is,  E  is  divisible  by 

{x  -  wy)  (x  -  w^),  OT  X*  -V  x'y  -vy* . 
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Further,  E  being  of  seven,  and  xy{x+y)  (a?+xy+^  of  five  dimensions, 
the  remaining  factor  must  be  of  the  form  A  {x^ + ^)  +  Bxy ;  thus 

{x+yy-aF-i/f=xy(z+y){ix^+xy+y^){Aiii?+Bxy+Ay^). 

Putting  05=1,  y=l,  we  have  21=2A+B; 
putting        05=2,  y= -  1,  we  have  21  =  5^4  -  2B ; 
whence  ^4=7,  B=7; 

.-.  {x+yy-x'^-y'^  =  '!xy{x+y){si^  +  ixy+y^K 

525.  We  know  from  elementary  Algebra  that 

a*  +  6*  +  c'  -  Babe  =  (a  +  6  +  c)(a'  +  6*  +  c'  -  6c  -  ca  -  a5) , 
also  we  have  seen  in  Ex.  3,  Art.  110,  that 

a'  +  6'  +  c*  —  6c  —  ca  —  a6  =  (a  +  0)6  +  w'c)  (a  +  <j/b  +  ok;)  ; 

hence  a*  +  6®  +  c*  —  Sahc  can  be  resolved  into  three  linear  factors; 
thus 

a'  +  6^  +  c'  -  3ahc  =  (a  +  6  +  c)  (a  +  wJ  +  co'c)  {a  +  <o^b  +  wc). 

Example,    Shew  that  the  product  of 

a'+J^+c'-Softc  and  a^+y^+n^-Bxyz 
can  be  put  into  the  form  A^+B^+(P-BABC. 

The  product       =  (a + 6 + c)  (a + w6  +  w^c)  (a  +  w^j  ^  ^^^j 

X  {aj+y  +  2!)(a;+wy  +  w*2!)  {x+uthf  +  uz). 
By  taking  these  six  factors  in  the  pairs  (a  +  b  +  c)  (x+y  +  z); 

(a+w6  +  w'c)(a;  +  w^  +  wz);  and  (a+w^6  +  wc)  (aj+wy  +  w^z), 
we  obtain  the  three  partial  products 

A+B  +  C,  A  +  (aB  +  (a*C,  A  +  (,r^B  +  uC, 
where  A=ax+hy+cz,  B=bx+cy  +  az,  C=cx+ay  +  bz. 

Thus  the  product = (-4 +B  +  C)  C^  +  wB  +  w^O)  {A  +  u^B  +  wC) 

z^A^+B^+C^-BABC. 

526.  In  order  to  find  the  values  of  expressions  involving 
a,  6,  c  when  these  quantities  are  connected  by  the  equation 
a+  b  +  c  =  Of  we  might  employ  the  substitution 

a  =  h  +  ky     b  =  it>h  +  o)*Aj,     c  =  m'h  +  atk. 

If  however  the  expressions  involve  a,  b,  c  symmetrically  the 
method  exhibited  in  the  following  example  is  preferable. 
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Example,     If  o  +  6  +  c  =  0,  shew  that 

6(a5  +  6«  +  c«)  =  6(a8+6S  +  c3)  (a2  +  6«  +  c2). 

We  have  identically 

(1  +  ax){l  +  bx)  (1  +  cx)  =  l  +px  +  qx^  +ra^, 

where  |)=a+6  +  c,  q=bc  +  ca+ab,  r=abc. 

Hence,  using  the  condition  given, 

{l'\-ax){l  +  bx){l  +  cx)  =  l  +  qx^-\'ra^. 

Taking   logarithms   and    equating    the   coefficients   of   x^t    we    have 
/_  i)n-i 
i — (a** + 6* + c*)  —  coefficient  of  sc*  in  the  expansion  of  log  ( 1  +  gx^  ^  ^j 

=coefficient  of  ac*  in      {qa^+ra?)  -^{qix^  +  rai?)^+-^{qix^-\'nx^)^-  ... 

By  putting  n=2,  3,  6  we  obtain 

aa+6a+c2  a'  +  fc^  +  c^  a^  +  V^+c^ 


^        =?,  5 =»•»   i =-qr; 

whence 


2  ""  3 '»  6 

a8  +  6B  +  c«     a^+b^  +  c^     a^+h^  +  c^ 


and  the  required  result  at  once  follows. 

Ifa=5-7,  6=7- a,  c=a-Py  the  given  condition  is  satisfied;    hence 
we  have  identically  for  all  values  of  a,  /3,  y 

6{(/3-7)»+(7-a)''  +  (a-m 

^5  {03-y)»+(7-a)3  +  (a-iS)«}  {{fi - y)^  +  {y  a)^  +  (a - fi)^} 
that  is, 

(/3-7)«  +  (7-a)»  +  (a-j8)5=5(/3-7)(7-a)(o-iS)(a8+/32  +  7«-j87-7tt-ai3); 
compare  Ex.  3,  Art.  522. 


EXAMPLES.    XXXIV.  b. 

1.  If  (a  +  6  +  c)5  =  a^  +  6^  +  c^,  shew  that  when  w  is  a  positive 
integer  (a+6+c)2»+i=a2~+i  +  62n+i+c2»+i. 

2.  Shew  that 

(a-h<oh  +  <a^cf+(a+iD^b  +  (acf=(2a-b-c)(2b-c-a)(2C'-a-b). 

3.  Shew  that  (^+y)'*-.a?**-y*  is  divisible  by  ^(^+^+y2),  if 
7i  is  an  odd  positive  integer  not  a  multiple  of  3. 

4.  Shew  that 

a^  {bz  -  c^/)^ +b^{cx-  azf + c^  {ay  -  bxf = Zahc  (bz  -cy){cx  —  az)  {ay  —  hx). 
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5.  Find  the  value  of 

(6  -  c)  (c  -  a)  (a  -  6)  +  (ft  -  ac)  (c  -  oaa)  (a  -  ab) +(b-  to^c)  (c  -  a^a)  (a  -  (o^b), 

6.  Shew  that  (a^  +  b^+c^-bc-ca-ab)  (ai^+^^  +  z^-^/^-zon-an/) 
may  be  put  into  the  form  A^+J8^  +  C^-BC-CA- AB. 

7.  Shew  that  (a^  +  db+l^)  (a^+a^t/  +  i/^)  can  be  put  into  the  form 
A^+AB+B^y  and  find  the  values  of  A  and  B, 

Shew  that 

8.  2  (a2  +  26c)3  -  3  (a2 + 25c)  (b^ + 2ca)  ((^  +  2ah)  =  (a^  +  fts  +  c^  -  3abcy, 

9.  %(a^-bcf-d{a^-bc){b^-m)(c^---ah)^{a^+b^+(^-Zabcf. 

10.  (a2+62+c2)3+2(6c+ca+a6)3-3(a2+62^c2)(&c  +  ca+a6)2 

=  (a3+53+c3-3a^>c)2. 

If  a+6+c=0,  prove  the  identities  in  questions  11 — 17. 

11.  2(a*+6*+c*)  =  (a2+62+c2)2. 

12.  a^  +  6^  +  cS=  —  5a6c(5c+ca+a6). 

13.  a^+bf^+<fi=3a^b^(^-2{bo+ca+abf. 

14.  3(a2  +  62+c2)(a6  +  &6+c6)  =  5(a3+63+c3)(a*+6*+c*). 
a^  +  fe^+c^     a5+56+c6  a2+62+c2 


15. 


5 


16.  f^%^_z^  +  ?L:_^)f  «  +A+_£_)^9. 

\a  6  c    J  \b-c     c  —  a     a-bj 

17,    (52c + c2a + a2&  -  3a6c)  (6c2 + ca^ +al^-  Sabc) 

^(bc+ca+ ahf + 27a262c2. 

18.   2f>{{2f-zf+{z-^Y+{^-yY}{i2f-'zf+{z-xf+{^-yY} 

=21  {(^-'Zf+iz-xf+{x-yf}\ 

19.       {(y-0)2  +  (0-^)2  +  (^-y)2}»-54(y-0)2(0-^)2(^_y)2 

=  2(y+J?-2a7)2(e+a?~2y)2(a?+y-2;3;)2. 

20.     (6-c)6+(c-a)«  +  (a-6)6-3(6-c)2(c-a)2(a-6)2 

=2(a2+62+c2-.5c-ca-a6)3. 

21*.    (6-c)7+(c-a7  +  (a-6y 

=7(6-c)(c-a)(a-6)(a2+62+c8-6c-ca-a6)2. 

22.    If  a  +  5+c=0,  and  x+y  +  0=0,  shew  that 
4  (cw7  + 6y +C2;)3  -  3  (flw?+2>y +c^;)  (a2+62+c2)  (4;8+y2+02) 

-  2  (6  -  c)  (c  -  a)  (a  -  6)  (y  -  2!)  (i;  -  a?)  {a!—y)= b4abcxyz. 
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If  a  +  b+c  +  c?=0,  shew  that 

^  6  -  3  •  2  • 

=9  (6c  -  ad)  {ca  -  bd)  {ah  -  cd), 

25.  If  2«=a+6+c  and  2<r2=a2+6«  +  c*,  prove  that 

5  («- 6)  («- c)  (<r2  -  a^)  +  6a6<» = («2  -  <r2)  (4«2 + or^). 

26.  Shew  that  {a^+^'^y+Zxy^-ff+(7/^+Qxy^+^ixhf-ix^Y 

^'2nxy{x+y)  {oi^+xy+y^)\ 


27.    Shew  that  2 


a« 


(a— 6)  (a- c)  (a -of) 


28.    Besolve  into  factors 

*2a262c2 + (a3 + 63 + ^3)  a6c + 63c3 + c3a8 + a363. 


Elimination. 

527.  In  Chapter  xxxiii.  we  have  seen  that  the  eliminant  of 
a  system  of  linear  equations  may  at  once  be  written  down  in  the 
form  of  a  determinant.  General  methods  of  elimination  ap- 
plicable to  equations  of  any  degree  will  be  found  discussed  in 
treatises  on  the  Theory  of  Equations ;  in  particular  we  may  refer 
the  student  to  Chapters  iv.  and  vi.  of  Dr  Salmon's  Lessons  Intro- 
ductory to  the  Modem  Higher  Algebra^  and  to  Chap.  xiii.  of 
Burnside  and  Panton's  Theory  of  Equations, 

These  methods,  though  theoretically  complete,  are  not  always 
the  most  convenient  in  practice.  We  shall  therefore  only  give  a 
brief  explanation  of  the  general  theory,  and  shall  then  illustrate 
by  examples  some  methods  of  elimination  that  are  more  practi- 
cally  useful. 

528.  Let  us  first  consider  the  elimination  of  one  unknown 
quantity  between  two  equations. 

Denote  the  equations  byy(a3)  =  0  and  <^(a;)  =  0,  and  suppose 

that,  if  necessary,  the  equations  have  been  reduced  to  a  form  in 

which  y(a;)  and  ^{x)  represent  rational  integral  functions  of  x. 

Since  these  two  functions  vanish  simultaneously  there  must  be 

some  value  of  x  which  satisfiiea  \>o\\i  \i\\^  ^wert  ^bo^^tiona  \  hence 
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the  eliminant  expresses  the  condition  that  must  hold  between  the 
coefficients  in  order  that  the  equations  may  have  a  common  root. 

Suppose  that  x  =  a,  x  =  Py  aj  =  y,...  are  the  roots  of  y*(a;)  =  0, 

then  one  at  least  of  the  quantities  <^(a),  <l>(fi),  <t>{y)i .-.  must 

be  equal  to  zero ;  hence  the  eliminant  is 

«^(«»)«/'08)«^(r) =  0. 

The  expression  on  the  left  is  a  symmetrical  function  of  the 
roots  of  the  equation  /(x)  =  0,  and  its  value  can  be  found  by  the 
methods  explained  in  treatises  on  the  Theory  of  Equations. 

529.  We  shall  now  explain  three  general  methods  of  elimina- 
tion: it  will  be  sufficient  for  our  purpose  to  take  a  simple 
example,  but  it  will  be  seen  that  in  each  case  the  process  is 
applicable  to  equations  of  any  degree. 

The  principle  illustrated  in  the  following  example  is  due  to 
Euler. 

Example,    Eliminate  x  between  the  equations 

Let  a;  +  ^  be  the  factor  corresponding  to  the  root  common  to  both  equa- 
tions, and  suppose  that 

aafi-\-hx^-\-cx-\-dsi(x-\-k)(ax^-\-lx-\-m), 
and  /r' + pa;  +  fe=  (a;  +  k)  (fx+n), 

kf  If  m,  n  being  unknown  quantities. 

From  these  equations,  we  have  identically 

{<ix^'\-bx*+cx+d){fx+n)  =  {(ix^+lx+m){fx^+gx  +  h). 
Equating  coefficients  of  like  powers  of  x,  we  obtain 

fl         -an+ag-bf=0, 

gl+fm  -bn-hah-  c/=0, 

hl-hgm-cn        -d/=0, 

hm  —  dn  =0. 

From  these  linear  equations  by  eliminating  the  unknown  quantities  I,  m. 
Tit  we  obtain  the  determinant 


f  0  a  ag-hf 

g  f  b  ah-cf 

h  g  c  -df 

0  h  d  0 


=0. 
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530.  The  eliininant  of  the  equations  f(x)  =  0,  <^  (05)  =  0  can 
be  very  easily  expressed  as  a  determinant  by  Sylvester^s  Dialytic 
Method  of  Mimination.  We  shall  take  the  same  example  as 
before. 

Example,    Eliminate  x  between  the  equations 

aa^  +  ha^  +  ex  +  d=Of  fa^+gx  +  h=0. 

Multiply  the  first  equation  by  x^  and  the  second  equation  by  x  and  x^  in 
succession ;  we  thus  have  5  equations  between  which  we  can  eliminate  the  4t 
quantities  x*^  x^,  x^,  x  regarded  as  distinct  variables.    The  equations  are 


aa:'+6a;*+ca;  +  £2=0, 

aa^-\-h3fi-\-cx^  +  dx       =0, 

fx^+gx-\-h=^0. 

fa^  +  gx'^  +  hx       =0, 

fx^-^-gx^+lix^             =0. 

Hence  the  eliminant  is 

0    a     h    c     d 

=0. 

a    b    c     d    0 

0    0    f    g    h 

0    f    g    h    0 

f    g    h    0    0 

531.  The  principle  of  the  following  method  is  due  to  Bezout; 
it  has  the  advantage  of  expressing  the  result  as  a  determinant  of 
lower  order  than  either  of  the  determinants  obtained  by  the  pre- 
ceding methods.  We  shall  choose  the  same  example  as  before, 
and  give  Cauchy*s  mode  of  conducting  the  elimination. 

Example,    Eliminate  x  between  the  equations 

aafi+ba^^-hcx  +  d^O,  fx*+gx-\'h=0. 

From  these  equations,  we  have 

a  __hx^+cx+d 
7^    ga^+hx    * 

ax+h     cx+d 
fx+g        hx    * 

whence  (ag  -  6/)  x^  +  {ah  -cf)x-  df=  0, 

and  (ah-ef)x^-\-{bh-cg-df)x-dg=0. 

Combining  these  two  equations  with 
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and  regarding  x^  and  x  as  distinct  variables,  we  obtain  for  the  eliminant 

/  g  h       =0. 

ag  -  V        ah-cf        -  df 
ah-cf    bh—  cg~df    ~  dg 

532.  If  we  have  two  equations  of  the  form  <^i  (aj,  y)  =  0, 
^2  (a;,  y)  =  0,  then  y  may  be  eliminated  by  any  of  the  methods 
already  explained;  in  this  case  the  eliminant  wiU  be  a  function  of  x. 

If  we  have  three  equations  of  the  form 

^A^y  y»  «)=^>       ^ii^^  y^  ^)  =  ^»       *A8(a^>  y^  «)  =  o, 

by  eliminating  z  between  the  first  and  second  equations,  and  then 
between  the  first  and  third,  we  obtain  two  equations  of  the  form 

«A,  («J>  y) = ^>       «A«  {^^  y) = 0- 

If  we  eliminate  y  from  these  equations  we  have  a  result  of 
the  form/(a3)  =  0. 

By  reasoning  in  this  manner  it  follows  that  we  can  eliminate 
n  variables  between  n+\  equations. 

533.  The  general  methods  of  elimination  already  explained 
may  occasionally  be  employed  with  advantage,  but  the  eliminants 
so  obtained  are  rarely  in  a  simple  form,  and  it  will  often  happen 
that  the  equations  themselves  suggest  some  special  mode  of 
elimination.     This  will  be  illustrated  in  the  foUowing  examples. 

Example  1.    Eliminate  2,  m  between  the  equations 

Ix+my^a^  mx-ly  =  bf  P+m^=l. 

By  squaring  the  first  two  equations  and  adding, 

that  is,  (P  +  m2)  {x^  +  yS)  =  a«  +  fe^ ; 

hence  the  eliminant  is  x*+y^=a^+ bK 

If  l=coB0f  m=sin  d,  the  third  equation  is  satisfied  identically;  that  is, 
the  eliminant  of 

xooa0+yBiD.0=:af  xsind-y  oos0  —  b 

is  x^  +  y^=a'^  +  b\ 
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Example  2.    Eliminate  a;,  y^  z  between  the  equations 
y^-{-z^=ayZf  z*  +  a;'=6zar,  x^  +  y^=:conf, 

tTTi_  y^  z     X     .     X     y 

We  have  ^  +  -=ay  -  +  -  =  6,   -  +  2.=c; 

z      y  X      z  y     X 

by  moltiplying  together  these  three  equations  we  obtain, 

^    t/3     «'      z^     x^     x^     V^ 
«'      y2     a^      2'      y^     x^ 

hence  2  +  (a8-2)  +  (62-2)  +  (c2-2)  =  a6c; 

Example  3.    Eliminate  ;rr,  y  between  the  equations 

x^-y^=px-qy,  4xy  =  qx+py,  x^+y^—1. 

Multiplying  the  first  equation  by  x,  and  the  second  by  y,  we  obtain 

x^  +  Sxy^=p{x^+y^)] 
hence,  by  the  third  equation, 

p=2iifi+Sxy^, 
Similarly  q = Qxhf + yK 

Thus  p+q={s!+y)^i  i>-3=(^-y)'; 

.-.  {p  +  q)^  +  (p-q)^=(x+y)^+{x-yy 

=2(ar»+y3); 

.-.  (2>+g)*+(i>-g)^=2. 
Example  4.    Eliminate  a;,  y,  z  between  the  equations 

?-i=a.  i-?=i.  ?-?=c. 

We  have  a+i+o=^^^^^±y(^::^l±i^:^ 

^(y-g)(z-ag)(a;-y)^ 
ajyz 

If  we  change  the  sign  of  x,  the  signs  of  5  and  c  are  changed,  while  the 
sign  of  a  remains  unaltered; 

hence  „_j_c=^^z£H£±^Mlf). 

xyz 

Similarly,  b-c-  „= feHlfH^MK) , 

^d  «-a-5=<y+^)<^+'')(^-y>. 

xyz 
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\z      y)    \x     z)   \y     x) 


.• .  262c2  +  2c»aa  +  2a«6«  -  a*  -  6*  -  c*  +  a^ft V  =  0. 

EXAMPLES.     XXXTV.  c. 

1.  Eliminate  m  from  the  equations 

2.  Eliminate  m,  ri  from  the  equations 

m2^-my+a=0,    w2a?-ny+a=0,    m?i  +  l=0. 

3.  Eliminate  m,  n  between  the  equations 

4.  Eliminate  jo,  g',  r  from  the  equations 

apqr==y,  qr= -l, 

5.  Eliminate  x  from  the  equations 

6.  Eliminate  m  from  the  equations 

y+mx—a{\+m\    my  —  x=a{\—m). 

7.  Eliminate  ^,  y,  0  from  the  equations 

yz—d^^    zx=h\    xy=c^,    x^+y^+z^=d^, 

8.  Eliminate  p,  q  from  the  equations 

x(j)  +  q)=y,    p-q=^^{l+pq)y    xpq^a. 

9.  Eliminate  Xy  y  from  the  equations 

x—y=af    a^—y^  =  b^,    x^—y^=c^, 

10.  Eliminate  a?,  y  from  the  equations 

x+y=a,    x^-\'y^=b^,    x*+y*=€^. 

11.  Eliminate  Xy  y,  z,  u  from  the  equations 

x=^by  +  cz+du,     y'=cz  +du+ax, 
z=du+ax+by,    u=ax+by-\-cz. 

12.  Eliminate  x,  y,  z  from  the  equations 

H.  M.  A.  "^ 
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13.  Elinunate  Xy  y,  z  from  the  equations 

y     z     X       '  z     X     y  \y     ^j\z     ^)\^     y) 

14.  Eliminate  x^  y,  z  from  the  equations 

a^  63  c^  a6c 

15.  Eliminate  a;,  y  from  the  equations 

4(a^+y^)=ax  +  by,    2(x^-y^)=ax-byy    xy^i?, 

16.  Eliminate  x^  y, ;?  from  the  equations 

(y+a:)8=:4a^<?,     («+a7)^=46*«ar,    {x+yY=^xy, 

17.  Eliminate  x,  y,  2;  from  the  equations 

{op+y'-z){x-y+z)=^ayz,    {y+z-x)(y-z+x)  =  bzXy 
(z+x-y)  {z-x  +  y)==cxy, 

18.  Eliminate  Xy  y  from  the  equations 

a^=a,    x{x+y)=^bf    2x+y=c. 

19.  Shew  that  (a+b+cf-4{b+c)(c+a)(a+b)  +  5abc^0 
is  the  eliminant  of 

cux^+by^+cz^=^ax+by  +  cz=yz+zx+xy=0, 

20.  Eliminate  x,  y  from  the  equations 

ax^+by^^ax+by=^  ■^-  =c. 

21.  Shew  that        l^<?+(?a?+aW=haV)^<^ 
is  the  eliminant  of 

ax+yz=^bc,    by+zx=^ca,    cz  +  xy=^ab,    xyz=abc, 

22.  Eliminate  Xy  y^  z  from 

3t^+y^+z^='X+y+Z'=\, 

23.  Employ  Bezout's  method  to  eliminate  x,  y  from 

ax^  -\-bji^+cxy^-\-dy^=>^0,    a'x^+b'xh/+c'xy^+cFy^=^0, 
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534.  In  Chap.  ix.  we  have  established  certain  relations  be- 
tween the  roots  and  the  coefficients  of  quadratic  equations.  We 
shall  now  investigate  similar  relations  which  hold  in  the  case  of 
equations  of  the  n*^  degree,  and  we  shall  then  discuss  some  of  the 
more  elementary  properties  in  the  general  theory  of  equations. 

535 .  Let  ^j,a;"  +  jE?ja;" ~ '  +  ^,a*~'  + "^Pm-i^+Ph  ^  ^  rational 

integral  function  of  a;  of  n  dimensions,  and  let  us  denote  it  by 

/(x);  theny(ic)  =  0  is  the  general  type  of  a  rational  integral  eqtut- 
tion  of  the  n^^  degree.  Dividing  throughout  by  p^,  we  see  that 
without  any  loss  of  generality  we  may  take 

ocr+p^x"'^  +p^3cf'''+ +P»-i^-^Pn^^ 

as  the  type  of  a  rational  integral  equation  of  any  degree. 

Unless  otherwise  stated  the  coefficients  Jt?, ,  Je?,,  . . .  Je?^  will  always 
be  supposed  rational. 

536.  Any  value  of  x  which  makes  /{x)  vanish  is  called  a 
root  of  the  equation /(a:)  =  0. 

In  Art.  514  it  was  proved  that  when  /(x)  is  divided  by 
05 -a,  the  remainder  is /(a);  hence  ii/(x)  is  divisible  by  a;— a 
without  remainder,  a  is  a  root  of  the  equation  jT  (as)  =  0. 

537.  We  shall  assume  that  every  equation  of  the  form  ^(05) = 0 
has  a  root,  real  or  imaginary.  The  proof  of  this  proposition  will 
be  found  in  treatises  on  the  Theory  of  Equations;  it  is  beyond 
the  range  of  the  present  work. 

29—2 
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638.     Every  equation  of  the  n'**  degree  has  n  roots,  and  no  inM^.^^ 

Denote  the  given  equation  hy/{x)  =  0,  where  '  "-^^^ 

/{x)=p,x''+p^ar-'+p^x'"'+ +p^.  -S^ 

The  equation  /(x)  =  0  has  a  root,  real  or  imaginary ;  let  this  Im  -Vj 
denoted  by  a^;  then y (a)  is  divisible  by  a? -a,,  so  that  V':-;; 

/(x)  =  {x-a;)4>^{x),  '<^ 

where  4>^{x)  is  a  rational  integral  function  of  n-1  dimension&Vv^ 
Again,  the  equation  ^,(a)  =  0  has  a  root,  real  or  imaginary;  U/6'^0 
this  be  denoted  by  a^;  then  4^^{x)  is  divisible  by  a;  — a^,  so  that     JrJ 

where  ^,  (x)  is  a  rational  integral  function  of  n  —  2  dimensions. 

Thus  /(^)  =  (»-«i)(^-»,)<^,(aj). 

Proceeding  in  this  way,  we  obtain,  as  in  Art.  309, 
/(x)  ^-Poix-  aj  (x  -  a,)  ......  (x-  aj. 

Hence  the  equation  /(x)  =  0  has  n   roots,  since  /(x)   vanishes 
when  x  has  any  of  the  values  a^,  a^,  a^y...a^. 

Also  the  equation  cannot  have  more  than  n  roots;  for  if  x  has 
any  value  different  from  any  of  the  quantities  a^,  a,,  a^,,.a^,  all 
the  factors  on  the  right  are  different  from  zero,  and  therefore 
/{x)  cannot  vanish  for  that  value  of  x. 

In  the  above  investigation  some  of  the  quantities  «» i  o,,  ^g*  •  •  '^n 
may  be  equal;  in  this  case,  however,  we  shall  suppose  that  the 
equation  has  still  n  roots,  although  these  are  not  all  different. 

539.  To  investigate  the  relations  between  the  roots  and  the 
coefficients  in  any  equation. 

Let  us  denote  the  equation  by 

a^'¥p^x'"'^+p^x'^+ +Pn-^x  +  p^  =  (^, 

and  the  roots  by  a,  6,  c, k\  then  we  have  identically 

x''-^p^x'"'+p^'^+ -^p^^.x+p^ 

=  {x  —  a)  (x  —  b)  (x—c) (x  —  k); 

hence,  with  the  notation  of  Art.  163,  we  have 

05"  +  j^ja;""* +^jaf  + +J^»-i^+J^, 
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katmg  coefficients  of  like  po'wers  of  x  in  this  identity, 
—  S^  ^Bum  of  the  roots; 

p,=S,  =sum  of  the  products  of  the  roots  taken  two  at  a 

time; 


L.  !)';)_=  5*,  =  product  of  the  roots. 

t  If  the  coefficient  of  x'  ia  p„  then  on  dividing  each  term  hy 

B'the  equation  becomes 

.    P,    —1      P.    —.  P     ,        P      r. 

x'  +  -^x"   '  +  ^x    '+ +i-:^'x  +  ^=0, 

Pt  Po  P«  Po 

Yith  the  notation  of  Art.  521,  we  have 


Example  1.     BoWe  the  equationa 


=a  +  6  +  e,  y=  -(6c  +  ca  +  a6),  ir  =  a6c. 


The  required  eqnation  is     (y  -  o*)  ( j  -  5>)  (i/  -  e")  =0, 
or  {i>-a')(i'-6»H-i'-=')=0,  if  y=^^; 

that  is,  (x-a)(x-b){x-c){x  +  a){x^b)(x  +  6]=<i. 

Bat  (x  •-a){x-b){x-e)=x'  +yia>  +yji  +!>, ; 

henoe  {,x+a)(x  +  b)  (x  +  t)=:d' -PiX^-t-p^-Pt- 

Thus  the  required  equation  is 

or  (!i?+j>,x)'-(p,i»+pj»=0, 

or  i«  +  (2pj-y,')a«  +  (p,'-2PiP,)^'-y.'=0; 

aud  it  we  replace  i*  by  y,  we  obtain 
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540.  The  student  might  suppose  that  the  relations  established 
in  the  preceding  article  would  enable  him  to  solve  any  proposed 
equation ;  for  the  number  of  the  relations  is  equal  to  the  number 
of  the  roots.  A  little  reflection  will  shew  that  is  this  not  the 
case ;  for  suppose  we  eliminate  any  n  - 1  of  the  quantities 
a,  6,  c,  ...k  and  so  obtain  an  equation  to  determine  the  remaining 
one;  then  since  these  quantities  are  involved  symmetrically  in 
each  of  the  equations,  it  is  clear  that  we  shall  always  obtain  an 
equation  having  the  same  coefficients ;  this  equation  is  therefore 
the  original  equation  with  some  one  of  the  roots  a,  5,  e,,,,h  sub- 
stituted for  OB. 

Let  us  take  for  example  the  equation 

ic*  + /jjO^ +/>,«  + ^^3  =  0 ; 

and  let  a,  5,  c  be  the  roots;  then 

Multiply  these  equations  by  a',  -  a,  1  respectively  and  add;  thus 

that  is,  a*  +  p^a'  +  p^a  +  Pa  =  0, 

which  is  the  original  equation  with  a  in  the  place  of  x. 

The  above  process  of  elimination  is  quite  general,  and  is 
applicable  to  equations  of  any  degree. 

541.  If  two  or  more  of  the  roots  of  an  equation  are  con- 
nected by  an  assigned  relation,  the  properties  proved  in  Art.  539 
will  sometimes  enable  us  to  obtain  the  complete  solution. 

Example  1.  Solve  the  equation  4a;>-24a:>+ 23a; +  18=0,  having  given 
that  the  roots  are  in  arithmetical  progression. 

Denote  the  roots  hy  a -h,  a,  a  +  b;  then  the  sum  of  the  roots  is  Ba ;  the 
sum  of  the  products  of  the  roots  two  at  a  time  is  Sa'-ft*;  and  the  product 
of  the  roots  is  a  (a'  -  6*) ;  hence  we  have  the  equations 

8a=6,    8a«-6»=??,    a(a«-6«)=-|; 

firom  the  first  equation  we  find  a =2,  and  &om  the  second  b=±^,  and 
since  these  values  satisfy  the  third,  the  three  equations  are  consistent. 
Tbua  the  roots  hre-^,  9,  x. 


\> 


o 
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Example  2.    Solve  the  equation  24ir'  -  14x>  -  6dx + 45 = 0,  one  roo|  bemg 
doable  another.  ^**^ 

Denote  the  roots  by  a,  2a,  6 ;  then  we  have 

7  21  1^ 

From  the  first  two  equations,  we  obtain 

8a2-2a-3=0; 

8  1       ,  ^        6        25 

.-.  a=jor-^and6=-^or  j^. 

It  will  be  found  on  trial  that  the  values  a=  -^,  &=i;j^  do  not  satisfy 

15 
the  third  equation  2a^6=  -  -q-;  hence  we  are  restricted  to  the  values 

Thus  the  roots  are  j ,   ^ ,  -  ^ . 

542.  Although  we  may  not  be  able  to  find  the  roots  of  an 
equation,  we  can  make  use  of  the  relations  proved  in  Art.  539 
to  determine  the  values  of  symmetrical  functions  of  the  roots. 

Example  1.    Find  the  sum  of  the  squares  and  of  the  cubes  of  the  roots 
of  the  equation  x^  -  pa^  ■{■qx-r=0. 

Denote  the  roots  by  a,  6,  c ;  then 

a+b  +  c=p,  bc  +  ca  +  ab  =  q. 

Now  a2+6>+c"=(a+6+c)2-2(6c+co+a6) 

=p^-2q. 

Again,  substitute  a,  &,  c  for  x  in  the  given  equation  and  add ;  thus 

a'  +  6«  +  c»-jp(a2+6»+c2)  +  g(a+6+c)-8r=0; 
.'.  a^  +  lfi  +  cfi=p{pf^~2q)-pq  +  dr 
^jp*  -  Bpq  +  3r. 

Example  2.    If  a,  &,  c,  d  are  the  roots  of 

x^+px^+qx^+rx+8=0f 
find  the  value  of  Za'&. 

Wehave  a+h  +  c  +  d=-p (1), 

ab+ac+ad+he  +  bd+cd=q (2), 

abc-^ahd+acd+bcd=  -r (?V 
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From  the«6  eqtuitions  we  haye 

-pq  =  2aV>  +  S{abc+abd-i-aed-k-bed) 
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Form  the  equation  whose  roots  are 

^-    I'  i'    ^^^-  ^    ^'  ^'  ^'  ^'    "^'   "^• 

3.     2,  2,   -2,   -2,  0,  6.  4.     a+6,  a-b,   -a  +  b,   -a-b. 

Solve  the  equations : 

5.  a^-\Qa^-¥QQx^-  176^  +  105  =  0,  two  roots  being  1  and  7. 

6.  ^tr'  +  16d7*  -  9j;  -  36  =  0,  the  sum  of  two  of  the  roots  being  zero. 

7.  407*  +  200:*  -  23.r  +6  =  0,  two  of  the  roots  being  equal. 

8.  30?^- 2647^ +  52^17 -24=0,  the  roots  being  in  geometrical  pro- 
gression. 

9.  207* -;i7^- 2207 -24=0,  two  of  the  roots  being  in  the  ratio  of 
3:4. 

10.  24a;'+46a7*+9^-9  =  0,  one  root  being  double  another  of  the 
roots. 

11.  8a:* -2a:'- 270?*+ 607+ 9  =  0,  two  of  the  roots  being  equal  but 
opposite  in  sign. 

12.  64r'-39o7*-26o?+16=0,  the  roots  being  in  geometrical  pro- 
gression. 

13.  3207^- 4807*+ 2207 -3=0,  the  roots  being  in  arithmetical  pro- 
gression. 

14.  eo7*-29o:«  +  40o7«-7o?-12=0,  the  product  of  two  of  the  roots 
being  2. 

15.  o?*-2o:'-21o7'+22o7  +  40=0,  the  roots  being  in  arithmetical 
progression, 

16.  27o?*-195o78  +  494o?«-620o?+192=0,  the  roots  being  in  geo- 
metrical |ux)gre8sion. 

17.  18o?'  + 8107*+ 1210? +  60=0,  one  root  being  half  the  sum  of  the 
other  twa 
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.  18.     If  a,  b,  c  are  the  roots  of  the  equation  a^  -pa^+qx  -  r=0,  find 
the  value  of 

(1)    :^2+r2  +  ^-  (2)    .4  +  i.+  ^ 


19.  If  a,  6,  c  are  the  roots  of  a;3+2'a7+r=0,  find  the  value  of 

(1)     (6-c)2  +  (c-a)2+(a-6)2.  (2)    (6  +  c)-i+(c+a)-i  +  (a+6)-i. 

20.  Find  the  sum  of  the  squares  and  of  the  cubes  of  the  roots  of 

a^  +  qx^+rx+8—0. 

21.  Find  the  sum  of  the  fourth  powers  of  the  roots  of 

543.  In  an  eqtiation  with  reed  coefficients  imagina/iry  roots 
occur  in  pairs,  — 

Suppose  that  f{x)  =  0  is  an  equation  with  real  coefficients, 
and  suppose  that  it  has  an  imaginary  root  a-¥ih]  we  shall  shew 
that  a  —  ihi^  also  a  root. 

The  factor  of  f(x)  corresponding  to  these  two  roots  is 
(aj  —  a  —  ih)  (a;  —  a  + 16),  or  {x  —  a)'  +  6*. 

Lety(aj)  be  divided  by  (a;  — a)* +  6*;  denote  the  quotient  by 
Qy  and  the  remainder,  if  any,  by  Rx  +  i2';  then 

f{x)  =  Q{{x-aY  +  ¥}  +  Rx  +  R', 

In  this  identity  put  x  =  a  +  ih^  then  f{x)  -  0  by  hypothesis ;  also 
{x -  ay  +  6*  =  0;  hence  R(a  +  ih)  +  7?'  =  0.  . 

Equating  to  zero  the  real  and  imaginary  parts, 

i?a  +  i?'=0,     i?6  =  0; 
and  h  by  hypothesis  is  not  zero, 

.-.  i?  =  0  and  R:  =  0, 

Hence /(a;)  is  exactly  divisible  by  (aj  — a)'  +  6*,  that  is,  by 

(a;  —  a  -  ift)  (a;  —  a  +  ih) ; 
hence  x  =  a  —  ib  is  also  a  root. 

544.  In  the  preceding  article  we  have  seen  that  if  the  equa- 
tion y  (a;)  =  0  has  a  pair  of  imaginary  roots  a  ±  ih,  then  (aj  —  a)*  +  6' 
is  a  factor  of  the  expression  y  (a;). 
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Suppose  that  a^ih,  c^id,  e^ig,.,,  are  the  imaginary  roots 
of  the  equation  /{x)  =  0,  and  that  ^  (x)  is  the  product  of  the 
quadratic  factors  corresponding  to  these  imaginary  roots;  then 

Now  each  of  these  factors  is  positive  for  every  real  value  of  a5j 
hence  <f>  (x)  is  always  positive  for  real  values  of  x, 

545.  As  in  Art.  543  we  may  shew  that  in  an  equation  with 
raiianal  coefficients,  surd  roots  enter  in  pairs;  that  is,  if  a  +  ^6  is 
a  root  then  a—  Jh  i&  also  a  root. 

Example  1.    Solve  the  equation  Qx^  -  ISx^  -  35^;^  -  x  +  3 = 0,  having  given 
that  one  root  is  2  -  /y/3. 

Binoe  2-/^3  is  a  root,  we  know  that  2+>/3  is  also  a  root,  and  corre- 
sponding to  this  pair  of  roots  we  have  the  quadratic  factor  x'  -  4a;  + 1. 

Also        6»*-l3«»-36x«-ar+3=(x«-4a;  +  l)(6xa+ll«+3); 

henoe  the  other  roots  are  obtained  from 

6x»+llar  +  3=0,  or  (3x  +  l)(2x  +  3)=0; 

1        3 
thus  the  roots  are  -5,  --,  2+i^3,  2-^/3. 

Example  2.    Form  the  equation  of  the  fourth  degree  with   rational 
coeffidents,  one  of  whose  roots  is  /y/2  +  J  -B, 

Here  we  must  have  ,^2  +  \/^,  sl^-J~^  as  one  pair  of  roots,  and 
-^2  +  ^^-3,  -/y/2-/^- 3  as  another  pair. 

Corresponding  to  the  first  pair  we  have  the  quadratic  factor  x'  -  2  ,J2x + 5, 
and  corresponding  to  the  second  pair  we  have  the  quadratic  factor 

a*+2,y2a;  +  6. 
Thus  the  required  equation  is 

(x«+2^2a;  +  6)  (x*-2^2a;  +  6)  =  0, 

or  (a:?  +  6)2-8aja=0, 

or  {»*+2a5*+26=0. 

Example  3.     Shew  that  the  equation 

A^        &         C^  £P      ^ 

+ 1  + +...  +  — i  =  ft. 


x  —  a     x  —  b     x  —  c      "     x  —  h 

has  no  imaginary  roots. 

If  possible  let  p+tg  be  a  root;  then  p-iq  is  also  a  root.    Substitute 
these  values  for  x  and  subtract  the  first  result  from  the  second;  thus 

(        A^  B^  (P  g«       )  _ 

which  is  impossible  unless  g=:0. 
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546.  To  determine  the  nature  of  some  of  the  roots  of  an 
equation  it  is  not  always  necessary  to  solve  it ;  for  instance,  the 
truth  of  the  following  statements  will  be  readily  admitted. 

(i)  If  the  ooeficients  are  all  positive,  the  equation  has  no 
positive  root;  thus  the  equation  a;*  +  a;'  +  2a5  +  1  =  0  cannot  have  a 
positive  root. 

(ii)  If  the  coefficients  of  the  even  powers  of  x  are  all  of  one 
sign,  and  the  coefficients  of  the  odd  powers  are  all  of  the  contrary 
sign,  the  equation  has  no  negative  root;  thus  the  equation 

x^  +  xf'-2x^  +  af-Zoi^  +  7x-5  =0 

cannot  have  a  negative  root. 

(iii)  If  the  equation  contains  only  even  powers  of  x  and  the 
coefEcients  are  all  of  the  same  sign,  the  equation  has  no  real 
root;  thus  the  equation  2af  +  3a;*  +  a;*  +  7  =  0  cannot  have  a  real 
root. 

(iv)  If  the  equation  contains  only  odd  powers  of  a;,  and  the 
coefficients  are  all  of  the  same  sign,  the.  equation  has  no  real  root 
except  a;  =  0 ;  thus  the  equation  a^  +  2a5*  +  3af  +  x  =  0  has  no  real 
root  except  a5  =  0. 

All  the  foregoing  results  are  included  in  the  theorem  of  the 
next  article,  which  is  known  as  Descartes'  Huh  of  Signs. 

547.  An  eqticUion  f  (x)  =  0  cannot  have  more  positive  roots 
thorn  there  are  changes  of  sign  in  f  (x),  amd  ca/rmot  have  more 
negative  roots  tha/n  there  are  cha/nges  of  sign  in  f  (-  x). 

Suppose  that  the  signs  of  the   terms   in   a  polynomial  are 

+  + + +  —  +  — ;  we  shall  shew  that  if  this  polynomial 

is  multiplied  by  a  binomial  whose  signs  are  +  — ,  there  will  be  at 
least  one  more  change  of  sign  in  the  product  than  in  the  original 
polynomial. 

Writing  down  only  the  signs  of  the  terms  in  the  multiplica- 
tion, we  have 

+  + + +  -  +  - 

+  - 


+  + + +  -  +  - 
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Hence  we  see  that  in  the  product 

(i)  an  ambiguity  replaces  each  continuation  of  sign  in  the 
original  polynomial; 

(ii)  the  signs  before  and  after  an  ambiguity  or  set  of  am- 
biguities are  unlike; 

(iii)  a  change  of  sign  is  introduced  at  the  end. 

Let  us  take  the  most  unfavourable  case  and  suppose  that  all 
the  ambiguities  are  replaced  by  continuations;  from  (ii)  we  see 
that  the  number  of  changes  of  sign  will  be  the  same  whether  we 
take  the  upper  or  the  lower  signs;  let  us  take  the  upper;  thus 
the  number  of  changes  of  sign  cannot  be  less  than  in 

+  + + +  -+-+, 

and  this  series  of  signs  is  the  same  as  in  the  original  polynomial 
with  an  additional  change  of  sign  at  the  end. 

If  then  we  suppose  the  factors  corresponding  to  the  negative 
and  imaginary  roots  to  be  already  multiplied  together,  each  factor 
X  —  a  corresponding  to  a  positive  root  introduces  at  least-  one 
change  of  sign;  therefore  no  equation  can  have  more  positive 
roots  than  it  has  changes  of  sign. 

Again,  the  roots  of  the  equation  y*(— a;)  =  0  are  equal  to  those 
of  /{x)  =  0  but  opposite  to  them  in  sign;  therefore  the  negative 
roots  of  y*(a;)  =  0  are  the  positive  roots  oi/(-x)  =  0;  but  the 
number  of  these  positive  roots  cannot  exceed  the  number  of 
changes  of  sign  in  /(-  x) ;  that  is,  the  number  of  negative  roots 
of  /(x)  =  0  cannot  exceed  the  number   of  changes  of  sign   in 

/(-  4 

Example,    Consider  the  equation  x^ + 5x^  -  a^  +  7aj + 2 = 0. 

Here  there  are  two  changes  of  sign,  therefore  there  are  at  most  two 
positive  roots. 

Again  /(-  a?)=  -a:8+6a:®+a^-7x  +  2,  and  here  there  are  three  changes 
of  sign,  therefore  the  given  equation  has  at  most  three  negative  roots,  and 
therefore  it  must  have  at  least  four  imaginary  roots. 

EXAMPLES.     XXXV.  b. 

Solve  the  equations : 


1  +  ^y  —  3 

1.  3^-  10.r^+4a:2  -  or- 6=0,  one  root  being ^ —  , 

2.  Gjt*  -  13x^  -  35^  -  ^+ 3  =  0,  one  root  being  2  -  V3. 

3.  .r*+4^+5a72+2:i?-2=0,  one  root  being  -l  +  J^, 
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4.  :r*+4^+6a^+4:F+5=0,  one  root  being  aJ-1, 

5.  Solve  the  equation  .r^-ar*+8j72--9a7— 15=0,   one  root  being 
/s/S  and  another  1  - 2mJ -I. 

Form  the  equation  of  lowest  dimensions  with  rational  coefficients, 
one  of  whose  roots  is 


6.    V3+V-2.  7.     ~J-l+^b. 

8.     -V2-V-2-  9.     Ay6  +  2V6. 

10.  Form  the  equation  whose  roots  are  db  4  a/3,  5  ±  2  ^^  - 1. 

11.  Form  the  equation  whose  roots  are  1^/^— 2,  2^^/  — 3. 

12.  Form  the  equation  of  the  eighth  degree    with  rational  co- 
efficients one  of  whose  roots  is  ^2+^3+ /J -I, 

13.  Find  the  nature  of  the  roots  of  the  equation 

3ar*+12a;2_j.5^_4-=o. 

14.  Shew  that  the  equation  2a:'^-x*+4a^-6  =  0  has  at  least  four 
imaginary  roots. 

15.  What  may  be  inferred  respecting  the  roots  of  the  equation 

16.  Find  the  least  possible  number  of  imaginary  roots  of  the 
equation  jfi~a;^-ha!*+a^+l=0, 

17.  Find  the  condition  that  js^  —pa^  +  qj:  —  r—0  may  have 

(1)  two  roots  equal  but  of  opposite  sign ; 

(2)  the  roots  in  geometrical  progression. 


18.  If  the  roots  of  the  equation  x*+px^+qa;^  +  ra;  +  8—0  are  in 
arithmetical  progression,  shew  that  jt)3_  4^^+3^.-0;  and  if  they  are 
in  geometrical  progression,  shew  th&t  ph—rK 

19.  If  the  roots  of  the  equation  ^-1=0  are  1 ,  o,  /3,  y, . . .,  shew  that 

(l-a)(l-^)(l-y) =n. 

If  a,  5,  c  are  the  roots  of  the  equation  .i^  —  pa^  +  qa;  —  r=Oy  find  the 
value  of 

20.  :Sa262.  21.     {b+c){c+a)(a+b). 

22.    S(|  +  |).  23.    ta^b. 

If  a,  b,  c,  d  are  the  roots  of  a;^+pa^+qa^+ra;+8=^0y  find  the  value  of 

24.    5a26c.  25.    %a\ 
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548.     To  find  the  value  q/*  f  (x  +  h),  when  t(x)  is  a  rational 
integral /unction  o/x. 

Let /(aj)=p^aj"+pjaj""* +/>,«""■+ +i^«-i^+i^«;  *^©^ 

Expanding  each  term  and  arranging  the  result  in  ascending 
powers  of  A,  we  have 

p^ocT  +p,af^'  +p,of  +  ...  +;?._,«  +  p, 

+  A {wp^""*  +  (n-  !);),»""'  +{n-  2)p^x*''^  +  ...  +  p^_ J 

+  |-g{n(n- !);?,«"-  + (71- l)(7i-2);?,a:"-»+...  +  2;i..J 
+ 

4^{r.(n-l)(n-2)...2.1;>J. 

This  result  is  usually  written  in  the  form 
fix  +  h)  =/(x)  +  hfix)  +  ^/'  («)  +  ^  /"'(«)  +  . . .  +  ^Z-  (a,), 


and   the  functions  /'(oj),  /"(x),  /"'(os),...    are  called   the  ^rs^, 
second,  third, . . .  derived  functions  oij{x). 

The  student  who  knows  the  elements  of  the  Differential  Cat 
cuius  will  see  that  the  above  expansion  of  /(x  +  h)  is  only  a 
particular  case  of  Taylor's  Theorem;  the  functions /'(as),  y^'(aj), 
jr''{x)  may  therefore  be  written  down  at  once  by  the  ordinary 
rules  for  cUfferentiation :  thus  to  obtain  y (a;)  fromy*(a;)  we  multiply 
each  term  in  f{pc)  by  the  index  of  a;  in  that  term  and  then 
diminish  the  index  by  unity. 

Similarly    by   successive   differentiations    we    obtain  f\x), 

J     (X),  .... 

By  writing  -  A  in  the  place  of  A,  we  have 
/((8-A)=/(a,)-A/'(«)  +  g/"(a;)-^/"'H  +...  +  (- 1)«  ^/'{x). 

The  function  y (05  +  A)  is  evidently  symmetrical  with  respect 
to  X  and  A;  hence 

/(x  +  h)=/{h)  +  x/'(h)->-^/"{h^  + ...  +^/-(A). 
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Here  the  expressions  f{h)yf"{h)^f"{h)^ ...  denote  the  results 
obtained  by  writing  h  in  the  place  of  x  in  the  successive  derived 
functions  /(a),  f"(x),  f"{x),..,. 

Example.    If  /  (a;) = 2a:*  -  a;*  -  2a*  +  6x  - 1,  find  the  value  of  /  (a;  +  3). 
Here  /(x)=2aj4-a;»-2ar«+5x-l,  so  that /(3)=131; 

f'(x)  =  %a»-Za^^^-k-S,  and/'(3)  =  182; 

•^^  =  12a;2_3^_2,  and-^)=97; 
^::>)=8.-l,andQ?)=23; 

Thus  /(aJ  +  3)=2aj*  +  23iB8+97a^  +  l82a:+131. 

The  oalonlation  may,  however,  be.  effected  more  systematically  by  Homer's 
process^  as  explained  in  the  next  article. 

549.     Let    /(a;)=i»oaj"+i?iiK""*+i>gaj""'+ ... +^^_,aj  +  pj 
put  x  =  y  +  h,  and  suppose  that  y  (a;)  then  becomes 

Now  y  =  x  —  h;  hence  we  have  the  identity 

=  q^(x-hy+q^{x-hY-'  +  ,.,+q^_^{x^h)+q^', 

therefore  q^  is  the  remainder  found  by  dividing /(a;)  by  x-h] 
also  the  quotient  arising  from  the  division  is 

Similarly  g^_j  is  the  remainder  found  by  dividing  the  last 
expression  by  a;  -  A,  and  the  quotient  arising  from  the  division  is 

and  so  on.  Thus  g^,  q^^i,  S'.-a*  •••  ^*7  ^  found  by  the  rule  ex- 
plained in  Art.  515.  The  last  quotient  is  g^,  and  is  obviously 
equal  to  p^. 
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Example.    Find  the  result  of  changing  x  into  «  +  3  in  the  ezpreesion 


Here  we  divide  successively  by  a;  -  3. 

6     -1 
39    132 


2     -1     -2 
6      15 


r 

6 

Id   44 
33  138 

131 

11 

6 

46 
61 

182  r 

=  ff8 

17 
6 

97= 

=<r« 

23=gi 


2 
2 
2 
2 


Or  more  briefly  thus: 
-2        6     -1 

13      44  I  131 

46  1. 182 

97 


-1 
5 

11 
17 
2  I  23 
2 


Hence  the  result  is  2fl^ + 2^ + 97a» + 182aj + 131.    Compare  Art.  648. 

'   It  may  be  remarked  that  Homer*s  process  is  chiefly  useful  in  numerical 
work. 

650.     If  the  variable  x  changes  continuously  from  ^  toh  the 
function  f  (x)  will  change  corUinvKyualy  from  f  (a)  to  i  (b). 

Let  c  and  c  +  A  be  any  two  values  of  x  lying  between  a  and  h, 
"We  have 

/(c  +  A)-/(<')  =  A/'(c)  +  |/"(c)+ ... +|/"(c); 

and  by  taking  h  small  enough  the  diflference  between /(c  +  h)  and 
f{c)  can  be  made  as  small  as  we  please;  hence  to  a  small  change 
in  the  variable  x  there  corresponds  a  small  change  in  the  function 
f{x\  and  therefore  as  x  changes  gradually  from  a  to  5,  the  func- 
tion/(«)  changes  gradually  from /(a)  to  f{b), 

551.  It  is  important  to  notice  that  we  have  not  proved  that 
f(x)  always  increases  from  f{a)  to  f{h)y  or  decreases  from  f(a) 
to  f{b)f  but  that  it  passes  from  one  value  to  the  other  without 
any  sudden  change;  sometimes  it  may  be  increasing  and  at  other 
times  it  may  be  decreasing. 

The  student  who  has  a  knowledge  of  the  elements  of  Curve- 
tracing  will  in  any  particular  example  find  it  easy  to  follow  the 
gradual  changes  of  value  oif{x)  by  drawing  the  curve  y  =f{x), 

552.  If  i(a,)  and  f  (b)  are  of  contrary  signs  then  one  root  of 
the  equation  f  (x)  =  0  m.ust  lie  between  a  and  b. 

As  X  changes  gradually  from  a  to  6,  the  function  y(a;)  changes 
gradually  from  f  (a)  to/(6),  and  tYv^xeiioT^  must  pass  through  all 
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intermediate  values;  but  since  f{a)  and  f{b)  have  contrary  signs 
the  value  zero  must  lie  between  them ;  that  is,  f{pc)  =  0  for  some 
value  of  X  between  a  and  h. 

It  does  not  follow  that  f(x)  =  0  has  only  one  root  between  a 
and  5;  neither  does  it  follow  that  if /(a)  and/(6)  have  the  same 
sigR/{x)  =  0  has  no  root  between  a  and  h. 

553.  Every  equation  of  an  odd  degree  has  at  least  one  real 
root  whose  sign  is  opposite  to  that  of  its  last  term. 

In  the  function  f{x)  substitute  for  x  the  values  +  oo  ,  0,  -  oo 
successively,  then 

/(+Qo)  =  +  QO,      f{0)==p^,      /(-oo)  =  -oo. 

If  p^  is  positive,  then  f{x)  =  0  has  a  root  lying  between  0  and 
-  00 ,  and  if  p^  is  negative  f(x)  =  0  has  a  root  lying  between  0 
and  4-  00 . 

554.  Every  equation  which  is  of  an  even  degree  and  has  its 
last  term  negative  has  at  least  two  real  roots,  one  positive  and  one 
negative. 

For  in  this  case 

/(+Qo)  =  +Qo,       f(0)=p^,       /(-oo)-  +  oo; 

but  p^  is  negative;  hence  f{x)  =  0  has  a  root  lying  between  0 
and  +  00  ,  and  a  root  lying  between  0  and  —  oo  . 

655.  If  tlie  expressions  f(a)  and  f  (b)  have  contrary  s'igns, 
a/n  odd  number  of  roots  of  f  (x)  =  0  toill  lie  between  a  and  b;  and 
i/*f  (a)  a/nd  f  (b)  have  the  same  sign,  either  no  root  or  an  even  number 
of  roots  will  lie  between  a  and  b. 

Suppose  that  a  is  greater  than  6,  and  that  a,  ^,  y, . . .  k 
represent  all  the  roots  of  f{x)  =  0  which  lie  between  a  and  6. 
Let  ^  (x)  be  the  quotient  when  f{x)  is  divided  by  the  product 
{x  —  a){x  —  p){x  —  y),.,(x-K)'y  then 

f(x)  =  {x-a){x-p){x-  y)  ...  (aj-K)^(a;). 

Hence         f(a)  =  {a  —  a){a  —  p){a  —  y)  ...  (a -  K)<f>(ay 

/(b)  =(b-a){b-P){b-y)...(b-  K)<l>{b). 

Now  4^  (a)  and  <f>{b)  must  be  of  the  same  sign,  for  otherwise  a 
root  of  the  equation  ^(a;)  =  0,  and  therefore  oi  f(x)  =  Oy  would 
lie  between  a  and  b  [Art.  552],  which  is  contrary  tc^  tJftst  Vc^^^- 

H.  H.  A.  ^^ 
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thesis.  Hence  if  f(p)  and  f{b)  have  contrary  signs,  the  ex- 
pressions 

(a-a)(a-/3)(a-y)  ...(a-K), 

(6-a)(6-^)(6-y)...(6-K) 

must  have  contrary  signs.  Also  the  factors  in  the  first  expression 
are  all  positive,  and  the  factors  in  the  second  are  all  .negative; 
hence  the  number  of  factors  must  be  odd,  that  is  the  number  of 
roots  a,  p^  y, ... K  must  be  odd. 

Similarly  if  f(a)  and  f{h)  have  the  same  sign  the  number  of 
factors  must  be  even.  In  this  case  the  given  condition  is  satisfied 
if  a,  ^,  y, . . .  K  are  all  greater  than  a,  or  less  than  b ;  thus  it  does 
not  necessarily  follow  thaty"(a;)  •=  0  has  a  root  between  a  and  h. 

666.  If  a,  6,  c, ...  A;  are  the  roots  of  the  equation y  (as)  =  0,  then 

Here  the  quantities  a,  5,  c, . . .  A;  are  not  necessarily  unequal. 
If  r  of  them  are  equal  to  a,  «  to  5,  <  to  c,  . . . ,  then 

fix)  =/,.(a!  -  a)'  (X  -  b)'  (x-  c)' .... 

In  this  case  it  is  convenient  still  to  speak  of  the  equation 
/(x)  =  0  as  having  n  roots,  each  of  the  equal  roots  being  considered 
a  distinct  root. 

667.  If  the  equation  f  (x)  =  0  lias  r  roots  eqvM  to  a,  then  the 
eqvMion  f '(x)  =  0  mil  have  r  -  1  roots  equal  to  a. 

Let  ^  {x)  be  the  quotient  when  f{x)  is  divided  by  {x  —  aY] 
then  f{x)  =  (aj  —  a)''^(a;). 

Write  oj  +  A  in  the  place  of  x)  thus 

f{x  +  h)  =  (x-a  +  hy<f>(x  +  h); 

.•./(a:)  +  A/»  +  |^/"(x)+... 

==  {(aj-aX  +  r  (a;- a^-^A  +  ...| |^(a:)  +  ^/»'(aj) +  ^<^''(a:)+ ...| . 

In  this  identity,  by  equating  the  coefficients  of  h,  we  have 
f(x)  =  r{x  -  ay'''4>(x)  +  (a  - ay<l>'{x). 

Thus y (as)  contains  the  factor  x~a  repeated  r~l  times;  that 
2S,  the  equation  /'  (x)  =  0  baa  r  ~  1  roots  equal  to  a. 
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Similarly  we  may  shew  that  if  the  equation  f(x)  =  0  has  8 
roots  equal  to  6,  the  equation  f'(x)  =  0  has  8  —  \  roots  equal  to  6; 
and  so  on. 

558.  From  the  foregoing  proof  we  see  that  if  f{x)  contains 
a  factor  {x  —  ay,  then  /*  (x)  contains  a  factor  (x  -  ay~^ ;  and  thus 
/(x)  and  y  (ic)  have  a  common  factor  (x  —  aY'^.  Therefore  if 
/{x)  and  f'{x)  have  no  common  factor,  no  factor  in  f{x)  will  be 
repeated;  hence  the  equation  f  (x)  =  0  has  or  has  not  equal  roots, 
according  as  f  (x)  and  f  (x)  have  or  have  not  a  common  /actor 
involving  x. 


559.     From  the  preceding  article  it  follows  that  in  order  to 
ain  the  equal  roote  of  the  equation  /(x 
the  highest  common  factor  of  /{x)  andy^i 


obtain  the  equal  roots  of  the  equation  /(x)  =  0,  we  must  first  find 

(x). 


Example  1.     Solve  the  equation  as*  -  llac^ + 44^52  _76a5+ 48=0,  which  has 
equal  roots. 

Here  /(a;)=a!*-llir?  +  44ar»-76a;+48, 

/' («)  =4*3  -  33ai«  +  88aj  -  76 ; 

and  by  the  ordinary  rule  we  find  that  the  highest  common  factor  oif(x)  and 
/'  (05)  is  as  -  2 ;  hence  (x  -  2)*  is  a  factor  of  /(«) ;  and 

/(a;)  =  (aj-2)2(aja-7»+12) 

=  (aj-2)2(aj-3)(a;-4); 

thus  the  roots  are  2,  2,  3,  4. 

Example  2.    Find  the  condition  that  the  equation  aa?-\r  Sbx^  +  Scx  +  d=0 
may  have  two  roots  equal. 

In  this  case  the  equations  f{x)=Of  and  /'  (as) =0,  that  is 

aa?  +  Bbx^  +  Scx-{-d=0 (1), 

aaj2  +  26a;  +  c  =  0 (2) 

must  have  a  common  root,  and  the  condition  required  will  be  obtained  by 
eliminating  x  between  these  two  equations. 

By  combining  (1)  and  (2),  we  have 

h!x?  +  2cx+d=0 (3). 

From  (2)  and  (3),  we  obtain 

g«        _      X      ^        1 
2 {bd - c^)     hc-ad     2 {ac - b"^  ' 

thus  the  required  condition  is 

{be  -  ad)2 = 4  (oc  -  b^  {bd  -  c*). 
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560.  We  have  seen  that  if  the  equation  y (a;)  =  0  has  r  roots 

equal  to  a,  the  equation /"(a;)  =  0  has  r  -  1  roots  equal  to  a.     But 

fix)  is  the  first  deriv^  function  ot/'{x);  hence  the  equation 

/^'(x)  =  0  must  have  r—2  roots  equal  to  a;  similarly  the  equation 

/"\x)  =  0  must  have  r  — 3  roots  equal  to  a;  and  so  on.     These 

considerations  will  sometimes  enable  us  to  discover  the  equal 

roots  of  /{x)  =  0  with  less  trouble  than  the  method  of  Art.  559. 

561.  //"a,  b,  c,  ...k  are  the  roots  of  tJis  eqtuUion  f(x)  =  0,  to 
prove  that 

^        X  — a     X  — b     X  — c  X  — k 

We  have    /{x)  =  (05  —  a)  (a;  —  6)  (a;  —  c)  ...  (a;  —  A;); 
writing  x  +  h  in  the  place  of  x, 

/(x -\-  h)  =  (x --  a -^ h){x  ^  b  -h h){x''  c  +  h)  ,..  (x-k-k-h)  ...  (1). 
But  /(x-^h)  =/(x)  +  hf{x)-^^r(x)  +  :.. ; 

hence  /'(x)  is  equal   to  the  coefficient  of  /*  in  the   right-hand 
member  of  (1);  therefore,  as  in  Art.  163, 

f{x)==  {x-h){x-c)  ...  {x—k)^  (x  —  a)(x  —  c)  ...  (a;-A;)+  ...; 

that  is.  /'(.)  =  -^i^  ^^,  -.  ^(?)  +  ...  ..  ^> 

^  '     x  —  a     x-b     x  —  c  x  —  k 

562.  The  result  of  the  preceding  article  enables  us  very  easily 
to  find  the  sum  of  an  assigned  power  of  the  roots  of  an  equation. 

Example,    If  Sk  denote  the  sum  of  the  k^  powers  of  the  roots  of  the 
equation  afi  +  jpx* + go:* + 1 = 0, 

find  the  value  of  S^,  S^  and  8, 4. 

Let  f{x)=a:^+px*  +  qx*-\-t; 

then  f  (x)=5x*+^x^+2qx. 

fix) 
Now  "^-^-^  =ai^  +  (a+p) x^+  (a^  +  ap) a^+  {a^  +  a^  +  q) xi-a*  +  a^-\'aq; 

and  Bimilar  expressions  hold  for 

•M,  Zi^),  lt\  f^, 

x—h     X— c     x^d     x—e 
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Hence  by  addition, 

By  equating  ooeffioients, 

Sf^  +  5p=4p,  whence  S^^-p; 
S2+pSi=:0f   whence  82=p*; 
5, +jp5a+6g=2g,  whence  8^=-p^-Sq; 
S^+pS^  +  qSi=0,    whence  S^=p*+^q, 

To  find  the  value  of  Si^  for  other  values  of  k,  we  proceed  as  follows. 

Multiplying  the  given  equation  by  a^'^, 

05*  +|ia*-i + qa^ + to*-» =0. 

Substituting  for  x  in  succession  the  values  a,  h,  e,  d,  e  and  adding  the 
residts,  we  obtsmi  8k  +jp5»»_x + ^8^^^ + tS^^^ = 0. 

Putfc=6;  thus  Sf+pS^+qS^+Bt^O, 

whence  8^  =  -  jp*  -  5pl^q  -  5t, 

Put  k  =  6;  thus  8^  +  jpSj  +  gfifj  + 18^ = 0, 

whence  5^  =jp« + 6p*g  +  Sj* + Opt. 

To  find  iSf^,  put  ^=4,  3,  2,  1  in  succession;  then 

8^+pS^-\-qSi  +  tS_i=0,  whence  8_i=0; 

8^  +p8^  +  5q  +  t5f_3=0,  whence  8^^=  -  — ; 

V 

8^  +p8i + qS^i  +  «5f.8 = 0,  whence  /Sf., = 0 ; 
5i  +  6i)  +  gr5f.2  +  tS_4=0,  whence  8^^  =  -^  -  ^. 

563.     When  the  coefficients  are  numerical  we  may  also  pro- 
ceed as  in  the  following  example. 

Example,    Find  the  sum  of  the  fourth  powers  of  the  roots  of 

Here  f{x)=a^-2ix?+x-h 

f(x)  =  Ss^-ix  +  l, 

/'(«)        111 
Also  -^—^  «= + r  + 


f{x)      x-a     x-b     x-c 

^/l      a      a^     a*        \ 

»?  +  ?!  + ^2  +  ??. 
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hence  iSi4  is  equal  to  the  coefficient  of  -^  in  the  quotient  ot  f  ix)  hy  f{x), 

which  is  very  conveniently  obtained  by  the  method  of  synthetio  division  as 
follows : 


1 

2 

-1 

1 


3-4  +  1 
6-3  +  3 
4-2+  2 
4-   2  +  2 
10-6  +  5 


3  +  2  +  2  +  6  +  10  + 


XT         *v.  ....    3      2       2       6      10 

Hence  the  quotient  is  -  +  -2  +  3  +  -i  +  -6  + 

X       X         d/         X         ii/ 

thus  5^=10. 


EXAMPLES.     XXXV.  c. 

1.  If  /(a;)=x*  +  10j;3+39a;2+76:p+65,  find  the  value  of/(a;-4). 

2.  If  f{x)  =^ -  12a;8+ 17-^2 -.907+7,  find  the  value  of /(a7+- 3). 

3.  If  fix)  =  2ai^- 13^  +  lOo;  - 19,  find  the  value  oif{x+ 1). 

4.  If /(:p)=^  +  16a;3  +  724;8+64:F-129,  find  the  value  of/(a;-4). 

5.  If  f{x)  ^aa^+hofi  +  cx+d,  find  the  value  of  f{x  +  h)  -/{a;  -  A). 

6.  Shew  that  the  equation  lOx^ -l*7x^  +  x  +  6  =  0  has  a  root 
between  0  and  - 1. 

7.  Shew  that  the  equation  x^-5x^+3x^+ 36x  -  70 = 0  has  a  root 
between  2  and  3  and  one  between  —  2  and  -  3. 

8.  Shew  that  the  equation  a7*-12a:2  +  l 2^-3=0  has  a  root 
between  -  3  and  -  4  and  another  between  2  and  3. 

9.  Shew  that  x^  +  5x*-  20^  -  19a7  -2=0  has  a  root  between  2  and 
3,  and  a  root  between  -  4  and  -  6. 

Solve  the  following  equations  which  have  equal  roots ; 

10.     x^-9x^+4x+l2=^0.  11.    x*-^+l2a^-l0x+3=0. 

12.  a;5-13.r*+ 67^ -1710^5+ 216a? -108=0. 

13.  x^-x^+4x^-^v  +  2=0,       14.     8:p*  +  4a^-18a?2+ll:p-2=0. 

15.  ^-3^  +  6a?3-3ir2-3ar+2=0. 

16.  ^  -  2a:S  -  4a:* +12:f3_  3^  _  18^,^X8=0. 

17.     a;*-(a+b)a^-a{a-h)a^-\'a^{a'\-h^x-d^'\>^^. 
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Find  the  solutions  of  the  following  equations  which  have  common 
roots: 

18.  2^-2jc3+j?«+3a:-6=0,  4«r*-^ 2^+3^7-9=0. 

19.  4a7*+ 120^8 -a^-15a;=0,  &i7*+iar»-4ra-164?=0, 

20.  Find  the  condition  that  ai^^pjo^'\'r=^0  may  have  equal  roots. 

21.  Shew  that  a!*-i-qx^+s=0  cannot  have  three  equal  roots, 

22.  Find  the  ratio  of  6  to  a  in  order  that  the  equations 

cuv^+hjp+a^O  and  a:i^-2a:^  +  2a;-l  =  0 
may  have  (1)  one,  (2)  two  roots  in  common, 

23.  Shew  that  the  equation 

cannot  have  equal  roots. 

24.  If  the  equation  a:^^lOa^a;^+b^a:+<fi=0  has  three  equal  roots, 
shew  that  a6*-9a*+c«=0. 

25.  If  the  equation  a^+ax^+ba:^+cs+d=0  has  three  equal  roots, 

shew  that  each  of  them  is  equal  to  .r-5 — ^  . 

^  3a2  -  80 

26.  If  a^+qa^  +  rxf^-i-t=Q  has  two  equal  roots,  prove  that  one  of 
them  will  be  a  root  of  the  quadratic 

15r^  -  6q^a;+  2bt-4qr= 0. 

27.  In  the  equation  ^  —  ^  —  1=0,  find  the  value  of  S^. 

28.  In  the  equation  ^- 0^-7072+0:  + 6=0,  find  the  values  of  S^ 
and  S^, 


Transformation  of  Equations. 

564.  The  discussion  of  an  equation  is  sometimes  simplified 
by  transforming  it  into  another  equation  whose  roots  bear  some 
assigned  relation  to  those  of  the  one  proposed.  Such  transforma- 
tions are  especially  useful  in  the  solution  of  cubic  equations. 

565.  To  transform  an  equation  into  another  whose  roots  are 
those  of  the  'proposed  eqvMion  with  contrary  signs. 

Let  f{x)  =  0  be  the  proposed  equation. 

Put  —y  for  x\  then  the  equation /(—y)  =  0  is  satisfied  by 
every  root  of  f{x)  =  Q  with  its  sign  changed ;  thus  the  required 
equation  is  /(-  y)  =  0. 
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If  the  proposed  equation  is 

p^  ■{■  p,ar"  +  p^a^'*  ^r +;>.-,«  + P.  =  o» 

then  it  is  evident  that  the  required  equation  will  be 

py-py^py-'- +(-ir>...y+(-i)>.=o, 

•which  is  obtained  from  the  original  equation   by  changing   the 
sign  of  every  cdtemcUe  term  beginning  with  the  second, 

566.  To  transform  an  equation  into  another  whose  roots  are 
eqtial  to  those  of  the  proposed  equation  multiplied  by  a  given 
quantity. 

Let  f(x)  =  0  be  the  proposed  equation,  and  let  q  denote  the 

y 

given   quantity.     Put   y  =  qXy  so  that  aj  =  -  ,  then  the  reqidred 


equation  is  y*  (  -  j  =  0. 


The  chief  use  of  this  transformation  is  to  clear  an  equation  of 
fractional  coefficients. 

Example,    Remove  fractional  coefficients  from  the  equation 

Put  a;=  -  and  multiply  each  term  by  j* ;  thus 

By  putting  q=^  all  the  terms  become  integral,  and  on  dividing  by  2, 
we  obtain 

567.     To  transform,  an  equation  into  another  wlwse  roots  are 
the  reciprocals  of  the  roots  of  the  proposed  equation. 

Let  f{x)  =  0   be  the  proposed  equation ;  put  y  =  -  ,  so  that 

JK  =  -  ;  then  the  required  equation  isy (  -  J  =  0. 

One  of  the  chief  uses  of  this  transformation  is  to  obtain  the 
values  of   expressions  which  involve   symmetrical  functions  of 
negative  powers  of  the  roots. 
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ExampU  1.     If  a,  &,  c  are  the  roots  of  the  equation 

^    ,x^  ,  .  Ill 

find  the  value  of  -3  +  ra  +  i  • 

o'     0^     cr 

Write  -  for  a?,  multiply  by  y',  and  change  all  the  signs ;  then  the  re- 

y 

suiting  equation  ry^  -  gy^  ■{-py  -1=0, 


has  for  its  roots 


111 
a'  h*  c' 


hence  S-  =  ^,   2-:=^; 

a     r         ah     r 

Example  2.    If  a,  &,  c  are  the  roots  of 

»'  +  2aj2-8a;-l=0, 
find  the  value  of  a-*  +  6~'  +  c~'. 

Writing  -  for  x,  the  transformed  equation  is 

y»  +  3y2-2y-l=0; 
and  the  given  expression  is  equal  to  the  value  of  ^3  in  this  equation. 
Here  5fi=-3j 

52=(-3)2-2(-2)  =  13; 
and  5f8  +  3iSa-25fi-3=0; 

whence  we  obtain  ^2=  -  42. 

568.     If  an  equation  is  unaltered  by  changing  x  into  -  ,  it 
is  called  a  reciprocal  equation. 
If  the  given  equation  is 

the  equation  obtained  by  writing  ~  for  aj,  and  clearing  of  fractions 

X 

is 

Pn^-^Pn-i^''  +;^„-2«""'+  •••  +;?^+i?,a;+  1  =0. 
If  these  two  equations  are  the  same,  we  must  have 

from  the  last  result  we  have  jo^  =  il,  and  thus  we  have  two 
classes  of  reciprocal  equations. 
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(i)  If  jp^=l,  then 

Pl=Pn-l^       P,=Pn-1t>        Pz^Pn-BJ i 

that  is,  the  coefficients  of  terms  equidistant  from  the  beginning 
and  end  are  equal. 

(ii)  If  jp^  =  -  1,  then 

Pl  =  -Pn-iy       Pa^-Pn-^y       Pz=-Pn-By I 

hence  if  the  equation  is  of  2m  dimensions  p^  =  —p^i  or  p^=0. 
In  this  case  the  coefficients  of  terms  equidistant  from  the  begin- 
ning and  end  are  equal  in  magnitude  and  opposite  in  sign,  and 
if  the  equation  is  of  an  even  degree  the  middle  term  is  wanting. 

569.  Suppose  that  /(aj)  =  0  is  a  reciprocal  equation. 

If  /(x)  =  0  is  of  the  first  class  and  of  an  odd  degree  it  has  a 
root  -1;  so  that  /(x)  is  divisible  by  ai+l.  If  <^  (a;)  is  the 
quotient,  then  <f>(x)  =  0  is  a  reciprocal  equation  of  the  first  class 
and  of  an  even  degi*ee. 

If  /(x)  =  0  is  of  the  second  class  and  of  an  odd  degree,  it 
has  a  root  + 1 ;  in  this  case y (a;)  is  divisible  by  as-  1,  and  as 
before  <^  (a?)  =  0  is  a  reciprocal  equation  of  the  first  class  and  of 
an  even  degree. 

If  /(x)  =  0  is  of  the  second  class  and  of  an  even  degree,  it 
has  a  root  +  1  and  a  root  -  1 ;  in  this  case  /(x)  is  divisible  by 
a:;*—  1,  and  as  before  <^ (as)  =  0  is  a  reciprocal  equation  of  the  first 
class  and  of  an  even  degree. 

Hence  any  reciprocal  equation  ia  of  an  even  degree  with 
its  last  term  positive,  or  can  be  reduced  to  this  form;  which  may 
therefore  be  .considered  as  the  standard  form  of  reciprocal 
equations. 

570.  A  reciprocal  eqtiation  of  the  standard  form  can  be  re- 
duced to  an  equation  of  half  its  dimensions. 

Let  the  equation  be 

CKC*"  +  6a;"""'  +ca::**'"'+  ...  +^35"*+  ...  +ca'  +  6a5  +  a  =  0; 

dividing  by  a;*"  and  rearranging  the  terms,  we  have 
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Now 

hence  writing  z  for  oj  +  - ,  and  giving  to  jt?  in  succession  the  values 
1,  2,  3,...  we  obtain 

X 

«;"+ -8  =  »  («*- 2) -»  =  »"- 3«; 

X 

and  so  on;  and  generally  a"  +  -;;;  is  of  m  dimensions  in  z,  and 

X 

therefore  the  equation  in  ;»  is  of  m  dimensions. 

571.  To  find  the  equation  whose  roots  are  the  squares  of  those 
of  a 'proposed  equation. 

Let  f(Q^  =  0  be  the  given  equation ;  putting  y  =  «*,  we  have 
x=  ^y\  hence  the  required  equation  hf(Jy)  =  0. 

Example.    Find  the  equation  whose  roots  are  the  squares  of  those  of  the 
equation  a?  +PiX^  +1>2X  +P3 = 0. 

Putting  x=^y,  and  transposing,  we  have 

(y+i>2)\/y=-(i>iy+P8); 

whence  {y^  +  2p^  +p^^)  y  =p^^  +  2piP^  +  Pg*, 

or  yS  +  (2p^  ^p%)  f  +  (p^^  2p^p^)  y  -p^^=0. 

Compare  the  solution  given  in  Ex.  2,  Art.  539. 

672.  To  transform  an  equation  into  another  whose  roots 
exceed  those  of  the  proposed  equation  by  a  given  quantity. 

Let  f(x)  =  0  be  the  proposed  equation,  and  let  h  be  the  given 
quantity;  put  y==x-\-h,  so  that  x  =  y^h;  then  the  required 
equation  is  f[y  —  A)  =  0. 

Similarly  f(y  +  h)  =  0  is  an  equation  whose  roots 'are  less  by 
h  than  those  oif{x)  =  0. 
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Example,  Find  the  equation  whose  roots  exceed  hy  2  the  roots  of  the 
eqomtion  4a5*+32aj»  +  83«»+ 76a; +21=0. 

The  required  equation  will  he  obtained  by  substituting  x  -  2  for  a;  in  the 
proposed  equation  ;  hence  in  Homer's  process  we  employ  a;  +  2  as  divisor, 
and  the  calculation  is  performed  as  follows : 


4 

32        83 

76 

21 

4 

24        35 

6 

19 

4 

16          3 

|0 

4 

8    1-13 

4 

|0 

4 

Thus  the  transformed  equation  is 
4x*-13x»+9=0,    or 

(4x»- 

9)(«»-l)=0. 

3         8 
The  roots  of  this  equation  are  +s,   -5,  +1,  -1;  hence  the  roots  of 

the  proposed  equation  are 

A       _Z       _i      _3 

573.     The  chief  use  of  the   substitution  in   the   preceding 
article  is  to  remove  some  assigned  term  from  an  equation. 

Let  the  given  equation  be 
then  if  y  =x-h,  we  obtain  the  new  equation 

i'o(y+^)"+jPi(y+^)""'+;>,(y+^)""'+-+;'.=o, 

which,  when  arranged  in  descending  powers  of  y,  becomes 

Py  +  {^Pfi  +Piy"  + 1       12"     P'^'  +  (n--l)p^h  +;?  L-»+. . .  =0. 

If  the  term  to  be  removed  is  the  second,  we  put  npfi  +  p^  =  0, 
so  that  h» ^  :  if  the  term  to  be  removed  is  the  third  we  put 

w(n-l)      7.     /        IX      ,  ri 

12       Po^'  +  (^  -  1)M  +P,  =  0, 

and  so  obtain  a  quadratic  to  find  h;  and  similarly  we  may  remove 
anj^  other  assigned  term. 
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Sometimes  it  will  be  more  convenient  to  proceed  as  in  the 
following  example. 

Example,    Bemove  the  second  term  from  the  equation 

Let  a,  /3,  7  be  the  roots,  so  that  a+/3+7=--.     Then  if  we  increase 

each  of  the  roots  by  ^ ,  in  the  transformed  equation  the  sum  of  the  roots 

3p 

will  be  equal  to  --  +  -;  that  is,  the  coefficient  of  the  second  term  will 

P     P 
be  zero. 

Hence  the  required  transformation  will  be  effected  by  substituting  ^c  -  ~ 
for  X  in  the  given  equation. 

574.  From  the  equation  /{x)  =  0  we  may  form  an  equation 
whose  roots  are  connected  with  those  of  the  given  equation  by 
some  assigned  relation. 

Let  y  be  a  root  of  the  required  equation  and  let  ^(a?,  y)  =  0 
denote  the  assigned  relation;  then  the  transformed  equation  can 
be  obtained  either  by  expressing  a;  as  a  function  of  y  by  means 
of  the  equation  ^  (x,  y)  =  0  and  substituting  this  value  of  x  in 
/{x)  =  0;  or  by  eliminating  x  between  the  equations  y*(a;)  =  0 
and  fl>(ic,  y)  =  0. 

Example  1.     If  a,  &,  c  are  the  roots  of  the  equation  afi'\-px^-{-qx+r=Of 
form  the  equation  whose  roots  are 

a  -  — ,   0 ,   C r  . 

be  ca  ao 

When  x=iaia  the  given  equation,  y=a-  j-  in  the  transformed  equation ; 

,    .  1  a  a 

but  a-r— =:a — —=a-\ — ; 

be  abc  r 

and  therefore  the  transformed  equation  will  be  obtained  by  the  substitution 

X  ry 

thus  the  required  equation  is 

r8y»+jpr(l  +  r)y«  +  5'(l  +  r)»y  +  (l+r)»=0. 

Example  2.     Form  the  equation  whose  roots  are  the  squares  of  the 
differences  of  the  roots  of  the  cubic 

x^  +  qx  +  r=0. 

Let  a,   b,  e  be  the  roots  of  the  cubic ;  then  the  roots  of  the  required 
equation  are  {b  -  c)*,    (c  -  a)^,     (a  -  b)^. 
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2ab€ 


Now  (6-c)a  =  6«+c«-26c=o*  +  6«  +  c«-aa- 


a 
2abc 


a 


=  (a  +  6+c)»-  2(&c+ca+a&)  -a'- 

a 

also  when  x=a  in  the   given    equation,    y  =  (b-c)^   in  the  transformed 
equation ; 

2r 
.'.    y  =  -2g-ar'H . 

Thus  we  have  to  eliminate  x  between  the  equations 

and  x'+(2jf  +  y)a;-2r=0. 

3r 
By  subtraction  (g + y)  «= 3r ;   or   x= . 

Substituting  and  reducing,  we  obtain 

Cob.  If  a,  6,  c  are  real,  {b  -  c)\  (c  -  a)\  (a  ~  &)'  are  all  positive ;  therefore 
27r^  +  4g'  is  negative. 

Hence  in  order  that  the  equation  :fi+qx+r=0  may  have  all  its  roots 

real  277^+4^  must  be  negative,  that  is  (^j  +(1)  must  be  negative. 

If  27r^+4g'=0  the  transformed  equation  has  one  root  zero,  therefore 
the  original  equation  has  two  equal  roots. 

If  27r^+49>  is  positive,  the  transformed  equation  has  a  negative  root 
[Art.  553],  therefore  the  original  equation  must  have  two  imaginary  roots, 
since  it  is  only  such  a  pair  of  roots  which  can  produce  a  negative  root  in 
the  transformed  equation. 

EXAMPLES.     XXXV.  d. 

1.  Transform  the  equation  a^  -  4a?2 + t  ^  —  5 = 0  into  another  with 
integral  coefficients,  and  unity  for  the  coefficient  of  the  first  term. 

2.  Transform  the  equation  3j;^-6a^-i-a:^-x+l=0  into  another 
the  coefficient  of  whose  first  term  is  unity. 

Solve  the  equations : 

3.  2a7*+a73-6a?3+A'+2  =  0. 

4.  a7*-10a;3+26^- 1007+1  =  0. 

5.  a^-bx^+da^-da^  +  bx-l^O, 

6.  4a^-24j^+57^-73a;3+57^_24a?+4=0. 
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7.  Solve  the  equation  Za^  -  22a;8 + 43^  -  32 = 0,  the  roots  of  which 
are  in  harmonica!  progression. 

8.  The  roots  of  ^-ll^+3dr-36=0  are  in  harmonical  pro- 
gression ;  find  them. 

9.  If  the  roots  of  the  equation  a^  —  ax^  +  x  —  h=0  are  in  harmonical 
progression,  shew  that  the  mean  root  is  Zh, 

10.  Solve  the  equation  40^  -  22a^ -  2\x^  +  2a7+ 1  =  0,  the  roots  of 
which  are  in  harmonical  progression. 

Remove  the  second  term  from  the  equations : 

11.  a73-6j72+10:F-3=0. 

12.  J7*+4^+2^-4a?-2=0. 

13.  a^+bx^-\-Zji^-\-x^-\-x-\  =  0, 

14.  afi-l^^+Za^-Vlx+ZQO^-O. 

X     3 

15.  Transform  the  equation  x^--  —  2=^  into  one  whose  roots 

3 

exceed  by  -  the  corresponding  roots  of  the  given  equation. 

16.  Diminish  by  3  the  roots  of  the  equation 

4;5_4j74  + 3x2 -407+6=0. 

17.  Find  the  equation  each  of  whose  roots  is  greater  by  unity 
than  a  root  of  the  equation  a^  -  5^ + Co;  -  3  =  0. 

18.  Find  the  equation  whose  roots  are  the  squares  of  the  roots  of 

07*+^ +  2^+^+ 1=0. 

19.  Form  the  equation  whose  roots  are  the  cubes  of  the  roots  of 

^  +  3072  +  2  =  0. 

If  a,  6,  G  are  the  roots  of  a^  +  qx  +  r=Oy  form  the  equation  whose 
roots  are 

20.  ka-\  Jch-\  kc"\  21.     h^(^,  cH\  aW. 

22.     — 5-,    -To-,    — 0-.  23.     00+-,  ca+Tj  ab+-. 

24.     a(6  +  c),  h(c+a\  c(a  +  b).  25.     a^,  b%  <^. 

26.  KU   '-  +  "-,  U^-. 
c     0     a      CO     a 

27.  Shew  that  the  cubes  of  the  roots  of  x^+ax'^+bx+ab=0  are 
given  by  the  equation  a^ + a V  ^  53^  +  ^353 — q. 

28.  Solve  the  equation  a^-ba^-ba^-\- 25x^  +  4a7  -  20  =  0,  whose 
roots  are  of  the  form  a,  —a,  by  —  6,  c. 

29.  If  the  roots  of  a;^-\-3pa^+3qx+r=^0  are  in  harmonical  pro- 
gression, shew  that  2g^—r  (3p2'  —  r). 
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Cubic  Equations. 

575.  The  general  type  of  a  cubic  equation  is 

hut  as  explained  in  Art.  573  this  equation  can  be  reduced  to  the 
simpler  f onu  of  •\-qx  +  r  =  0, 

which  we  shall  take  as  the  standard  form  of  a  cubic  equation. 

576.  To  solve  the  equation  of  +  qx  +  r  =  0, 

Let  x  =  j/  +  z;  then 

ic*  =y*  +  «'  +  3yz  (y  +  «)  =  y'  +  «"  +  ^yzx, 
and  the  given  equation  becomes 

y*  4-  «■  +  (3yz  -{-'q)  a:  +  r  =  0. 

At  present  y,  z  are  any  two  quantities  subject  to  the  con- 
dition that  their  sum  is  equal  to  one  of  the  roots  of  the  given 
equation;  if  we  further  suppose  that  they  satisfy  the  equation 
Zyz  +  ^  =  0,  they  are  completely  determinate.     AVe  thus  obtain 

hence  y',  2;*  are  the  roots  of  the  quadratic 


,8 


f  +  rt^-^  =  0. 


Solving  this  equation,  and  putting 

^=-iVi4 <i)' 

^  =  --2-\/i+^ (2). 

we  obtain  the  value  of  x  from  the  relation  x  =  7/  +  z;  thus 

1  1 


f    r         /r'      q'Y      [    r  A* 


The  above  solution  is  generally  known  as  CardarCs  Solution^ 
as  it  was  first  published  by  him  in  the  Ara  Magna^  in  1545.  Cardan 
obtained  the  solution  from  Tartaglia;  but  the  solution  of  the 
cubic  seems  to  have  been  due  originally  to  Scipio  Ferreo,  about 
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1505.  An  interesting  historical  note  on  this  subject  will  be 
found  at  the  end  of  Bumside  and  Panton's  Theory  of  Eqv>ation8, 

577.  By  Art.  110,  each  of  the  quantities  on  the  right-hand 
side  of  equations  (1)  and  (2)  of  the  preceding  article  has  three 
cube  roots,  hence  it  would  appear  that  x  has  nine  values;  this, 

however,  is  not  the  case.     For  since  y«  =  — ^,  the  cube  roots  are 

to  be  taken  in  pairs  so  that  the  product  of  each  pair  is  rational. 
Hence  if  y,  z  denote  the  values  of  any  pair  of  cube  roots  which 
fulfil  this  condition,  the  only  other  admissible  pairs  will  be 
coy,  (i)'»  and  cu'^i  ^^y  where  a>,  a>*  are  the  imaginary  cube  roots  of 
unity.     Hence  the  roots  of  the  equation  are 

y  +  «,      coy  +  C0*«,     ctf'y  +  co«. 

•  ■ 

Example,    Solve  the  equation  s^  ~  Ibx  =  126. 

Put  y-\-z  for  a;,  then 

y'  +  «*  +  (3y«-15)a;  =  126; 
put  3y«-15=0, 

then  y»+8»=126; 

also  y8z8=i25j 

hence  y^,  z^  are  the  roots  of  the  equation 

«a-126«  +  126=0; 
.-.    y'=125,    28=1; 
y  =  6,     «  =  1. 
Thus  y+«=5  +  l=6; 

iay  +  <a^z  = —^ .  6  + ^ 

=  -3  +  2  V^I; 

and  the  roots  ar^  6,     -3  +  2^^,     -3-2^^. 

578.     To  explain  the  reason  why  we  apparently  obtain  nine 
values  for  x  in  Art.  676,  we  observe  that  y  and  z  are  to  be  found 

from  the  equations  y'  +  «'  +  r  =  0,  y«  =  — ^;  but  in  the  process  of 

solution  the  second  of  these  was  changed  into  y  V  =  —  -i^ ,  which 
H.  H.  A.  %V. 
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would  also  hold  if  y«  =  —  -^  >  or  yz  =  — ^  ;  hence  the  other  six 
values  of  a;  are  solutions  of  the  cubics 

a?  +  toqx  +  r  =  0,     a;*  +  m^qx  +  r  =  0. 

579.  We  proceed  to  consider  more  fully  the  roots  of  the 
equation  a?  +  qx  +  r  =  0, 

(i)  1^  -J  +  97  is  positive,  then  y^  and  z^  are  both  real;  let 
y  and  z  represent  their  arithmetical  cube  roots,  then  the  roots 

are  y  +  *>     <»*y  +  <»*'^     ^^y  +  **^' 

The  first  of  these  is  real,  and  by  substituting  for  (o  and  co'  the 
other  two  become 

(ii)  If  -J  +  ^  is  zero,  then  y^-z^]  in  this  case  y  =  2;,  and 
the  roots  become  2y,  y(ai  +  <o*),  ^(cd  +  co*),  or  2y,  —  y,  —  y. 

(iii)  If  -J  +  ^  is  negative,  then  y*  and  «^  are  imaginary  ex- 
pressions of  the  form  a  +  i6  and  a  —  iJb,  Suppose  that  the  cube 
roots  of  these  quantities  are  m  +  in  and  m  —  in',  then  the  roots  of 
the  cubic  become 

m  +  m  +  m  — tn,  or  2m; 

(m  +  in)  0)  +  (m  —  iw)  w',  or  —  m  —  w  ^3 ; 
(m  +  in)(o'+(m  — tn)a),  or  — w  +  7i^3; 

which  are  all  real  quantities.  As  however  there  is  no  general 
arithmetical  or  algebraical  method  of  finding  the  exact  value  of 
the  cube  root  of  imaginary  quantities  [Compare  Art.  89],  the 
solution  obtained  in  Art.  576  is  of  little  practical  use  when  the 
roots  of  the  cubic  are  all  real  and  unequal. 

This  case  is  sometimes  called  the  Irred%Lcibh  Case  of  Cardan's 
BolutioDf 

580.  In  the  irreducible  case  just  mentioned  the  solution  may 
be  completed  by  Trigonometry  as  follows.     Let  the  solution  be 

1  1 

d;  =  (a  +  iby  +  (a  -  i6)*; 
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put      a  =  r  cos  0,  b  =  r  sin  0,  so  that  r^  =  a'  +  6",  tan  ^  =  - ; 

1  1 

then  {a  +  iby  =  {r  (cos  ^  + 1  sin  0)Y. 

Now  by  De  Moivre's  theorem  the  three  values  of   this  ex- 
pression are 

J/       0      ,   .    0\        \/       ^  +  27r     .   .    ^+27r\ 
r*l  cos^  +  isin^j,     r^/ cos — ^ —  +tsm — - — j, 

,  -V       ^  +  47r      .    .     ^  +  47r\ 

and  r3  (  cos  — 5—   +  ^  sin  — ^ —  j , 

1 
where  r*  denotes  the  arithmetical  cube   root   of   r,  and   0   tlie 

smallest  angle  found  from  the  equation  tan  0  =  - , 

1 
The  three  values  of  (a  —  ^6)**  are  obtained  by  changing  the  sign 
of  ^  in  the  above  results ;  hence  the  roots  are 

^       $        ^\        e  +  27r        ^\        e  +  ^TT 


2r3  cos  ^  ,      2r3  cos  — 5 —  ,      2r^  cos 


Biquadratic  Equations. 

581.  We  shall  now  give  a  brief  discussion  of  some  of  the 
methods  which  are  employed  to  obtain  the  general  solution  of  a 
biquadratic  equation.  It  will  be  found  that  in  each  of  the 
methods  we  have  first  to  solve  an  auxiliary  cubic  equation ;  and 
thus  it  will  be  seen  that  as  in  the  case  of  the  cubic,  the  general 
solution  is  not  adapted  for  writing  down  the  solution  of  a 
given  numerical  equation. 

682.  The  solution  of  a  biquadratic  equation  was  first  ob- 
tained by  Ferrari,  a  pupil  of  Cardan,  as  follows. 

Denote  the  equation  by 

X*  +  2p9if  +  qiK^-{-  2rx  +  s  =  0; 

add  to  each  side  {ax  +  b)',  the  quantities  a  and  b  being  determined 
so  as  to  make  the  left  side  a  perfect  square;  then 

x^  +  2poc^  +  (q  +  a')o(^  +  2{r  -h  <zb)x  +  8  +  b'  =  (ax  +  by. 

Suppose  that  the  left  side  of  the  equation  is  equal  to  (x'-\-px+kY; 
then  by  comparing  the  coefficients,  we  have 

j9*  +  2A  =  g  +  a',     pk  =  r  +  ab,     k'  —  s  +  b'; 

31—2 
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hy  eliminating  a  and  b  from  these  equations,  we  obtain 

or  2^-qk^+  2(pr  -  s)  k  +  p's  -  qs  -  r^  =  0. 

From  this  cubic  equation  one  real  value  of  k  can  always  be 
found  [Art.  553];  thus  a  and  b  are  known.     Also 

(a^  +px  +  ky  =  {ax  +  b)'; 

.'.  of '¥px  +  k  =  dz(ax-k-b); 

and  the  values  of  x  are  to  be  obtained  from  the  two  quadratics 

a;*  +  (©  -  a)  a;  +  (A;  -  6)  =  0, 
and  a"  +  (^  +  a)  a?  +  (A;  +  6)  =  0. 

« 

Example.    Bolve  the  equation 

x*-2x»-6a:«  +  10a;-3  =  0. 

Add  a'^x^  +  2ahx  +  b^  to  each  side  of  the  equation,  and  assume 

then  by  equating  coefficients,  we  have 

a'=2fc  +  6,    a6  =  -A;-5,     6»=A;»  +  3; 
.-.     (2Jfc  +  6)(A;«  +  3)=(fc  +  6)»; 

By  trial,  we  find  that  k=  - 1 ;  hence  a2=4,  b*  =  4,  a6=  -4. 

But  from  the  assumption,  it  follows  that 

{x*-X'hk)^={ax  +  b)^, 

Substituting  the  values  of  k,  a  and  6,  we  have  the  two  equations 

a;a-j;-l=d=(2j;-2); 

that  is,  x^-Sx  +  l=0,    and    x^+x-S=0; 

whence  the  roots  are  — ^—  ,    — — ^        • 

583.     The  following  solution  was  given  by  Descartes  in  1637. 
Suppose  that  the  biquadratic  equation  is  reduced  to  the  form 

assume        a;*  +  g^a:*  +  nc  +  «  =  (a;*  +  ^a?  +  ^)  (a:*  -  ^a;  +  m) ; 
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then  by  equating  coefficients,  we  have 

l+m  —  1^  =  qj     h{m  —  l)  =  ry     Im  —  s, 
From  the  first  two  of  these  equations,  we  obtain 

T  T 

hence  substituting  in  the  third  equation, 

(F  -^qk  +  r)  (k^  +  ^'A;  -  r)  =  isk', 
or  •  k''  +  2qk*  +  {q'-i8)k'-r^^0. 

This  is  a  cubic  in  ^  which  always  has  one  real  positive  solu- 
tion [Art.  553];  thus  when  k'  is  known  the  values  of  I  and  m 
are  determined,  and  the  solution  of  the  biquadratic  is  obtained 
by  solving  the  two  quadratics 

ix^  +  kx  +  l=0,  and  af  —  kx  +  m=^0. 
Example,    Solve  the  equation 

Assume  iit^-2x*+8x-S  =  (x^+kx  +  l){x^-kx  +  m) ; 

then  by  equating  coefficients,  we  have 

Z  +  m-P=-2,     fc(m-Z)=:8,     lm=-S; 

whence  we  obtain        (k^-2k-{-S)  {k^  -  2A;  -  8)  =  - 12**, 
or  A;«-4fc4+ 16^2-64=0. 

This  equation  is  clearly  satisfied  when  A;^-4=0,  or  %=  ^=2.  It  will  be 
sufficient  to  consider  one  of  the  values  of  k ;  putting  A; =2,  we  have 

m+l=2y    TO-i=4;    that  is,    Z=-l,    to=S. 

Thus  x*-2x^  +  Sx-3  =  {x^'\-2x-l){x^-2x  +  d); 

hence  a:*  +  2a;-l=0,    and    j;2_2x  +  3=0; 

and  therefore  the  roots  are     -l:t^2,    lJ:iy-2. 

584.  The  general  algebraical  solution  of  equations  of  a 
degree  higher  than  the  fourth  has  not  been  obtained,  and  AbeFs 
demonstration  of  the  impossibility  of  such  a  solution  is  generally 
accepted  by  Mathematicians.  If,  however,  the  coefficients  of  an 
equation  are  numerical,  the  value  of  any  real  root  may  be  found 
to  any  required  degree  of  accuracy  by  Horner's  Method  of  ap- 
proximation, a  full  account  of  which  will  be  found  in  treatises  on 
the  Theory  of  Equations, 
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585.     We  shall  conclude  with  the  discussion  of  some  miscella- 
neou&  equations. 

Example  1.    Solve  the  equations : 

x-\-y+z+u=0, 

Multiply  these  equations,  beginning  from  the  lowest,  by  1,  p,  q,  r  re- 
spectively; p,  Qt  r  being  quantities  which  are  at  present  undetermined. 
iUsume  that  they  are  such  that  the  coefficients  of  y,  z,  u  vanish ;  then 

X  (a'  +  pa^  +  qa+r)  =  kt 

whilst  6,  e,  d  are  the  roots  of  the  equation 

t^+pt*  +  qt  +  r=0. 

Hence  a'  +pa^  ■{■qa+r={a-b){a-c){a-d); 

and  therefore  (a-h)(a-c)(a-d)x=h. 

Thus  the  value  x  is  found,  and  the  values  of  y^  2,  u  can  be  written  down 
by  symmetry. 

Cor.    If  the  equations  are 

x  +  y+z+u=ly 
ax  +  by  +  cz  +  du=kf 
a^x  +  bh/  +  ch  +  d'hL=k'^, 
a«aj  +  ftSy  +  c'«  +  d% = A;', 
by  proceeding  as  before,  we  have 

x{a^  +pa^  +  qa  +  r)  =  ]fi  +pk* + qk  +  r ; 
.-.     {a-b)(a-c){a^d)x=:(k-b)(k-c)(k-d). 

Thus  the  value  of  x  is  found,  and  the  values  of  2^,  z^u  can  be  written 
down  by  symmetry. 

The  solution  of  the  above  equations  has  been  facilitated  by  the  use  of 
Undetermined  Multipliera, 

Example  2.    Shew  that  the  roots  of  the  equation 

(x-a){x-b){x-c)-P{x-a)-g^{x-b)-h^{x-c)  +  2fgh=:0 
are  all  real. 

From  the  given  equation,  we  have 

(x-a){(x^b){x-c)-p}-{g^x-b)  +  h^x-c)-2fgh]^0. 
Let  JO,  q  be  the  roots  of  the  quadratic 

(a;-6)0i:-c)-/2=O. 
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and  suppose  p  to  be  not  less  than  q.    By  solving  the  quadratic,  we  haye 

2a;=6  +  c±V(6-c)3  +  4/2 (1); 

now  the  value  of  the  surd  is  greater  than  &  '^  c,  so  that  p  is  greater  than  h 
or  c,  and  q  is  less  than  b  or  c. 

In  the  given  equation  substitute  for  x  successively  the  values 

+  «>»    P,    Q*     -«>; 
the  results  are  respectively 

+  «>,    -(gJp-^-^Jp-cfy    +{ffjb-q-^jc^)\  -00, 

since  (i>  -  ^  (P  -  c)  =f^  ={b-q)  (c  -  q). 

Thus  the  given  equation  has  three  real  roots,  one  greater  than  p,  one 
between  p  and  q,  and  one  less  than  q. 

If  j>=g,  then  from  (1)  we  have  (6-c)*  +  4/*=0  and  therefore  b=c,  /=0. 
In  this  case  the  given  equation  becomes 

{x-b){(x-a){x-b)-g^-h^=0; 

thus  the  roots  are  all  real. 

If  p  is  a  root  of  the  given  equation,  the  above  investigation  fails ;  for  it 
only  shews  that  there  is  one  root  between  q  and  +  oo ,  namely  p.  But  as 
before,  there  is  a  second  real  root  less  than  q ;  hence  the  third  root  must  also 
be  real.  Similarly  if  g  is  a  root  of  the  given  equation  we  can  shew  that  all 
the  roots  are  real. 

The  equation  here  discussed  is  of  considerable  importance;  it  occurs 
frequently  in  Solid  Geometry,  and  is  there  known  as  the  Discriminating 
Cubic. 

586.     The   following   system   of   equations  occurs   in   many 
branches  of  Applied  Mathematics. 

Example.    Solve  the  equations : 

X  y  z       ^ 


a+X     b+\     c+\ 


a+A*     b  +  ii     c  +  AA 


a+y     6+v     c+v 
Consider  the  following  equation  in  0, 

X,  y,  z  being  for  the  present  regarded  as  known  quantities, 
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This  equation  when  cleared  of  fractions  is  of  the  seeond  degree  in  $t  and 
is  satisfied  by  the  three  values  ^=X,  0=fi,  d—v,  in  yirtue  of  the  given 
equations ;  hence  it  must  be  an  identity.    [Art.  810.] 

To  find  the  value  of  x,  multiply  up  by  a  +  d,  and  then  put  a+ ^=0 ; 

(6  -a)(c-a) 

that  is.  ^^(a+X)(«+M)(a+>) 

(a  -  6)  (a  -  c) 

By  symmetry,  we  have 

(&  +  X)(&  +  Ai)(&  +  y) 
y-      (b^c){h-a)       * 

and  ^^(c+XHc470{c+i)^ 

(c  -  a)  (c  -  6) 


EXAMPLES.    XXXV.  e. 

Solve  the  following  equations : 

1.    ^-l&r=35.  2.  0^3  +  7207-1720=0. 

3.    0^3  +  6307-316=0.  4.  073+2107+342=0. 

5.    2So73-9o?8+l=0.  6.  o:3-15o,'*-33o7+847=0. 

7.      2073+30?8+307+l=0. 

8,  Prove  that  the  real  root  of   the  equation   073  +  12.r-12=0 
is  2  4/2-*y4. 

Solve  the  following  equations : 

9.  or*-3o78-42o7-40=0.  10.    07*-10.t7«-20o7-16=0. 

11.  or*+8o^+9o;«-8o7-10=0. 

12.  or*+2o73-7.r«-8o7+12=0. 

13.  or*-3o78-6o7-2=0.  14.    .r*-2o73-12o:«+10o?  +  3=0. 

15.  4o7*-20o73+33o?8-20o7+4=0. 

16.  oHi-6or*-17o73+17o?8+6o7-l=0. 

17.  07* + 9o73 + 12072  -  8007  - 192 =0,  which  has  equal  roots. 

18.  Find  the  relation  between  q  and  r  in  order  that  the  equation 
073+2'07+r=0  may  be  put  into  the  form  07*=(o72+ao;+6)2. 

Hence  solve  the  equation 

8o?3-36o7+27=0. 
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19.    If  a!^  +  3pa^+3qa:+r  and  x^+2paf  +  q 

have  a  common  factor,  shew  that 

4  (p2  -  q)  (^2  ^pr)  -  {pq  -  r)2=0. 

If  they  have  two  common  factors,  shew  that 


20.  If  the  equation  cux^+Zha^+^cx+d^O  has  two  equal  roots, 
shew  that  each  of  them  is  equal  to  ^77 rsr  . 

21.  Shew  that  the  equation  a^  +px^  +  ga,*^ + ro? + « = 0  may  be  solved 
as  a  quadratic  if  r*=j?2«. 

22.  Solve  the  equation 

a;«- iap*+16a;3+2&p2-32a7+8=0, 
one  of  whose  roots  is  »JQ  -  2. 

23k    If  a,  )3,  y,  d  are  the  roots  of  the  equation 

find  the  equation  whose  roots  are  /3+'y+d+()9yd)~^  &c. 

24.  In  the  equation  a^  -pa^ + g'^  -  ro? + « = 0,  prove  that  if  the  sum 
of  two  of  the  roots  is  equal  to  the  sum  of  the  other  two  p^  -  4pq + 8r = 0 ; 
and  that  if  the  product  of  two  of  the  roots  is  equal  to  the  product  of 
the  other  two  r^'^p^s. 

25.  The  equation  afi  -  209j?+56s=0  has  two  roots  whose  product  is 
imity :  determine  them. 

26.  Find  the  two  roots  of  ^  -  409a? + 285 =0  whose  sum  is  6. 

27.  If  a,  b,  c,.,.k  are  the  roots  of 

af'+Piaf^^+P2af^'^+ +Pn'i^+Pn==^i 

shew  that 

(H-a2)(l+6«) (l+it2)=(l-i?2+i>4~-)*+(i>i-i'3+i'6-.-.)'. 

28.  The  smn  of  two  roots  of  the  equation 

^-aF»+21^-20a;+6=0 

is  4 ;  explain  why  on  attempting  to  solve  the  equation  from  the  know- 
ledge of  this  fact  the  method  fails. 


MISCELLANEOUS  EXAMPLES. 

1.  If  Sly  82,  SJ^  are  the  sums  of  n,  2n,  37z  terms  respectively  of  an 
arithmeticai  progression,  shew  that  «3=3  (^-<i). 

2.  Find  two  numbers  such  that  their  difference,  sum  and  product, 
are  to  one  another  as  1,  7,  24. 

3.  In  what  scale  of  notation  is  25  doubled  by  reversing  the  digits? 

4.  Solve  the  equations : 

(1)  (^+2)(^+3)(a?-4)(d7-5)=44. 

(2)  ^(y+2;)+2=:0,    y(2-2a7)  +  21=-0,    2;(2a?-y)=5. 

5.  In  an  A.  P.,  of  which  a  is  the  first  term,  if  the  sxmi  of  the 
first  p  terms  =0,  shew  that  the  sum  of  the  next  q  terms 

_     «(i>+g)g 
-  p-l      ' 

[R.  M.  A.  Woolwich.] 

6.  Solve  the  equations : 

(1)  (a+b){aa!+b)(a-ba:)^(a^x-h^)(a+bx). 

11  1 

(2)  a^+(2a?-3^={12(4;-l)}>.  [India  Civil  Service.] 

7.  Find  an  arithmetical  progression  whose  first  term  is  imity 
such  that  the  second,  tenth  and  thirty-fourth  terms  form  a  geometric 
series. 

8.  If  a,  /3  are  the  roots  of  j^+px+q—O,  find  the  values  of 

9.  If  24? = a + a-i  and  2if=b+b-\  find  the  value  of 

^+\/(^-l)(y2-l). 

10.  Find  the  value  of 

8'  8 

(4+\/i5)'-K4~Vi5)' 

_    8  _  8* 

(6+V35)'-(6-V35)^ 

[R.  M.  A.  Woolwich.] 

11.  If  a  and  /3  are  the  imaginary  cube  roots  of  unity,  shew  that 

a*+/34+o-ij8-i=0. 
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12.  Shew  that  in  any  scale*,  whose  radix  is  greater  than  4,  the 
number  12432  is  divisible  by  111  and  also  by  112. 

13.  A  and  B  run  a  mile  race.  In  the  first  heat  A  gives  B  a  start 
of  11  yards  and  beats  him  b^  57  seconds  ;  in  the  second  heat  A  gives 
B  a  start  of  81  seconds  and  is  beaten  by  88  yards :  in  what  time  could 
each  run  a  mile? 

14.  Eliminate  a?,  y,  z  between  the  equations : 

x^-yz^a^  y^-zx^h\  t^-scy=^^^  .r+y+«=0. 

[R.  M.  A.  Woolwich.] 

15.  Solve  the  equations : 

as(^-\-hxy-\-cy'^—hx^-\-cxy-\-ay^—d. 

[Math.  Tripos.] 

16.  A  waterman  rows  to  a  place  48  miles  distant  and  back  in 
14  hours :  he  finds  that  he  can  row  4  miles  with  the  stream  in  the 
same  time  as  3  miles  against  the  stream :  find  the  rate  of  the  stream. 

17.  Extract  the  square  root  of 

(1)  (a2  +  a6+6c+ca)(6c+ca+a6  +  62)(fcc+ca+a&  +  c2). 

(2)  l-a?+\/22^-15-8^. 

10 

18.  Find  the  coefficient  of  ^  in  the  expansion  of  (1  -  34:)',  and  the 

/4         3  V 
term  independent  of  ^  in  ( -^ ~  o" )  • 

19.  Solve  the  equations : 

,  .    2ar-3     3^-8  .  ^+3     ^ 

(2)  x^-y^=xy-ahy    (d7+y)  (flM?+ty)=2a6(a+6). 

[Tbin.  Coll.  Cams.] 

20.  Shew  that  if  a  ^6  -  c)  ^ + 6  (c  -  a)  ot^ + c  (a  -  h)y^  is  a  perfect 
square,  the  quantities  a,  \  c  are  in  harmonica!  progression. 

[St  Cath.  Coll.  Cams.] 

21.  If 

{y-zy+{z-x)^+(x-y)^=(i/+z-2xy  +  (z  +  a:-2yy  +  (s+y-2zyy 
and  X,  y,  z  are  real,  shew  that  x—y=z.  St  Cath.  Coll.  Camb.] 

22.  Extract  the  square  root  of  3^58261  in  the  scale  of  twelve,  and 
find  in  what  scale  the  fraction  -  would  be  represented  by  47. 
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23.  Find  the  sum  of  the  products  of  the  integers  1,  2,  3, ...  91  taken 
two  at  a  time,  and  shew  that  it  is  equal  to  half  the  excess  of  the  sum  of 
the  cubes  of  the  given  integers  over  the  siun  of  their  squares. 

24.  A  man  and  his  family  consimie  20  loaves  of  bread  in  a  week. 
If  his  wages  were  raised  5  per  cent.,  and  the  price  of  bread  were  raised 
2^  per  cent.,  he  would  gain  6d.  a  week.  But  if  his  wages  were  lowered 
?!  per  cent.,  and  bread  fell  10  per  cent.,  then  he  would  lose  1^. 
a  week :  find  his  weekly  wages  ana  the  price  of  a  loaf. 

25.  The  sum  of  four  numbers  in  arithmetical  progression  is  48  and 
the  product  of  the  extremes  is  to  the  product  of  the  means  as  27  to  35 : 
find  the  numbers. 

26.  Solve  the  equations : 

(1)  a(6-c)ar*+6(c-a)a?+c(a-6)=0. 

27.  If  V^  -s+ »Jh—x+ *Jc-x^O^  shew  that 

(a  +  6  +  c  +  air)(a  +  6+c-a?)=4(6c  +  ca+a5); 
and  if  *ya+4/6+/yc=0,  shew  that  {a+h+cf=Zlahc, 

28.  A  train,  an  hour  after  starting,  meets  with  an  accident  which 
detains  it  an  hour,  after  which  it  proceeds  at  three-fifths  of  its  former 
rate  and  arrives  3  hours  after  time :  but  had  the  accident  happened  50 
miles  farther  on  the  line,  it  would  have  arrived  1^  hrs.  sooner :  find  the 
length  of  the  journey. 

29.  Solve  the  equations : 

2^+y=2«,  92i-7ar=6y,  ^+y3+«8=216. 

[R.  M.  A.  Woolwich.] 

30.  Six  papers  are  set  in  examination,  two  of  them  in  mathematics : 
in  how  many  different  orders  can  the  papers  be  given,  provided  only  that 
the  two  mathematical  papers  are  not  successive  ? 

31.  In  how  many  ways  can  £5.  4^.  2c?.  be  paid  in  exactly  60  coins, 
consisting  of  half-crowns,  shillings  and  fourpenny-pieces? 

32.  Find  a  and  h  so  that  x^+aa^+\\x+Q  and  a^  +  6^+14r+8 
may  have  a  common  factor  of  the  form  s^+px+q, 

[London  University.] 

33.  In  what  time  would  A^ByC  together  do  a  work  if  A  alone  could 
do  it  in  six  hours  more,  B  alone  in  one  nour  more,  and  C  alone  in  twice 
the  time? 
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34.  If  the  equations  cuv+bv=l,  cx^+ dy^ = 1  have  only  one  solution 

qI     y^  ah 

prove  that  — •"  ;7  =  1>  ^^^  ^—'^y—j*  [Math.  Tripos.] 

35.  Find  by  the  Binomial  Theorem  the  first  five  terms  in  the  expan- 
sion of  (1  -  2a: +2a;2)-2. 

■  36.     If  one  of  the  roots  of  ^*+j3^+g'=0  is  the  square  of  the  other, 
shew  that  p^-q  (3p  ~  1) + g^ = 0. 

[Pbmb.  Coll.  Cams.] 

37.  Solve  the  equation 

^_5^a_6^-5=0. 

[Queen's  Coll.  Ox.] 

38.  Find  the  value  of  a  for  which  the  fraction 

^  -  flWT^-l- 19^  -  a  —  4 

admits  of  reduction.     Eeduce  it  to  its  lowest  terms.     [Math.  Tripos.] 

39.  If  a,  hy  Cy  Xy  y,  z  are  real  quantities,  and 

shew  that  a=6=c,  and  4?=0,  y=0,  z^O, 

[Christ's  Coll.  Camb.] 

I 

40.  What  is  the  greatest  term  in  the  expansion  of  ( 1  -  ^  a: )  when 
the  value  of  a;  is  ^  ?  [Emm.  Coll.  Camb.] 

41.  Find  two  numbers  such  that  their  sum  multiplied  by  the  sum 
of  their  squares  is  5600,  and  their  difference  multiplied  by  the  difference 
of  their  squares  is  352.  [Christ's  Coll.  Camb.] 

42.  If  ^=Xa,    y=(X-l)6,    «=(X-3)c,    X^^g+^-j^,    express 

af^+y^+z^  in  its  simplest  form  in  terms  of  a,  6,  c. 

[Sidney  Coll.  Camb.] 

43.  Solve  the  equations : 

(1)  a7*+3a:2==  16^+60. 

(2)  y^-\'Z^  —  x=z^+x^-y=x^-\'y^-z—\, 

[Corpus  Coll.  Ox.] 

44.  If  Xy  y,  z  are  in  harmonical  progression,  shew  that 

log  (^ +z)+ log  (^  -  2y + J?) = 2  log  {ps  -  z). 
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45.    Shew  that 

1      1.3/1\      1.3.5 /ly.  4,„      ,^,    ,^ 

2^2-74(4)  ■*■  27476(4)  + =  3(2-^3) V3. 


[Emm.  Coll.  Camb.] 


3j;+2y^3y  +  ag^  ag+2a- 
^'  3a-26     36-2C     3c-2a' 


then  will  5{x+y+z){6c+4b-3a)=^(9a;+St/  +  l3z)(a+b+c). 

[Christ's  Coll.  Camb.] 

47.  With  17  coiisonants  and  6  vowels,  how  many  words  of  four 
letters  can  be  formed  having  2  different  vowels  in  the  middle  and  1 
consonant  (repeated  or  different)  at  each  end? 

48.  A  c^uestion  was  lost  on  which  600  persons  had  voted ;  the  same 
persons  having  voted  again  on  the  same  question,  it  was  carried  by  twice 
as  many  as  it  was  before  lost  by,  and  the  new  majority  was  to  the  former 
as  8  to  7 :  how  many  changed  their  minds]     [St  John's  Coll.  Camb.] 


49.    Shew  that 

l-x 

(l+jc)«  _^  .  S-^  .  9^  .  13^^ 


^"^ ^-=^ +0  +  O  +  677  +  - 


[Christ's  Coll.  Camb.] 

50.  A  body  of  men  were  formed  into  a  hollow  square,  three  deep, 
when  it  was  observed,  that  with  the  addition  of  26  to  their  number  a 
solid  square  might  be  formed,  of  which  the  number  of  men  in  each  side 
would  be  greater  by  22  than  the  square  root  of  the  number  of  men  in 
each  side  of  the  hollow  square :  required  the  number  of  men. 

51.  Solve  the  equations : 

(1)  V{a  +a;)2  +  2  yj^T^^ = 3  V^^^^. 

(2)  (a;-a)i(a?-6)i-(a7-c)i(a7-c?)i=(a^c)4(6-rf)i 

52.  Prove  that 

., .     _     2      2.5        2.5.8 
^  ^6      6.12      6.12.18      


[Sidney  Coll.  Camb.] 

53.     Solve  v'6(5a?+6)-4^5(6^-ll)  =  l. 

[Queens'  Coll.  Camb.] 
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64.  A  vessel  contains  a  gallons  of  wine,  and  another  vessel  con- 
tains h  gallons  of  water:  c  gallons  are  taken  out  of  each  vessel  and 
transferred  to  the  other;  this  operation  is  repeated  any  number  of 
times :  shew  that  if  <?(o+6)=a&,  the  quantity  of  wine  in  each  vessel 
will  always  remain  the  same  after  the  first  operation. 

55.  The  arithmetic  mean  between  m  and  n  and  the  geometric 

mean  between  a  and  h  are  each  equal  to :  find  m  and  n  in  terms 

of  a  and  h, 

56.  If  ^,  y,  z  are  such  that  their  sum  is  constant,  and  if 

{z+x-  2y)  (x+y  -  2z) 

varies  as  yz,  prove  that  2(tf+z)  —  x  varies  as  yz. 

[EitfM.  Coll.  Camb.] 

57.  Prove  that,  if  n  is  greater  than  3, 

1.2.'»a.-2.3.'»CUi+3.4.*(7^- +  (-l)'-(r+l)(r+2)  =  2.*-3a,. 

[Christ's  Coll.  Camb.] 

58.  Solve  the  equations : 

(1)  V2^-I  +  V3^-2=\/4a7-3  +  V5^-4. 

8  I 

(2)  4{(a;2-I6)*  +  8}=^+I6(:r2-I6)*. 

[St  John's  Coll.  Camb.] 

59.  Prove  that  two  of  the  quantities  a?,  y,  z  must  be  equal  to  one 

another,  if  f- —  +  =- —  +  ^r—^  =0. 

'  1+^2     \-\-zx     \-\-3sy 

60.  In  a  certain  community  consisting  of  jt?  persons,  a  percent,  can 
read  and  write ;  of  the  males  alone  h  per  cent.,  and  of  the  females  alone 
c  percent,  can  read  and  write :  find  the  number  of  males  and  females  in 
the  community. 

61.  If  .^f)-",  shew  that  ^(.V^)  =  0)- 

[Emm.  Coll.  Camb.] 

62.  Shew  that  the  coefficient  of  or**  in  the  expansion  of 

(I-a7+^2-a;3)~^  is  unity. 

63.  Solve  the  equation 

x-a     x—h        b  a 

— 1 =: -  + 


a        x  —  a     X-  b' 

[London  University.] 

64.  Find  (1)  the  arithmetical  series,  (2)  the  harmonical  series  of 
n  terms  of  which  a  and  b  are  the  first  and  last  terms ;  and  shew  that 
the  product  of  the  r*^  term  of  the  first  series  and  the  (n-  r  + 1)*  term  of 
the  second  series  is  ab. 
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65.  If  the  roots  of  the  equation 

(l-?+f*)^+Pa+?)^+S'(?-l)  +  f=0 

are  equal,  shew  that  p^=^4q.  [R.  M.  A.  Woolwich.] 

66.  If  a2 + 6* = lab,  shew  that 

log{5(a+6)}  =  ^(loga+log6). 

[Queen's  Coll.  Ox.] 

67.  If  n  is  a  root  of  the  equation 

ar»(l-ac)-a?(a*+c^-(H-ac)=0, 

and  if  n  harmonic  means  are  inserted  between  a  and  Cy  shew  that  the 
difierence  between  the  first  and  last  mean  is  equal  to  ac  {a—c), 

[Wadham  Coll.  Ox.] 

68.  If  *+2C8 :  •»-«P4=57  :  16,  find  n. 

69.  A  person  invests  a  certain  sum  in  a  6^  per  cent.  Qovemment 
loan :  if  the  price  had  been  £3  less  he  would  have  received  j^  per  cent, 
more  interest  on  his  money ;  at  what  price  was  the  loan  issued? 

70.  Solve  the  equation : 

[Merton  Coll.  Ox.] 

71.  If  by  eliminating  x  between  the  equations 

a^+ax+b^O  and  xi/+l{x+ff)+m=0, 

a  quadratic  in  y  is  formed  whose  roots  are  the  same  as  those  of  the 
onginal  quadratic  in  ^,  then  either  a =2^,  and  b=^m,  or  b+m==al, 

[R  M.  A.  Woolwich.] 

72.  Given  log  2  «=  -30103,  and  log  3  =  -47712,  solve  the  equations : 

(1)  6«=^.6-«.  (2)  V5^+V5=^=?^. 

73.  Find  two  niunbers  such  that  their  sum  is  9,  and  the  sum  of 
their  fourth  powers  2417.  [London  University.] 

74.  A  set  out  to  walk  at  the  rate  of  4  miles  an  hour;  after  he  had 
been  walking  2 1  hours,  B  set  out  to  overtake  him  and  went  4^  miles 
the  first  hour,  4}  miles  the  second,  5  the  third,  and  so  gaining  a  quarter 
of  a  mile  every  hour.    In  how  many  hours  would  he  overtake  Al 

75.  Prove  that  the  integer  next  above  Cs/3+1)**  contains  2*»+i  as 
a  factor. 
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76.  The  series  of  natural  numbers  is  divided  into  groups  1 ;  2, 3, 4 ; 
5,  6,  7,  8,  9 ;  and  so  on :  prove  that  the  sum  of  the  numbers  in  the 
w*"*  group  is  (n  - 1)'+ w'. 

77.  Shew  that  the  sum  of  n  terms  of  the  series 

2"*"|2_V2/  "^   [3    V2>'   "^"74~"V2/  "^ 

is  equal  to  1 -^'^' ^'^j^'^^^'^^ 

[R.  M.  A.  Woolwich.] 

1  +  2^ 

78.  Shew  that  the  coefficient  of  a?»  in  the  expansion  of  -^  is 

{-1)1  3(-lM  2(-l)'^', 
according  as  n  is  of  the  form  3m,  3m +  1,  3m +2. 


79.     Solve  the  equations : 

(1)  ?=!  =  ^r  = 


^2 


a     b     c     x+y+z' 

'  y     z      X     X     y      z  ^ 

[Univ.  Coll.  Ox.] 

80.  The  value  of  xyz  is  7^  or  3f  according  as  the  series  a,  j?,  y,  2, 
6  is  arithmetic  or  harmonic :  find  the  values  of  a  and  h  assuming  them 
to  be  positive  integers.  [Merton  Coll.  Ox.] 

81.  If  ay  —  hx=c  \/{x  -  o)^ + (v  -  h)\  shew  that  no  real  values  of  x 
and  y  will  satisfy  the  equation  unless  <?<ia^-\-  h\ 

82.  If  {x+Vf  is  greater  than  bx-  1  and  less  than  7^7-3,  find  the 
integral  value  of  x. 

83.  If  P  is  the  number  of  integers  whose  logarithms  have  the 
characteristic  jo,  and  Q  the  number  of  integers  the  logarithms  of  whose 
reciprocals  have  the  characteristic  -  j,  shew  that 

84.  In  how  many  ways  may  20  shillings  be  given  to  6  persons  so 
that  no  person  may  receive  less  than  3  shillings  ? 

85.  A  man  wishing  his  two  daughters  to  receive  equal  portions 
when  they  came  of  age  bequeathed  to  the  elder  the  accumulated  interest 
of  a  certain  sum  of  money  invested  at  the  time  of  his  death  in  4  per 
cent,  stock  at  88 ;  and  to  the  younger  he  bequeathed  the  accumulated 
interest  of  a  sum  less  than  the  former  by  £3500  invested  at  the  same 
time  in  the  3  per  cents,  at  63.  Supposing  their  ages  at  the  time  of 
their  father's  death  to  have  been  17  and  14,  what  was  the  sum  invested 
in  each  case,  and  what  was  each  daughter's  fortune  ? 

H.  H.  A  32 
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86.  A  number  of  three  digits  in  scale  7  when  expressed  in  scale  9 
has  its  digits  reversed  in  order :  find  the  number. 

[St  John's  Coll.  Cams.] 

87.  If  the  sum  of  m  terms  of  an  arithmetical  progression  is  equal 
to  the  sum  of  the  next  n  terms,  and  also  to  the  sum  of  the  ne^t  p 

terms ;  prove  that  (m+ «)  T-  -  -  j  =  (m+p)  f-  -  -  j  • 

[St  John's  Coll.  Camb.] 

88.  Prove  that 

_L_+_J_  +  ^: M    +J_  +  _i_Y. 

(tf—zf    (z—a:)^    (-^^y)*    Vy--^    ^-^    ^-y) 

[R.  M.  A.  Woolwich.] 

89.  If  m,  is  negative,  or  positive  and  greater  than  1,  shew  that 

l«+3'»+5«+ +  (2n-l)"»>7i"»+^ 

[Emm.  Coll.  Camb.] 

90.  If  each  pair  of  the  three  equations 

o^-p^x-\-q^=%   ^-|?2*+2'2=0,   .-F^-i^s^F+Ja^O, 
have  a  common  root,  prove  that 

V\  +P%^  +  /^s*  +  4  tei  +  ?2  +  S's)  =  2  (i?2^3  +PiPi  +P1P2)' 

[St  John's  Coll.  Camb.] 

91.  A  and  B  travelled  on  the  same  road  and  at  the  same  rate  from 
Huntingdon  to  London.  At  the  50"*  milestone  from  London,  A  over- 
took a  drove  of  geese  which  were  proceeding  at  the  rate  of  3  miles  in  2 
hours ;  and  two  hours  afterwards  met  a  waggon,  which  was  moving  at 
the  rate  of  9  miles  in  4  hours.  B  overtook  the  same  drove  of  geese  at 
the  45^  milestone,  and  met  the  waggon  exactly  40  minutes  before  he 
came  to  the  31"*  milestone.    Where  was  B  when  A  reached  London  ? 

[St  John's  Coll.  Camb.] 

92.  If  a+b+c+d=0,  prove  that 

abc + hcd+ cda + dab = »J{bc  —  ad)  (ca  —  bd)  (ab  -  cd), 

[R.  M.  A.  Woolwich.] 

93.  An  A.  P.,  a  Q.  P.,  and  an  H.  P.  have  a  and  b  for  their  first  two 
terms  :  shew  that  their  (n+2)"'  terms  will  be  in  G.  P.  if 

94.  Shew  that  the  coefficient  of  a^  in  the  expansion  of  ^ r-; ^v 

{a;-a){x-b) 

in  ascending  power  of  x  is r-  •  — r- ;  and  that  the  coefficient  of  a^ 

°  ^  a-b     a^b*^ 

in  the  expansion  of  \^ ^  is  2*-i  (»*+4w+2).      r-n.        ^  ^        , 

(l-xf  ^  ^      [Emm.  Coll.  Camb.] 
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95.  Solve  the  equations  : 

1     „     1 

V^-y+o  V^+y=-7=  ,     ^+y2  :  a7y?=34  :  15. 
^  slx-y 

[St  John's  Coll.  Cams.] 

96.  Find  the  value  of  1  +  —  —  —  2T  **'  ^^  *^®  ^*^"^  ^^  *  quad- 
ratic surd.  [R.  M.  A.  Woolwich.] 

97.  Prove  that  the  cube  of  an  integer  may  be  expressed  as  the 
difference  of  two  squares  ;  that  the  cube  of  every  odd  integer  may  be 
so  expressed  in  two  ways  ;  and  that  the  difference  of  the  cubes  of  any 
two  consecutive  integers  may  be  expressed  as  the  difference  of  two 
squares.  [Jesus  Coll.  Camb.] 


98.    Find  the  value  of  the  infinite  series 


99.     If 


and 


I?   1^  \Z   1^ 

a      c      a      c 
6+  d-Y  6+  rf+ 

c      a      c      a 
^     d-Y  6+  d-\-  6  + 

hx-dy—a-c. 

[Emm.  Coll.  Camb.] 


then  hx-dy—a-c,         [Christ's  Coll.  Camb.] 

100.  Find  the  generating  function,  the  sum  to  n  terms,  and  the 
w***  term  of  the  recurring  series  \  +  bx-\-lx^-\-VJa^-\-Z\a^-\- 

101.  If  a,  6,  c  are  in  H.  P.,  then 

(2)  62(a-c)2=2{c2(6-a)2+a2(c-5)2}.       [Pbmb.  Coll.  Camb.] 

102.  If  a,  6,  c  are  all  real  quantities,  and  a^  -  Zhhc-\-2(?  is  divisible 
hj  x~  a  and  also  by  x-h\  prove  that  either  a=6=c,  or  a—  —26=  —2c. 

[Jesus  Coll.  Ox.] 

103.  Shew  that  the  siun  of  the  squares  of  three  consecutive  odd 
nimibers  increased  by  1  is  divisible  by  12,  but  not  by  24. 

104.  Shew  that is  the  greatest  or  least  value  of  a^+ 26a7+<?, 

according  as  a  is  negative  or  positive. 

If  ar*+y+2*+yV+22a;*+4r^2=2^^r(^+y+Jj),  and  ^,  y,  z  are  all 
real,  shew  that  x=y=^z,  [St  John's  Coll.  Camb.] 

32—2 
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105.     Shew  that  the  expansion 


lonof^  2 


j:     1.3   a^     1.3. 5.7   ^ 
'**  2"*"2.4*  6  ■^2.4.6.8'10"*" 


106.  If  a,  (i  are  roots  of  the  equations 

where  n  is  an  even  integer,  shew  that  3 ,  —  are  roots  of 

pa 

.r*+l  +  (:p+l)**=0.  [Pemb.  Coll.  Camb.] 

107.  Find  the  difference  between    the    squares    of    the  infinite 
continued  fractions 

h        h        h  ^  d      d       d 

a-\-- — -  --  — ,    and  c+ 


2a+  2a+  2a+    '      '  2c+  2c+  2c  + 

[Christ's  Coll.  Camb.] 

108.  A  sum  of  money  is  distributed  amongst  a  certain  number  of 
persons.  The  second  receives  1«.  more  than  the  first,  the  third  2«. 
more  than  the  second,  the  fourth  Zs.  more  than  the  third,  and  so  on. 
If  the  first  person  gets  1«.  and  the  last  person  £3.  7a.,  what  is  the 
niunber  of  persons  and  the  sum  distributed  ? 

109.  Solve  the  equations  : 

(1)  f+y±f=y+f+f=i+^y=2 

^  a     h-\-c     h     c+a     c     a+b 
(2)  ^?.V^+y=i3J.     ^_+^=3^V 

110.  If  a  and  b  are  positive  and  unequal,  prove  that 

n-l 

a«-6«>n(a-6)(a6)2  . 

[St  Cath.  Coll.  Camb.] 

111.  Express  ^r^-^  as  a  continued  fraction:  hence  find  the  least 
values  of  sp  and  y  which  satisfy  the  equation  396^-  763y = 12. 

112.  To  complete  a  certain  work,  a  workman  A  alone  would  take 
m  times  as  many  days  as  B  and  C  working  together ;  B  alone  would 
take  n  times  as  many  days  as  A  and  C  together;  C  alone  would  take 
p  times  as  many  days  as  A  and  B  together :  shew  that  the  numbers  of 
days  in  which  each  would  do  it  alone  are  as  m+1  in  +  l  :p+l. 

Prove  also 1 1 £—  =  2 

m+l^n+l^p+l      '  [R.  M.  A.  Woolwich.] 
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113.  The  expenses  of  a  hydropathic  establishment  are  partly  con- 
stant and  partly  vary  with  the  number  of  boarders.  Each  boarder 
pays  £65  a  year,  and  the  annual  profits  are  £9  a  head  when  there  are 
50  boarders,  and  £10. 13«.  4c?.  when  there  are  60 :  what  is  the  profit  on 
each  boarder  when  there  are  80? 

114.  If  xhf=2a;—y^  and  or^  is  not  greater  than  1,  shew  that 

[Petbrhouse,  Camb.] 

X  y         1 

115.  If  -g %~~¥' — 2~^'  *^^  ^—<^y  shew  that  when  a  and  c 

are  xmequal, 

(a2-c2)2-62c2=o,  or  a^+c^-ft^^Q. 

116.  If  (l+a7+^)^=l+V+V^+-> 
and                       (a?-l)3'-=^'--Ci.«;3r-i  +  c2a;3r-2_^^  J 

prove  that       (1)  X-h-^-^-h^- =  1, 

(_3r 
\  I  11      2  2  -[r|_2r 

[R.  M.  A.  Woolwich.] 

117.  Solve  the  equations : 

(1)  (x—y^'\-^ab  —  aX'\-hy^    xy-{-ah=^hx-\-ay, 

(2)  a^-y'^  +  z^^Q^     2yz-zx+2xy=^l3y    x-y+z=2. 

118.  If  there  are  n  positive  quantities  o^,  a2,...a„,  and  if  the 
square  roots  of  all  their  products  taken  two  together  be  found,  prove 
that 

Vai^  +  V«i«3+ ^—g- (01+^2+ +«n); 

hence  prove  that  the  arithmetic  mean  of  the  square  roots  of  the 
products  two  together  is  less  than  the  arithmetic  mean  of  the  given 
quantities.  [R  M.  A.  Woolwich.] 

119.  If  b^x* + aY = «^6S  and  a^+h^=x^+y^=ly  prove  that 

b^afi + a V = (^^^ + « V)^-        [India  Civil  Service.] 

120.  Find  the  sum  of  the  first  n  terms  of  the  series  whose  r^  terms 

*^^  (^)    ^^2»         (2)     (a+r^b)af^-r.       • 

[St  John's  Coll.  Camb.] 

x-\-2 

121.  Find  the  greatest  value  of  ^r— „ — ;; . 
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122.  Solve  the  equations : 

(1)  1+^=7(1+^)*. 

(2)  3a?y+22=.r«+6y  =  2y2;  +  3ar=0. 

123.  If  «!,  a^,  as,  a^  are  aiiy  four  consecutive  coefficients  of  an 
expanded  binomial,  prove  that 

-^—  +  — r— =  — r-  ■  [Queens'  Coll.  Camb.! 

4-/7..        n^-X-n..        n^A-fi.^  "-^  J 


tgA  +  7^  _  ^  _  3 

124.  Separate    ^       ^Wia^^'iT-lS  ^^^  partial  fractions ;  and 

3^—  8 
find  the  general  term  when    a_.    _.  is  expanded  in  ascending  powers 

of  X, 

125.  In  the  recurring  series 

4      z 


the  scale  of  relation  is  a  quadratic  expression ;  determine  the  unknown 
coefficient  of  the  fourth  term  and  the  scale  of  relation,  and  give  the 
general  term  of  the  series.  [R.  M.  A,  Woolwich.] 

126.     If  X,  y,  z  are  unequal,  and  if 


2a-3y=(i::^,and  2a-3^-(-^"^)' 


y  z 

iv-zf 
then  will  2a  -  3a? = — — ~  ,  and  ^ + y + j? = a.      [Math.  Tripos.] 

X 

127.  Solve  the  equations : 

(1)  .ty+e=2j:-a:2^  xy^^=^2y-y^. 

(2)  (cM?)io»«=(6y )!<«&,  6iog*=ai<«y. 

128.  Find  the  limiting  values  of 

(1)  X  s/a^+a^  -  V^+a*,  when  x—co. 

,^.      f\/a+2x-^/Sx       ,  FT  TT  -, 

(2)  •  j=r  ,  when  x=a.  [London  University.] 

V3a+^-2V^  ^ 

129.  There  are  two  numbers  whose  product  is  192,  and  the  quotient 
of  the  arithmetical  by  the  harmonical  mean  of  their  greatest  common 
measure  and  least  common  multiple  is  3J| :  find  the  numbers. 

[R.  M.  A.  Woolwich.] 
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130.    Solve  the  following  equations  : 

(1)  ^13a?+37-  i/13a?-37=  J/2. 

(2)  hisJ\-z^+c>sJT^^=a, 

*  131.     Prove  that  the  sum  to  infinity  of  the  series 

1         1.3  .  1.3.5  .    23     2   ,.  rivT  m  i 

2^  "  2^  +  -2^"  -  "^  24  ~  3^^-  t^^'^^-  ^^'^^^J 

132.  A  number  consisting  of  three  digits  is  doubled  by  reversing 
the  .digits;  prove  that  the  same  will  hold  for  the  number  formed  by 
the  first  and  last  digits,  and  also  that  such  a  number  can  be  foxmd  in 
only  one  scale  of  notation  out  of  every  three.  [Math.  Tripos.] 

133.  Find  the  coefficients  of  a^  and  of  in  the  product  of 

1+4^ 

T^ ^rrjz r  aud  1  -^+^.   [R.  M.  A.  WOOLWICH.] 

(1-^)(1-^)  *■  -^ 

134.  A  purchaser  is  to  take  a  plot  of  land  fronting  a  street ;  the 
plot  is  to  be  rectangular,  and  three  times  its  frontage  added  to  twice 
its  depth  is  to  be  96  yards.  What  is  the  greatest  number  of  square 
yards  he  may  take?  [London  University.] 

135.  Prove  that 

=192a6cc?. 
[Trin.  Coll.  Camb.] 

136.  Find  the  values  of  a,  6,  c  which  will  make  each  of  the  ex- 
pressions ^+0^+6^+017+1  and  a^+2aa^  +  2ha^  +  2ca;+l  a  perfect 
square.  [London  University.] 

137.  Solve  the  equations : 

(1)  y^-4^^3,  ^+y^=65. 

(2)  V2^+l+V2^^1=       ^ 


V3^^^2i«' 


138.  A  farmer  sold  10  sheep  at  a  certain  price  and  5  others  at  10«. 
less  per  head ;  the  sum  he  received  for  each  lot  was  expressed  in  pounds 
by  t£e  same  two  digits :  find  the  price  per  sheep. 
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139.  Sum  to  n  terms : 

(1)  (2n-l)  +  2(2»-3)  +  3(2»-5)+.... 

(2)  Tha  squares  of  the  terms  of  the  series  1,  3,  6,  10,  15.... 

(3)  The  odd  terms  of  the  series  in  (2).     [Trin.  Coll.  Cahb.] 

140.  If  a,  ft  y  are  the  roots  of  the  equation  a^-{-qx+r=0  prove 
that          3(a2+/32  +  y*)(a6+/3*+/)  =  5(a3+i33+y)(a*+/3*+y*). 

[St  John's  Coll.  Cams.] 

141.  Solve  the  equations : 

(1)  ;F(3y-6)=  41  (2)  a?3+y'+«'=495) 

y(2ar+7)=27J  *  a?+y+2=   15 V. 

jc^z==  105  ) 

[Trin.  Coll.  Cams.] 

142.  If  a,  5,  c  are  the  roots  of  the  equation  a^+qa/^+r=0,  form  the 
equation  whose  roots  are  a+b-Cyb+c-a,  c+a-b, 

143.  Sum  the  series : 

(1)  iH-(w-l):i;+(?i-2)»p2-^....+2^-»-2+ar'»-i; 

(2)  3-.r-22^-16A"3-28:p*-676a?6+...  to  infinity; 

(3)  6  +  9  +  14  +  23  +  40+.. .  to  n  terms. 

[Oxford  Mods.] 

144.  Eliminate  jc^  y,  z  from  the  equations 

:F"^+y~^  +  ^r""*=a~^,    A*+y+^==6. 

and  shew  that  if  x^  y,  z  are  all  finite  and  numerically  unequal,  b  cannot 
be  equal  to  d,  [R.  M.  A.  Woolwich.] 

145.  The  roots  of  the  equation  a^;2(-p2+8)^.l6(^_x)=0  are  not 
all  unequal :  find  them.  [R.  M.  A,  Woolwich.] 

146.  A  traveller  set  out  from  a  certain  place,  and  went  1  mile  the 
first  day,  3  the  second,  5  the  next,  and  so  on,  going  every  day  2  miles 
more  than  he  had  gone  the  preceding  day.  After  he  had  been  gone 
three  days,  a  second  sets  out,  and  travels  12  miles  the  first  day,  13  the 
second,  and  so  on.  In  how  many  days  will  the  second  overtake  the 
first?    Explain  the  double  answer. 

147.  Find  the  value  of 

111111 
3+  2+  1+  3+  2+  1  +  "" 
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148.    Solve  the  equation 

[India  Civil  Service.] 

14D.  If  w  is  a  prime  number  which  will  divide  neither  a,  5,  nor 
a+b,  prove  that  a^~^b  —  a^~^b^  +  a*^~*l^  —  ,,,  +  ab^~^  exceeds  by  1  a 
multiple  of  n.  [St  John's  Coll.  Camb.] 

150.  Find  the  n*^  term  and  the  sum  to  n  terms  of  the  series  whose 
sum  to  infinity  is  (1  -  aba^)(l  -  aa:)~^{l  -  bx)~\ 

[Oxford  Mods.] 

151.  If  a,  6,  c  are  the  roots  of  the  equation  x^+pa^+q^^Oy  find  the 

b^+c^    c2+a2    a^+b^ 

equation  whose  roots  are ,  — j — ,  . 

^  a  6     '      c 

[Trin.  Coll.  Camb.] 

152.  Prove  that 

[Clare  Coll.  Camb.] 

153.  Solve  the  equations :    . 

(1)  ^-3007+133=0,  by  Cardan's  method. 

(2)  ^  -  4a:*  - 10^ + 40a;2  + 9^  _  36^0,  having  roots  of  the  form 

+  a,  +6,  c, 

154.  It  is  found  that  the  quantity  of  work  done  by  a  man  in  an 
hour  varies  directly  as  his  pay  per  hour  and  inversely  as  the  square 
root  of  the  number  of  hours  he  works  per  day.  He  can  finish  a  mece 
of  work  in  six  days  when  working  9  hours  a  day  at  1«.  per  hour.  How 
many  days  will  he  take  to  finish  the  same  piece  of  work  when  working 
16  hours  a  day  at  Is,  6d.  per  hour  ? 

155.  If  «n  deiiote  the  simi  to  n. terms  of  the  series 

1.2  +  2.3  +  3.4+..., 
and  (Tn- 1  that  to  w  —  1  terms  of  the  series 

1.1  1 


1.2.3.4^2.3.4.5^3.4.5.6 
shew  that  18*n<rn-i  -  «n + 2 = 0. 


't'  •  ••  J 


[Magd.  Coll.  O;^.] 

156.    Solve  the  equations : 

(1)   (12^-1)(6^-1)(4^-1)(3^-1)  =  5. 

m  1  (a?+l)(^-3)      1  (^+3)(^-5)      2  (a;+6)(a;-7)      92 
^  ^  5(^+2)(a7-4)"^9(:i?+4)(^-6)      13{^+6)(^-8)""585' 

[St  John's  Coll.  Camb.] 
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157.  A  cottage  at  the  beginning  of  a  year  was  worth  £250,  but  it 
was  found  that  by  dilapidations  at  the  end  of  each  year  it  lost  ten  per 
cent,  of  the  value  it  had  at  the  b^inning  of  each  year :  after  what 
number  of  years  would  the  value  of  the  cottage  be  reduced  below  £25? 
Given  logics = -4771213.  [R  M.  A.  Woolwich.] 

158.  Shew  that  the  infinite  series 

1      1.4      1.4.7       1.4.7.10 
"*"4     4.8'*"4.8.12'*"4.8.12.16'*"'*'' 

2      2.5      J^^5^        2.5.8.11 
■^6  "*■  6. 12  "*■  6. 12. 18  "*■  6. 12 .  18 .  24"*"'"' 

are  equal.  [Peterhouse,  Camb.] 

159.  Prove  the  identity 

L     X  ^  x{x-a)     x{x-a){x-p)  ^      \ 
\        a  afi  afiy  *  J 

r      jr  ^  x{x+a)  ^  x(x+a)(x-i-fi)  ^       ) 

[Trin.  Coll.  Camb.] 

160.  If  n  is  a  positive  integer  greater  than  1,  shew  that 

n*-5n»+607i*-56n 
is  a  multiple  of  120.  [Wadham  Coll.  Ox.] 

161.  A  number  of  persons  were  engaged  to  do  a  piece  of  work 
which  would  have  occupied  them  24  hours  if  they  had  commenced  at 
the  same  time;  but  instead  of  doing  so,  they  commenced  at  equal 
intervals  and  then  continued  to  work  till  the  whole  was  finished,  the 
payment  being  proportional  to  the  work  done  by  each :  the  first  comer 
received  eleven  times  as  much  as  the  last ;  find  the  time  occupied. 

162.  Solve  the  equations : 


(1) 


X    _y__ 


y«-3     0^-3     x^+f 

(2)  y^  +  z^-x{y  +  z)=^a\ 
z'^-\-a^-y{z'\-x)=l^f 
a^  +y*  -  2  (a?  -\-2/') = <?.  \?eiib.  Coll.  Camb.] 
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163.  Solve  the  equation 
a3(6-c)(a;-6)(;r-c)+6'(.c-a)(a7-c)(^-a)  +  c3(a-5)(a;-a)(j?~6)=0; 

also  shew  that  if  the  two  roots  are  equal 

111 
-,-  +  -TF  +  ~7-=0.         [St  John's  Coll.  Camb.] 

164.  Sum  the  series : 

(1)     1.2.4  +  2.3.5+3. 4.6+...  tonterms. 
12      o2      32 

165.  Shew  that,  if  a,  5,  c,  c?  be  four  positive  unequal  quantities  and 
8=a+b+c+dy  then 

(s  -  a)(8-b)(8  —  c){8  -d)  >  Slabcd. 

[Peterhouse,  Camb.] 


166.    Solve  the  equations : 


5  ;       / ,-—    3 


(1)    \/^+a-\/y-«=-Vo,  V^— «-Vy+«=2V«- 

(2)    x+y+2=ir2+y2+;g2=|(^+ys+;g3)=,3. 

[Math.  Tripos.] 

167.  Eliminate  I,  m,  n  from  the  equations : 

^^+my +?w=WM;+ny +^2=7M;+^y  +  m8f=^  (^*'*+ w^+w^)  =  1. 

168.  Simplify 

a(6+c-a)2+...  +  ...  +  (6  +  c-a)(c+a-6)(a+6-c) 
a2(6+c-o)  +  ...  +  ...-(6  +  c-a)(c+a-6)(a  +  6-c)* 

[Math.  Tripos.] 

169.  Shew  that  the  expression 

is  a  perfect  square,  and  find  its  square  root        [London  University.] 

170.  There  are  three  towns  -4,  J?,  and  C\  a  person  by  walking 
from  ^  to  J?,  driving  from  B  to  C^  and  riding  from  C  to  -4  makes  the 
journey  in  15^  hours ;  by  driving  from  A  to  By  riding  from  5  to  C,  and 
walking  from  C  to  ^  he  could  make  the  journey  in  12  hours.  On  foot 
he  could  make  the  journey  in  22  hours,  on  horseback  in  8^  hours,  and 
driving  in  U  hours.  To  walk  a  mile,  ride  a  mile,  and  drive  a  mile  he 
takes  altogether  half  an  hour :  find  the  rates  at  which  he  travels,  and 
the  distances  between  the  towns. 
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171.  Shew  that  n^--'7n*+14w*-8w  is  divisible  by  840,  if  n  is  an 
integer  not  less  than  3. 

172.  Solve  the  equations ; 

(1)    \/J«+12^+VF+12i=33,  ^+y=23. 

^  *      z  —  u  z-u  x—y  x-y 

[Math.  Tripos.] 

173.  If  «  be  the  sum  of  n  positive  unequal  quantities  a,bfC,.,y  then 

— ^  H r  H '-  +  ...  >  -^  .         [Math.  Tripos.] 

8-a     8-0     8—c  n-\  ■•  -^ 


174.  A  merchant  bought  a  quantity  of  cotton ;  this  he  exchanged 
for  oil  which  he  sold.  He  observed  that  the  number  of  cwt.  of  cotton, 
the  nimiber  of  gallons  of  oil  obtained  for  each  cwt.,  and  the  number  of 
shillings  for  which  he  sold  each  gallon  formed  a  descending  geometrical 
progression.  He  calculated  that  if  he  had  obtained  one  cwt.  more  of 
cotton,  one  gallon  more  of  oil  for  each  cwt.,  and  1«.  more  for  each 
gallon,  he  would  have  obtained  £508.  9«.  more;  whereas  if  he  had 
obtained  one  cwt.  less  of  cotton,  one  gallon  less  of  oil  for  each  cwt.,  and 
\8,  less  for  each  gallon,  he  woiild  have  obtained  ^£483.  13«.  less :  how 
much  did  he  actually  receive  ? 

175.  Prove  that 

2(6  +  c-o-^)*(6-c)(a-^)  =  16(6-c)(c-a)(a-6)(ar-a)(;r-6)(a7-c). 

[Jesus  Coll.  Cams.] 

176.  If  a,  ft  y  are  the  roots  of  the  equation  a^  —pa^+r=^Oy  find  the 
equation  whose  roots  are  - — ^ ,  ^^-^ ,  - — -  .       [R.  M.  A.  Woolwich.] 

a  ^  y 

177.  If  any  number  of  factors  of  the  form  a^+fe*  are  multiplied 
together,  shew  that  the  product  can  be  expressed  as  the  sum  of  two 
squares. 

Given  that  {a^'\-U^){(^^-(P){e^'\-f'){g^+h?)=f'\-q\  find  jp  and  y  in 
terms  of  a,  6,  c,  rf,  e,/,  ^,  h,  [London  University.] 

178.  Solve  the  equations 

^+y2«61,  ^-y3=9i.        [R.  M.  A.  Woolwich.] 

179.  A  man  goes  in  for  an  Examination  in  which  there  are  four 
papers  with  a  maximum  of  m  marks  for  each  paper;  shew  that  the 
number  of  ways  of  getting  2m  marks  on  the  whole  is 

-  (m+l)(2m2+4m+3).  [Math.  Tripos.] 
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180^  If  «,  iS  are  the  roots  of  a;^+px-^l  =0,  and  y,  d  are  the  roots 
(<^+jfa:+l=0;  shew  that  (a-y)(fi-y){a  +  b){fi+b)-^q^-jJ^, 

[R.  M.  A.  Woolwich.] 

181.  Shew  that  if  a^  be  the  coefficient  of  a;^  in  the  expansion  of 
(1  +x)*,  then  whatever  n  be, 

[New  Coll.  Ox.] 

182.  A  certain  number  is  the  product  of  three  prime  factors,  the 
sum  of  whose  squares  is  2331.  There  are  7560  numbers  (including 
unity)  which  are  less  than  the  number  and  prime  to  it.  The  sum  of 
its  divisors  (including  unity  and  the  number  itself)  is  10560.  Find  the 
number.  [Corpus  Coll.  Camb.] 

183.  Form  an  equation  whose  roots  shall  be  the  products  of  every 
two  of  the  roots  of  the  equation  a^  -aa^  +  ba;+c=^0. 

Solve  completely  the  equation 

[R.  M.  A.  Woolwich.] 

184.  Prove  that  if  ?&  is  a  positive  integer, 

^.      w(n-l), 
n'»-w(w-2)'»+  -\^ — ^(7i-4)'»- =2»»ln. 

185.  If  (6V6  +  14)2»»+i=iyr  and  if  F  be  the  fractional  part  of  iT, 
prove  that  JVF=:20^-^\  [Emm.  Coll.  Camr] 

186.  Solve  the  equations : 

(1)  j?+y+2=2,  a?2+y2+2;2=^o,  j7S+y'+2^=-l. 

(2)  a^-{y-zf^a\  y^-{z^x)^^h\  z^-{x-yf^(^. 

[Christ's  Coll.  Camb.] 

187.  At  a  general  election  the  whole  number  of  Liberals  returned 
was  15  more  than  the  number  of  English  Conservatives,  the  whole 
number  of  Conservatives  was  5  more  than  twice  the  number  of  English 
Liberals.  The  number  of  Scotch  Conservatives  was  the  same  as  the 
number  of  Welsh  Liberals,  and  the  Scotch  Liberal  majority  was  equal 
to  twice  the  number  of  Welsh  Conservatives,  and  was  to  the  Irish 
Liberal  majority  as  2  :  3.  The  English  Conservative  majority  was  10 
more  than  the  whole  number  of  Irish  members.  The  whole  number  of 
members  was  652,  of  whom  60  were  returned  by  Scotch  constituencies. 
Find  the  numbers  of  each  party  returned  by  England,  Scotland,  Ire- 
land, and  Wales,  respectively.  [St  John's  Coll.  Camb.] 

188.  Shew  that  a\c-h)  +  l^{a-  c) +(^{h  -  a) 
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1H9. 

Prove  that 

a»    3a« 

3a 

1 

a*    a2+2a 

2a+l 

1 

a      2a+l 

a+2 

1 

1      3 

3 

1 

=  (a-l)«. 


[Ball.  Coll.  Ox.] 

190.  If  -  H 1 i  H 1 = 0,  prove  that  a,  6,  c  are  in  harmonical 

progression,  unless  6 =a  +  c.  [Trin.  Coll.  Camb.] 

191.  Solve  the  equations : 

(1)  ;r'-13a;*+ 16a: +189=0,  having  given  that  one  root  ex- 

ceeds another  root  by  2. 

(2)  ;r*  —  4r*  +  8a: + 36  =  0,  having  given  that  one  root  is 

2  +  V^.  [R.  M.  A.  Woolwich.] 

192.  Two  numbers  a  and  h  are  given ;  two  others  a^,  h^  are  formed 
by  the  relations  3ai  =  2a+6,  36i  =  a+26;  two  more  Oj,  62  ^®  formed 
m>m  ei^,  6^  in  the  same  manner,  and  so  on ;  find  a^,  h^  in  terms  of  a  and 
by  and  prove  that  when  n  is  infinite,  a,j=6«.         [R.  M.  A.  Woolwich.] 

193.  If  a7+y+2+ir=0,  shew  that 

[Math.  Tripos.] 

UC  *~*  (It 

194.  If  a  +  -J — M""""/.2  ^  ^^*  altered  in  value  by  interchanging  a 

pair  of  the  letters  a,  6,  c  not  equal  to  each  other,  it  will  not  be  altered 
oy  interchanging  any  other  pair ;  and  it  will  vanish  ifa4-6  +  c=l. 

[Math.  Tripos.] 

195.  On  a  quadruple  line  of  rails  between  two  termini  A  and  J9, 
two  down  trains  start  at  6.0  and  6.46,  and  two  up  trains  at  7.16  and 
8.30.  If  the  four  trains  (regarded  as  points)  all  pass  one  another 
simultaneously,  find  the  following  equations  between  a:i,  a?2,  ^Tj,  4:4,  their 
rates  in  miles  per  hour, 

3j?2    _  4m+ 65:3  _  4m+10^ 


^2~"^l 


X-^  +  X^  X-^  +  X^ 


where  m  is  the  niunber  of  miles  in  AB.  [Trin.  Coll.  Camb.] 

196.     Prove  that,  rejecting  terms  of  the  third  and  higher  orders, 

l  +  V(l-^)(l-y)  2  8 

[Trin.  Coll.  Camb.] 
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197.  Shew  that  the  sum  of  the  products  of  the  series 

a,  a-6,  a-26, ,  a-(n-l)6, 

taken  two  and  two  together  vanishes  when  n  is  of  the  form  3m*  —  1, 
and  2a=(3m-2)(m+l)6. 

198.  If  n  is  even,  and  a+ft  a-/3  are  the  middle  pair  of  terms, 
shew  that  the  sum  of  the  cubes  of  an  arithmetical  progression  is 

7ia{a2+(w2-l)j82}. 

199.  If  a,  6,  c  are  real  positive  quantities,  shew  that 

1       1       l^^+68+C« 

a     h     c         a^h^c^ 

[Trin.  Coll.  Camr] 

200.  Ay  Bj  and  C  start  at  the  same  time  for  a  town  a  miles  distant ; 

A  walks  at  a  uniform  rate  of  u  miles  an  hour,  and  B  and  C  drive  at  a 

uniform  rate  of  v  miles  an  hour.    After  a  certain  time  B  dismounts 

and  walks  forward  at  the  same  pace  as  A^  while  C  drives  back  to  meet 

A ;  A  gets  into  the  carriage  with  C  and  they  drive  after  B  entering  the 

town  at  the  same  time  that  he  does :  shew  that  the  whole  time  occupied 

a    3»  +  w ,  r^  ^        t 

was  -  .  ^ hours.  IPeterhousb,  Camb.] 

•V    Zu+v  *•  '  •* 

201.  The  streets  of  a  city  are  arranged  like  the  lines  of  a  chess- 
board.  There  are  m  streets  running  north  and  south,  and  n  east  and 
west.  Find  the  number  of  ways  in  which  a  man  can  travel  from  the 
N.W.  to  the  S.E.  corner,  going  the  shortest  possible  distance. 

[Oxford  Mods.] 

202.  Solve  the  equation  i/x+21+ sfb5  -x—4. 

[Ball.  Coll.  Ox.] 

203.  Shew  that  in  the  series 

ah  +  {a+x){b+a!i)  +  {a+2a;){b+2x)  + to  2n  terms, 

the  excess  of  the  sum  of  the  last  n  terms  over  the  sum  of  the  first  n 
terms  is  to  the  excess  of  the  last  term  over  the  first  as  n*  to  29i  —  L 

204.  Find  the  n*^  convergent  to 
1      1      1 


(^)  2-  2-  2- 
4      4      4 
^^^  3+3+3+ 


205.    Prove  that 

(a-a:)*(y-2)*+(a-y)*(2-^)*+(a-«)*(^-y)* 

=  2{(a-y)2(a-2)*(a?-y)*(a?-a)2+(a-2)2(a-a:)«(j^-«;)2(y-a?)« 

+  (a-^)2(a-y)2(^-^)2(^-y)2}. 

[Peterhousb,  Camb.] 
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206.  If  a,  /3,  y  are  the  roots  of  x*  +  jor+r =0,  find  the  value  of 

wia+n     mfi+n     my+n 
ma  —  n     mfi  -  n     my  —  n 
in  tenns  of  m^  n,  q^  r.  [Queens'  C!oll.  Cahb.] 

207.  In  England  one  person  out  of  46  is  said  to  die  every  year, 
and  one  out  of  33  to  be  bom.  If  there  were  no  emigration,  in  how 
many  years  would  the  population  double  itself  at  this  rate?    Given 

log  2  =--3010300,  log  1631=  3-1849762,  log  1518=3-1812718. 

208.  If  (l+^+^)*=ao+^i^+%^  + >  prove  that 

*        1.2  *  ^      *  r\  {n-r)\^ 

unless  r  is  a  multiple  of  3.    What  is  its  value  in  this  case? 

[St  John's  Coll.  Camb.] 

209.  In  a  mixed  company  consisting  of  Poles,  Turks,  Greeks, 
Germans  and  Italians,  the  Poles  are  one  less  than  one-thiid  of  the 
number  of  Germans,  and  three  less  than  half  the  number  of  Italians. 
The  Turks  and  Germans  outnumber  the  Greeks  and  Italians  by  3; 
the  Greeks  and  Germans  form  one  less  than  half  the  company ;  while 
the  Italians  and  Greeks  form  seven-sixteenths  of  the  company :  deter- 
mine the  number  of  each  nation. 

210.  Find  the  sum  to  infinity  of  the  series  whose  n*  term  is 

(7i+l)^"^(n-|-2)-i(-;r)*+i.        [Oxford  Mods.] 

211.  If  n  is  a  positive  integer,  prove  that 
n{n^-\)     n(n8~-l)(n8-2«) 

^       II  lAH  

n(n«-l)(n«-22) (n«-r^)  ^,     j.,,,, 

[Pemb.  Coll.  Camb.] 

212.  Find  the  sum  of  the  series : 

(1)  6,  24,  60,  120,  210,  336, to  n  terms. 

(2)  4-9a7+iar2-25a;»+3ftr*-49a;6+ to  inf. 

...     1.3^3.5^  5.7  ,  7.9^  ,    .   « 

(^)     "2"'^'2a""*"^'*"""2*"'*" ^'^• 


213.    Solve  the  equation 


Ax        ar-l-2     8ar-|-l 
6a?+2     9^-1-3       12^      =0. 
Sx+l        12a:     1607+2 

\K\Wa  Coll.  Camb.] 


>. 

[Trin.  Coll.  Camb.] 
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214.  Shew  that 

(1)  a2(i+52)  +  52(i+c2)+c2(l+a2)>6a5c, 

(2)  w(aP+«+5P+«+cP+«+...)>(aP+5P+cJ>+...)(a«+6«  +  c«+...), 
the  number  of  quantities  a,  6,  c,...  being  n, 

215.  Solve  the  equations 

216.  If  ?i  be  a  prime  number,  prove  that 

l(2~-i+l)  +  2^3n-i+|)+3^4n~i  +  |)  +  ...  +  (7i-l)(7i«-i  +  ^ 
is  divisible  by  n,  [Queen's  Coll.  Ox.] 

217.  In  a  shooting  competition  a  man  can  score  5,  4,  3,  2,  or  0 
points  for  each  shot:  find  the  number  of  different  ways  in  which  he 
can  score  30  in  7  shots.  [Pemb.  Coll.  Camb.] 

218.  Prove  that  the  expression  3(^  —  ha^-\-ca^'\-dx—e  will  be  the 
product  of  a  complete  square  and  a  complete  cube  if 

125__9fl?^5£^^ 

219.  A  bag  contains  6  black  balls  and  an  unknown  number,  not 

greater  than  six,  of  white  balls ;  three  are  drawn  successively  and  not 

replaced  and  are  all  found  to  be  white;  prove  that  the  chance  that 

677 
a  black  ball  will  be  drawn  next  is  ■t^:z,  .  FJesus  Coll.  Camb.] 

909  ^  •* 

220.  Shew  that  the  sum  of  the  products  of  every  pair  of  the 
squares  of  the  first  n  whole  numbers  is  5^  n  (ri^— l)(4n2-  l)(5?i+6). 

[Caius  Coll.  Camb.] 

221.  If  °'(^-c)  +  ^'(<'-")^.T^(£:iS=0  has  equal  roots,  prove 

X  —  d  X  —  0  x  —  c 

thata(6-c)±i3(c-a)±y(a-5)=0. 

222.  Prove  that  when  n  is  a  positive  integer, 

(7i-4)(n-5)(7i>-6) 
[3^  ^     +•••• 

[Clare  Coll.  G^mr\ 

H.  H.  A.  ^^ 
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223w    Solre  the  eqiiati<xis: 

(2)         x+y+«=a+6+<: 

-+f +-=3 
a     0     e 

[Christ's  Coll.  Camb.] 

22i.  Prove  that  if  each  of  m  points  in  one  straight  line  be  joined 
to  each  of  n  in  another  by  straight  fines  terminated  by  the  x)oint8y  then, 

excluding  the  given  points,  the  fines  will  intersect  -zmn{7n  —  \){n-\) 

times.  [Math.  Tripos.] 

225.  Having  given  y=j;+a;*+a:*,  expand  x  in  the  form 

y+oy*+fty'+cy*+rfy*+ ; 

and  shew  that  aH-  Zahc+2l^=  - 1.  [Ball.  Coll.  Ox.] 

226.  A  farmer  spent  three  equal  sums  of  money  in  buying  calves, 
pigs,  and  sheep.  Each  calf  cost  £1  more  than  a  pig  and  £2  more 
than  a  sheep ;  altogether  he  bought  47  animals.  The  number  of  pigs 
exceeded  that  of  the  calves  by  as  manv  sheep  as  he  could  have  bought 
for  £9 :  find  the  number  of  animals  of  each  Idnd. 

227.  Express  log  2  in  the  form  of  the  infinite  continued  fraction 

1      1     22     32  w2  __ 

rf  1+  rr  rF r+  -•  ledler.] 

228.  In  a  certain  examination  six  papers  are  set,  and  to  each  are 
assigned  100  marks  as  a  maximum.  Shew  that  the  nimiber  of  ways 
in  which  a  candidate  may  obtain  forty  per  cent,  of  the  whole  number 
of  marks  is 

246  1144  [43]  ,^ 

=:_e    ' 4.15    ^>.  [Oxford  Mods.1 

240    ^-  1139  ^^^•|38)  *•  -^ 

229.  Test  for  convergency 

ar     1^3  x^     1.3.5.7    sfi       1.3.5.7.9.11     ^ 
2'*'2.4*(i  ■^2.4.6.8*  10'*'2.4.6.8. 10. 12  *  \4r 


230.    Find  the  scale  of  relation,  the  n^  term,  and  the  sum  of  n 
terms  of  the  recurring  series  1+6  +  40+288+ 

Shew  also  that  the  sum  of  n  terms  of  the  series  formed  by  taking 
for  its  r*^  term  the  sum  of  r  terms  of  this  series  is 

Is  (2**  - 1) + ^  (2*»  - 1)  -  Iy  .       [Caius  Coll.  Camb.] 


[Emm.  Coll.  Cams.] 
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231.  It  is  known  that  at  noon  at  a  certain  place  the  sun  is  hidden 
by  clouds  on  an  average  two  days  out  of  every  three ;  find  the  chance 
that  at  noon  on  at  least  four  out  of  five  specified  future  days  the  sun 
will  be  shining.  [Queen's  Coll.  Ox.] 

232.  Solve  the  equations 

233.  Eliminate  x,  y^  z  from  the  equations : 

x'^—xy  —  xz     y^  —  yz  —  yx     z^-zx  —  zy         ,  . 

~ ^- — \ — ^-  = ~  >  and  ax+by+cz=0, 

a  0  c  ^ 

[Math.  Tripos.] 

234.  If  two  roots  of  the  equation  a^+px^+qx+r=^0  be  equal  and 
of  opposite  signs,  shew  that  pq^r,  [Queens'  Coll.  Cams.] 

235.  Sum  the  series : 

(1)     l  +  2%+3V  + +713^-1, 

m  25  52  5^2+1271  +  8 

\     /         12     03     03    l"  02      03      >I3  "T •"»" 


12. 23. 33  ^  22. 33. 43  ^ ^n^(n+ 1)3(^+2)3* 

[Emm.  Coll.  Camb.] 

236.  If  (l  +  a3;r*)(l+aV)(x+aV«)(l+aiV2) 

==l+A^x^+A^+Ai^^  + 

prove  that-48»+4=a3^g^,  and  A^=a^A^n>  ^^^  ^^  ^^^  firs^  ten  terms 
of  the  expansion.  [Corpus  Coll.  Camb.] 

237.  On  a  sheet  of  water  there  is  no  current  from  AtoB  but  a 
current  from  BtoC;  a,  man  rows  down  stream  from  ^  to  (7  in  3  hours, 
and  up  stream  from  C'  to  ^  in  3^  hours ;  had  there  been  the  same  cur- 
rent all  the  way  as  from  5  to  Cf  his  journey  down  stream  would  have 
occupied  2}  hours  ;  find  the  length  of  time  his  return  journey  would 
have  taken  under  the  same  circumstances. 

238.  Prove  that  the  n*^  convergent  to  the  continued  fraction 

3      3      3  .    3«+^  +  3(-l)»+i 

-la  2 1 

2+   2+   2+ 3n+l_^_l)n  +  l    • 

[Emm.  Coll.  Camb.] 

ft 

239.  If  all  the  coefficients  in  the  equation 

af'+Pja^-^+p^-^+ +p^=f  (x)=Oy 

be  whole  numbers,  and  if /(O)  and /(I)  be  each  odd  integers,  prove 
that  the  equation  cannot  have  a  commensurable  root. 

[London  University.] 
33-' 
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240.    Shew  that  the  equation 

reduces  to  a  simple  equation  if  tja±^b±^c=0. 
Solve  the  equation 


241.  A  bag  contains  3  red  and  3  green  balls,  and  a  person  draws 
out  3  at  random.  He  then  drops  3  blue  balls  into  the  bag,  and  again 
draws  out  3  at  random.  Shew  that  he  may  just  lay  8  to  3  with 
advantage  to  himself  against  the  3  latter  balls  being  all  of  different 
colours.  [Pemb.  Coll.  Camb.] 

242.  Find  the  sum  of  the  fifth  powers  of  the  roots  of  the  equation 
iP*-7^+4a7-3=0.  [London  University.] 

243.  A  Qeometrical  and  Harmonical  Progression  have  the  same 
p**»,  j*>»,  r"*  terms  a,  6,  c  respectively :  shew  that 

a  (6  -  c)  log  a  +  6  (c  -  a)  log  h+c  (a-  b)  log  c=0. 

[Christ's  Coll.  Camb.] 

244.  Find  four  numbers  such  that  the  sum  of  the  first,  third  and 
fourth  exceeds  that  of  the  second  by  8 ;  the  sum  of  the  squares  of  the 
first  and  second  exceeds  the  sum  of  the  squares  of  the  third  and  fourth 
by  36 ;  the  simi  of  the  products  of  the  first  and  second,  and  of  the 
third  and  fourth  is  42 ;  the  cube  of  the  first  is  equal  to  the  sum  of  the 
cubes  of  the  second,  third,  and  fourth. 

245.  If  T^y  T^+v  ^n+2  ^  3  consecutive  terms  of  a  recurring  series 
connected  by  the  relation  T^+^^^^n+i  —  ^^m  prove  that 

1  {^2,, + 1  -  aT^T; + 1 + 67^2}  =  a  constant. 

246.  Eliminate  ^,  y,  z  from  the  equations : 

1111 

[Emm.  Coll.  Camb.] 

247.  Shew  that  the  roots  of  the  equation 

are  in  proportion.     Hence  solve  :r*  - 1  %s^ + 47a;2  -  72:f + 36 = 0. 
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248.  A  can  hit  a  target  four  times  in  5  shots ;  B  three  times  in  4 
shots ;  and  C  twice  in  3  shots.  They  fire  a  volley :  what  is  the  pro- 
bability that  two  shots  at  least  hit?  And  if  two  hit  what  is  the  pro- 
bility  that  it  is  G  who  has  missed  ?  [St  Cath.  Coll.  Camb.] 

249.  Sum  each  of  the  following  series  to  n  terms : 
(1)    1+0-1+0+7+28+79+ ; 

^^        1.2.3.4^2.3.4.6^3.4.5.6^4.5.6.7^ ' 


(3)     3+.r+9^2+^+33^+^+129^+ 

[Second  Public  Exam.  Ox.] 
250.    Solve  the  equations : 

z^+za;+a^=^ayyl  y{z+x-y)=^h,\ 

,v^-{-xy-\-y^=az,)  z{x+y  —  z)=c. 

[Peterhouse,  Camb.] 

251j    If  -  +  T  +  -  = r — »  and  n  is  an  odd  integer,  shew  that 

a      0     c     a+o+c^  ° 


If  u^-'ifi+buH'^{u^-^)-{'^uv{l-u^)=0^  prove  that 

(W2  -  ^2)6  =  16^2^  (1  _  -2^8)  (1  _  ^).      [PeMB.  CoLL.  C AMB.] 

252.  li  x+y+z—^p^  yz+zx+xy=3q,  xyz^r^  prove  that 

(y+;8;-ar)(2+^-y)(^+y-2)=  -  27^+36^2'- 8r, 
and  (y+2-^)3  +  (0  +  ^-^)8+(^+y-s:)3=27p'-24r. 

253.  Find  the  factors,  linear  in  x^  y,  z^  of 
{a(6+c)^2+5(c+a)y2+c(a+6)02}2-4a6c(^+y2+22)(flW72+&y2+c2;2). 

[Caius  Coll.  Camb.] 
[St  John's  Coll.  Camb.] 

{An*         ^    —J  1  +^ 

1  -  TT r^h      =  YT"  ,  prove  that 

r=i        ^       r!(r-l)!(w-r)!      ' 

[Pemb.  Coll.  Camb.] 


+  2*5=218,  j 
+zu=  45.  J 
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256.  Solve  the  equations : 

(1)  ax-{'b^+z=:za;+ai/+b=^z+bx-\'a=0, 

(2)  a:  +y  +z  -u  =  12,'\ 

^+y2_2;2_2^2=       6, 

257.  If  p=q  nearly,  and  w  >  1 ,  shew  that 

1 
(n+l)p  +  (n-l)q ^  /gX* 

{n-l)p+(n+l)q     \qj  ' 

If  ^  agree  with  unity  as  far  as  the  r*^  decimal  place,  to  how  many 
places  will  this  approximation  in  general  be  correct  ?    [Math.  Tripos.] 

258.  A  lady  bought  54  lbs.  of  tea  and  cofifee ;  if  she  had  bought 
five-sixths  of  the  quantity  of  tea  and  four-fifths  of  the  quantity  of 
coffee  she  would  have  spent  nine-elevenths  of  what  she  had  actually 
spent ;  and  if  she  had  Bought  as  much  tea  as  she  did  coffee  and  vice- 
verad,  she  would  have  spent  5«.  more  than  she  did.  Tea  is  more  ex- 
pensive than  coffee,  and  the  price  of  6  lbs.  of  coffee  exceeds  that  of 
2  lbs.  of  tea  by  5«. ;  find  the  price  of  each. 

259.  If  «n  represent  the  sum  of  the  products  of  the  first  n  natural 
numbers  taken  two  at  a  time,  then 

[Caius  Coll.  Camb.] 

260.  If  ^  -  ^  ^ 


pa^-{'2q<ib+rh^     pac+q(bc-a^)-rab     p<^-2qca+ra^^ 

prove  that  Pyp;  Qf  q;  and  R,  r  may  be  interchanged  without  altering 
the  equalities.  [Math.  Tripos.] 

261.  If  a + /3  4-  y = 0,  shew  that 

[Caius  Coll.  Cams.] 

262.  If  a,  ^,  y,  d  be  the  roots  of  the  equation 

find  in  terms  of  the  coeflBicients  the  value  of  2(a-^)2(y-a)2. 

[London  University.] 
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263.  A  farmer  bought  a  certain  number  of  turkeys,  geese,  and 
ducks,  giving  for  each  bird  as  many  shillings  as  there  were  birds  of 
that  kind;  altogether  he  bought  23  birds  and  spent  £10.  lis.;  find 
the  number  of  each  kind  that  he  bought. 

264.  Prove  that  the  equation 

is  equivalent  to  the  equation 

•2^  (y  -  ^)^ +y  («  -  ^a?)* + 2  (^  -  ^)2 = 0. 

[St  John's  Coll.  Camb.] 

265.  If  the  equation 1 -f  —  — ; — | ^  have  a  pair  of 

^  a;  +  a     a;+o     x-\-c     x-\-d  ^ 

equal  roots,  then  either  one  of  the  quantities  a  or  6  is  equal  to  one  of 

1111 
the  quantities  c  or  c?,  or  else  -  +  r  =  -  +  -? .     Prove  also  that  the  roots 
^      .  abed 

are  then  -  a,  -  a,  0 ;    -  6,  -  6,  0 ;  or  0,  0, r  . 

[Math.  Tripos.] 

266.  Solve  the  equations : 

(1)  x-^y+z=ah^  x~^+y-^-\-z-^  —  a~^h,  xyz—d?, 

(2)  ayz-\-hy-\-cz—hzx-^cz-\-ax—c(Ky-\-<ix-\-hy=^a-\-h^c, 

[Second  Public  Exam.  Oxford.] 

267.  Find  the  simplest  form  of  the  expression 


(a-/3)(a-y)(a-a)(a-.)      (fi  -  a)(fi  -  y){p  -  8)(fi  -  €) 

+ 


(c-a)(6-/3)(.-y)(6- 

[LoNDON  University.] 

268.  In  a  company  of  Clergymen,  Doctors,  and  Lawyers  it  is 
found  that  the  sum  of  the  ages  of  all  present  is  2160;  their  average 
age  is  36 ;  the  average  age  of  the  Clergymen  and  Doctors  is  39 ;  of  the 
Doctors  and  Lawyers  32^^;  of  the  Clergymen  and  Lawyers  36f.  If 
each  Clergyman  had  been  1  year,  each  Lawyer  7  years,  and  each 
Doctor  6  years  older,  their  average  age  would  have  been  greater  by 
5  years :  find  the  mmiber  of  each  profession  present  and  their  average 
ages. 

269.  Find  the  condition,  among  its  coefficients,  that  the  expression 

agX^ + 4taia^y + Qa^x^^ + ^a^y^ + d^^ 

should  be  reducible  to  the  sum  of  the  fourth  powers  of  two  linear 
expressions  in  x  and  y.  [London  University.] 
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270.    Find  the  real  roots  of  the  equations 


[Math.  Tripos.] 


271.  It  is  a  rule  in  Gaelic  that  no  consonant  or  group  of  consonants 

can  stajid  immediately  between  a  strong  and  a  weak  vowel ;  the  strong 

vowels  being  a,OfU;  and  the  weak  vowels  e  and  t.    Shew  that  the 

whole  number  of  Qaelic  words  of  n + 3  letters  each,  which  can  be  formed 

2|n+3 
of  n  consonants  and  the  vowels  aeo  is  — —^r-  where  no  letter  is  re- 

peated  in  the  same  word.  [Caius  Coll.  Camb.] 

272.  Shew  that  if  a^+y^=2z^y  where  ^,  y,  z  are  integers,  then 
2a;=r{iP+2lk-Jt^),    2i/=r{k^+2lk-P\    2z^r(l^+k^) 

where  r,  Ij  and  k  are  integers.  [Caius  Coll.  Camb.] 

273.  Find  the  value  of  r^  rr"  ^  A  ^ to  inf. 

1+  1+  3+  5+  7  + 

[Christ's  Coll.  Camb.] 

274.  Sum  the  series : 

(^)    273  +  0  +  0  + ^"^^• 

Li  L2  [n 


a+l     (a+l)(a+2) '      (a  +  l){a  +  2)...{a+n) 

275.  Solve  the  equations : 

(1)  2^;8!+3=(2a7-l)(%+l)(4«-l)  +  12 

=  (2^+l)(3y-l)(40  +  l)  +  8O=O. 

(2)  Ztuff-2w/=va;+uy=zSu^+2v^=:l4;  X7/=lOuv. 

276.  Shew  that       a^+X       ah  ao  ad 

ah  62+x  he  hd 

ac         ho  c2+X  cd 

ad        hd  cd  d^+\ 

ible  by  X^  and  find  the  other  factor.  [Corpus  Coll.  Camb.] 
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277.  If  a,  6,  0, ...  are  the  roots  of  the  equation 

find  the  sum  of  a'+6^+c^+...,  and  shew  that 

0      a      c      a      c      o  ^^  p^ 

[St  John's  Coll.  Cams.] 

1  +  2^ 

278.  By  the  expansion  of  - — -^ ,  or  otherwise,  prove  that 

1     o^  .  (3n-l)(37i-2)     (37^-2)(3/i-3)(3n-4) 
1-^^+  172  17273 

■^  1.2.3.4  <sc.-c-i;  , 

when  ?^  is  an  integer,  and  the  series  stops  at  the  first  term  that  vanishes. 

[Math.  Tripos.] 

279.  Two  sportsmen  A  and  B  went  out  shooting  and  brought 
home  10  birds.  The  sum  of  the  squares  of  the  number  of  shots  was 
2880,  and  the  product  of  the  numbers  of  shots  fired  by  each  was  48 
times  the  product  of  the  numbers  of  birds  killed  by  each.  If  A  had 
fired  as  often  as  B  and  B  as  often  as  A,  then  B  would  have  killed  5 
more  birds  than  A :  find  the  number  of  birds  killed  by  each. 

280.  Prove  iha.i  S(a^+b^+(^)^>9{a^+hc){b^+ca){<^+ah), 

[Pemb.  Coll.  Camb.] 

281.  Shew  that  the  n^  convergent  to 

2     4     6  .    „  2'»+i 

-      T      r      ...  IS  2- 


3-  4-  5-  *••  2o»*2'*(n-r)!* 

What  is  the  limit  of  this  when  n  is  infinite?         [King's  Coll.  Camb.] 

282,  If  —  is  the  n^  convergent  to  the  continued  firaction 

J__L  J_  J_  i-  J- 
a+  b+  c+  a+  6.+  c+  "* 

shew  that  Psn+s= ^sn +(hc+l)  q^^-  [Queens'  Coll.  Camb.] 

283.  Out  of  n  straight  lines  whose  lengths  are  1,  2,  3, ...  7i  inches 
respectively,  the  number  of  ways  in  which  four  may  be  chosen  which 
will  form  a  quadrilateral  in  which  a  circle  may  be  inscribed  is 

-^  {2n  (n  -  2)  (2w  -  5)  -  3 + 3  ( - 1)«} .        [Math.  Tripos.] 
4o 
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284.  If  tt),  t^  are  respectivelv  the  arithmetic  means  of  the  squares 
and  cubes  of  all  numbers  less  than  n  and  prime  to  it,  prove  that 
71^-671^2+4^3=0,  unity  being  coimted  as  a  prime. 

[St  Johit's  Coll.  Camb.] 

286.  If  n  is  of  the  form  67?i  - 1  shew  that  (y  -«)*+(;?  -  a?)* + (a: —yf 
is  divisible  by  a:^+y*+2*— y^-^x  — jy ;  and  if  n  is  of  the  form  Stti+I, 
shew  that  it  is  divisible  by 

{ai^+y^+s^-yz-zx-xyY, 

286.  If  S  is  the  sum  of  the  m^  powers,  P  the  sum  of  the  products 
771  together  of  the  n  quantities  a^j  a,,  aj, ...  o^,  shew  that 

[ti-  1 .  *S> \n-m ,\m,P, 

[Caius  Coll.  Camb.] 

287.  Prove  that  if  the  equations 

a^-\-qx  —  r=0  and  ra^  —  9,q^a?^  —  bqrx  —  2^  —  f^^0 

have  a  common  root,  the  first  equation  will  have  a  pair  of  equal  roots ; 
and  if  each  of  these  is  a,  find  all  the  roots  of  the  second  equation. 

[India  Civil  Service.] 


288.  If      ^V2a2-3;r2+yV2a2-3y2+5^\/2a2- 302=0, 
where  a^  stands  for  x^-{-y^-\-z\  prove  that 

{x-\-y-\-z){-x-\-y+z){x-y+z){x+y-z)=0. 

[Trin.  Coll.  Camb.] 

289.  Find  the  values  of  ^^,  ^g*  •••^n  which  satisfy  the  following 
system  of  simultaneous  equations : 


x^ 


Xq 


a^  —  bi     a^  —  6j 


+  ...+ 


X, 


n 


ai-5, 


+ 


X(% 


«2~^l      H~\ 


+  ...+  - 


Xm 


«2-^n 


=  1, 


=  1, 


Xy 


v+ 


X. 


«n  -  ^1       «n  -  ^5 


+  ...+ 


X. 


n 


a«-6. 


=  1. 


[London  University.] 


290.     Shew  that 


yz  —  a^  zx—y^  xy  -  z^ 
zx—y^  xy  —  z^  yz  —  x^ 
xy^z^    yz  —  x^     zx-y^ 

where  r'^=x^+y^-\-z%  and  u^=yz-\-zx  +  xy. 


r2 

v? 

t/2 

u^ 

r2 

U^ 

W2 

W2 

r2 

[Trin.  Coll.  Camb.] 
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291.  A  piece  of  work  was  done  by  ^,  5,  (7;  at  first  A  worked  alone, 
but  after  some  days  was  joined  by  B^  and  these  two  after  some  days 
were  joined  by  C,  The  whole  work  could  have  been  done  by  B  and  (7, 
if  they  had  each  worked  twice  the  number  of  dajrs  that  they  actually 
did.  The  work  could  also  have  been  completed  without  5's  help  if  A 
had  worked  two-thirds  and  C  four  times  the  number  of  days  they  actually 
did ;  or  if  -4  and  B  had  worked  together  for  40  days  without  C';  or  if 
all  three  had  worked  together  for  the  time  that  B  had  worked.  The 
number  of  days  that  elapsed  before  B  began  to  work  was  to  the 
number  that  elapsed  before  C  began  to  work  as  3  to  5:  find  the 
number  of  days  that  each  man  worked. 

292.  Shew  that  if  /S^.  is  the  sum  of  the  products  r  together  of 

1/)*       nSL       nA  nfHk  ~~  1 

then  /Sn-r=/^r.^"'""'''""'''. 

[St  John's  Coll.  Cams.] 

293.  If  a,  6,  c  are  positive  and  the  sum  of  any  two  greater  than 
the  third,  prove  that 

[St  John's  Coll.  Camb.] 

294.  Kesolve  into  factors 

{a+b+c){b  +  c-a)(c+a-b){a+b-c){a^+b^+c^-8a^b'^(y^. 
Prove  that 

4{a4+i3*+y*  +  (a+i3+y)*}=03+'y)4+(y+a)*+(a+/3)* 

+  6(i3  +  y)2(y+a)2  +  6(y  +  a)2(a  +  i8)2+6(a  +  i3)2  0+y)2. 

[Jesus  Coll.  Cams.] 

295.  Prove  that  the  sum  of  the  homogeneous  products  of  r  dimen- 
sions of  the  numbers  1,  2,  3,  ...n,  and  their  powers  is 

\n-l     [1  1.2  J 

[Emm.  Coll.  Camb.] 

296.  Prove  that,  if  w  be  a  positive  integer, 

[Oxford  Mods.] 

297.  U  a;{2a-v)=^(2a-z)=z{2a-u)=:u(2a-x)  =  b^y  shew  that 
x=y=z=u  unless  0^  =  2(1^  and  that  if  this  condition  is  satisfied  the 
equations  are  not  independent.  [Math.  TB.ifiQtfs.\ 
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2d8.     Shew  that  if  a,  by  c  are  positive  and  unequal,  the  equations 

cuv+yz+z=0,    za+bt/+z=^Of    ^z+zx+c=Oy 

give  three  distinct  triads  of  real  values  for  a;,t/,z;  and  the  ratio  of  the 
products  of  the  three  values  of  a:  and  y  is  6  (6  -  c) :  a  (c  -  a). 

[Oxford  Mooa] 

299.  If  A=cux:-bt/-cZy    D—hz-^-cy^ 

B=hy  —  cz  —  cLXy    E=cx+azy 
C=cz-ax,—  hyy    F^ay+hx^ 
prove  that  ABC-  AJO^  -  BE^  -  CF^ + '^DEF 

[Second  Public  Exam.  Oxford.] 

300.  A  certain  student  found  it  necessary  to  decipher  an  old 
manuscript.  During  previous  experiences  of  the  same  kind  he  had 
observed  that  the  number  of  words  he  could  read  daily  varied  jointly 
as  the  niunber  of  miles  he  walked  and  the  number  of  hours  he  worked 
during  the  day.  He  therefore  gradually  increased  the  amount  of  daily 
exercise  and  daily  work  at  the  rate  of  1  mile  and  1  hour  per  day 
respectively,  beginning  the  first  day  with  his  usual  quantity.  He  found 
that  the  manuscript  contained  232000  words,  that  he  counted  12000 
on  the  first  day,  and  72000  on  the  last  day ;  and  that  by  the  end  of  half 
the  time  he  had  counted  62000  words  :  find  his  usual  amount  of  daily 
exercise  and  work. 


ANSWERS. 


I.    Pages  10—12. 

1.    (1)  Bib :  a.    (2)  9  : 7.    (3)  bx :  ay.        2,    18.  8.    385,  660. 

4.    11.  5.    5:13.  6.    5:6  or -8:5. 

10.    |  =  |  =  |»orj  =  -^=^.  17.    dbe+2fgh-ap-bg^-ch^=:0. 

20.    8,  4,  1.  21.      -3,  4,  1.         22.     7,  3,  2.  23.    8,  4,  1. 

25.  ±a(6a-c2),  ±6(c«-a«),  ±c(a2-62). 

26.  5c(6-c),  ca(c-a),  a6(a-5). 

n.    Pages  19,  20. 
1.    45.  2.    (1)  12.    (2)  800a'6.      8.  '^ 


vi^+vY 


13.    0,5?.  14.    0,3,8.  15.  «(^  +  ^) 


7*  >    »    •  •    cm-bm-'2an' 

18.    8.  19.    6,  9, 10, 15.         20.    8  gallons  from  A ;  8  gallons  from  B. 

21.  45  gallons.  28.    17:8.  24.    a=45. 

25.    64  per  cent,  copper  and  36  per  cent.  zinc.    8  parts  of  brass  are  taken  to 
5  parts  of  bronze.  26.    63  or  12  minutes. 

HL    Pages  26,  27. 

1.    5^.  2.    9.  8.     1^.  4.    2.  7.    60. 

«,       8  w       36  . 

9.    y=2x--.  10.    y=5x+-^,  11.    4. 

22         2 
12.    a;=T5«  +  ^^--  !*•    36.  15.    1610 feet;  306-9 feet. 

15       15z 

16.    22^  cnbio  feet.  17.    4:3. 

18.    The  regatta  lasted  6  days;  4*"*,  5*"*,  6*^  days. 

20.    16,  25  years;  £200,  £250.  21.    1  day  18  hours  28  minutes. 

22.  The  dost  is  least  when  the  rate  is  12  miles  an  hour;  and  then  the  cost 
per  mile  is  £^,  and  for  the  journey  is  £9.  7s,  6(2. 


526  HIGHER  ALGEBRA. 

IV.  a.    Pages  31,  32. 

1.    2771.  2.    163.  8.    0.  4.    ^P^-^),  5.    80. 

e.     -42.  7.     -186.         8.     1326^3.      9.     76^6. 

21 
10.    820a -16806.  11.    n(n+l)a-n«6.         12.    y  (11a -95). 

1        8 
W.     -T»  -7»  ••.-9J-      1*-     1,  -ll,...,-89-         18-     -33as,-31aj,  ...,0!. 
4         4 

16.    a^-x  +  l,  a?-2x+2,...yX,         17.    n*.  18.    3.  19.    6. 

20.    612.  21.    4,9,14.  22.     1,4,7.        28.    496.  24.    160. 

25.    ^-^+pb,  26.    n(n+l)a-^'. 

2a         ^  ^  a 

IV.  b.    Pages  35,  36. 

1.    10  or -8.  2.    8  or -13.  8.    2,6,8,... 

4.  First  term  8,  nmnber  of  terms  69. 

5.  First  term  7^,  nmnber  of  terms  64. 

6.  In8talment8£61,  £63,  £66,...        7.    12.         8.    26. 


9.  g.^_    .(2  +  n-8.Va;).  10.    n*.  12.     -{p  +  q). 

18.  8,  6,  7,  9.    [Assmne  for  the  nmnbers  a-Sd,  a-dta+d^  a+ Sd,] 

14.  2,4,6,8.        15.    p+q-m.         16.    12  or -17.        17.    6r-l. 

20.  lOip-8.  21.    8  terms.    Series  IJ,  8,  4},. 

22.  8,  6,  7 ;  4,  6,  6.  28.    ry = (n+ 1  -  r)  x. 


V.  a.    Pages  41,  42. 

8.    191  J.  4.  -682. 

6.    i(6i>-l).         7.    Ijl-^l)**!.  8.  364(V3  +  1). 

^^'     "192'  •  2*    *3* 

11  14  ^J: 

2***32*  66* 

17     i  18  ^^^-^^ 
2*                                       2 

19.    7(7  +  V42).      20.     2.                  21.     16,24,86,...  22.  2. 

28.     2.                      24.     8,  12,  18.      25.     2,  6,  18.  28.  6,  -3,  IJ,... 


2069          1281 
1468 •         612  • 

1. 

5. 

1093       .   1 ,-_ 
46  •      «•  i^^"^- 

9. 

i  (686^/2 -292). 

12. 

If) 

„  ,  8,..., 27.  13.   7, 

16. 

27 

6^-        ^•^  *^^^ 
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V.  b.    Pages  45,  46. 

1.        Ti To  ■"  ^ •  *•        «»  •  3. 


-  -r^2  • 


(l-a)a     \-a  3*  (1-x) 

4.     4-JL-;r^,.  5.     6.  6.         ^ 


2n-a     2«-i*  (l-x)3* 

*•    (l-r)(l-&r)'  ^^-    40,20.10.  11.    4,1,  J,... 

a:(a;*-l)     n(7i+l)a  a:2(ar^-l)     xy(a;'»y*-l) 

a;-l  2*  *         x^-l  ary-1* 

14.  4^a  +  |(l-^y     15.     H.         16.     II .       19.     n .  2»+» - 2«+i  +  2. 

«6*- 1  r-1  (    r*-l  } 

VI.  a.    Pages  52,  53. 

1.     (1)5.    (2)  3i.     (3)  3M.  2.     6J,7f.  8'    |»   |»   §»   H* 

4.    6  and  24.  5.    4:9.  10.    n2(n+l). 

11.    2^('*+l)("'  +  ^  +  3)-  12.    gn(n  +  l)(2n  +  7). 

13.  iw(n+l)(n2+3n+l).  14.    i(3'»+i+l)-2»H-i. 

15.  4'»+i-4-n(n+l)(n«-n-l). 

18.    The  n^  term = &  +  c  (2n — 1),  for  all  values  of  n  greater  than  1.    The  first 
term  is  a-\-'b-\-c\  the  other  terms  form  the  A.P.  6  +  3c,  6  +  5c,  6  +  7c,.... 

22.    |(2a+;rn[d)|ag+(n-l)^d+^^Y^^^|  • 
VI.  b.    Page  56. 

2.  1140.  3.  16646.    4.  2470.    5.  21321. 

7.  11879.  8.  1840.     9.  11940.   10.  190. 

12.  18296.  14.  Triangular  364;  Square  4900. 

16.  w  - 1. 

Vn.  a.  Page  59. 

2.  728626.    3.  1740137.  4.  €7074.  5.  112022. 

7.  17832126.  8.  1625.  9.  2012.  10.  342. 

11.  ttt90001.  12.  231.      13.  1456.  14.  7071.  15.  eee. 

16.  (1)  121.  (2)  122000. 

VII.  b.  Pages  65,  m, 

1.  20305.     2.  4444.    3.  11001110.    4.  2000000.  5.  7 
6.  34402.     7.  6587.    8.  8978.       9.  26011.   10. 


19. 

«^ 

1. 

1240. 

6. 

52. 

11. 

300. 

15. 

120. 

1. 

333244. 

6. 

334345. 
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11.    30084349.    IS.    7I0f«3.     U.    S714687.        14.    •i04ft.        16.     15-lt<L 
16.     20-73.  17.     126014S.  IS.    |.  !••     I,   5. 

SO.    Kine.  81.    Four.      SS.    Twelve.         S8.    Eight.      M.     Eleveo. 

86.    Twelve.       86.    Ten.         80.    S^+S^+S*. 
81.    8»-8"-8'-8«-8»  +  8»+3»+l. 

Vm.  a.    Pages  72,  73. 

,      2  +  ^2+^6                                     .     8+V6+V15 
1-     4 »•    g 

(hjh  +  hja -  Jab{a  +  h)                        a-l-^ »Ja*-l-{-j2a (g - 1) 
'•  2^  '  *•  ^Ti • 

.     3^/80  +  5^/15-12-10^/2  ^     ^2+^/3+^6 

6.     ^  .  6. 2 . 

5         4        1  9       S         1  5 

7.  ^+8».2«+8.2  +  3'.2»+:j».2«  +  2a. 

541S9S  145 

8.  6«-6«.2'+6«.25-6«.2  +  5«.2*-28. 

UIOIQI  110         11  Si 

9.  a«-a«6*+a«6«-...+a«6*-6"4.  10.    38+88+1. 

1  IS 

11.  28-28. 7*+ 2. 7«- 7*. 

U         10       111       10        11  91 

12.  58+58.3*+58.3*+...+58.8*+3*.  1-88+38 

584  53  17  2' 

14.     17-38.28  +  38.28-3.28  +  38.28-88.22. 

15  4       8  9       6         1 

16.     88 .  28 -  88 .  2  +  88 .  2«-  3  .  28  +  3* .  2«-  88 .  28. 

1/84881\  81S8ni611 

16.    i(3«-3«  +  3*-38+8«-l).  17.    28  +  2«+2«+2« +2« +2«  +  l 

5  ^ * 

18.    ?!±^±i\  19.    ^/5  +  V7-2. 

20.    V6-V7  +  2V3.         21.     l  +  V3-^/2.  22.     1+a/|->v/|- 

23.    2+»Ja-JSh,  24.     3 - *y7  +  ^/2 -  ^3.      26.     l  +  ^/3. 

26.    2  +  ^/5.  27.     3-2^2.  28.     »JU-2»J2. 

29.    2^3+^/5.  80.     3^/3-^6.  31.     .y/^^y^+\/|- 

/3a  +  6  /o^  ««  /l  +  rt  +  a8  /l-a+a* 

'"•     V-2     "VJJ-  ''•     V"~2—  +\/— 2-    • 

86.     11  +  56J3.  36.     289.  37.     |v/3. 
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38.*  8(^3  +  6.  39.     3.  40.     8^3. 

41.    3+^6=6-23607.  42.    x^  +  l+i/4-{-x-x^2-{-f/2. 

43.    3a  +  ^/62_3a«.  **•     "2"  • 

Vin.  b.    Pages  81,  82. 
1.    6-2^6.  2.    -13.  8.    e^'^-e-^^^. 

4.    x^-x  +  1.  6.    ^±^^.  6.     -19-6^10. 

8  AaxJ^  2  (3j;«  - 1)  ^^ 
^*     "29*                                     a»  +  xa    '                   **  a;«  +  l 

10.  ^V^-  "•    n/-1-  12.     100. 

2a 

13.  ±(2  +  3/^^.  14.     =t(6-6iv/^).  16.     ±(1  +  4  ^/^). 

16.     ±2(1-7^).         17.     ±(a+^^).      18.     ±{(a  +  6)-(a-6)^/^}. 

9  19 .  «A     4     n/6  •  «,      • 
^^'     -13  +  13*-                ^'    I'U''                    ^^'    *• 

6     6  a'+6" 

IX.  a.    Pages  88—90. 

1.    36a:2^i3^_i2=o.  2.    mna^+{n^-m?)x~mn=0. 

8.  (p«-g2)a.«+4jpga._2)«+g2_.o.         4.    «*- 14a; +29=0. 

6.  a>+10a;+18=0.  6.    «*+2pa:+i>2-8g=0. 

7.  a:2+6a;+84=0.  8.    a:^  +  goo; +a2+ 62=0. 

9.  ar»+a»-2a6+63=0.  10.    6a:«+lla:a-19a:  +  6=0. 

11.  2a«»  +  (4-a3)a;«-2aa;=0.  12.    ««-8a:»+l7a;-4=0. 

14.  3,6.  16.    2,-  —  .  16.    ^^. 

9  a  +  6 

h^-2ac  be*  {Bac  -  6«)  ._      ft«(62-4ac) 

21.     7.         22.     -15.         23.     0.  24.     a?-'2{p^'2q)x+p^{p*-^q)=0, 

28.  a^c^or*  -  (fr^  _  2ac)  (a» + c') « + (6«  -  2ac)2 = 0. 

29.  a:'  -  4mna;  —  (m*  -  w*)' = 0. 


b.    Pages  92,  93. 
1.    2  and  -2.  6.    ba;3-2aa;+a=0. 


^.  ^«  il. 


^J^ 
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U.    80034342.    12.    llOteS.     13.     2714687.        14.     •§046.       16.      15'le6. 

16.     20-73.  17.     1260ISS.  18.    |.  W-     1.    f. 

SO.    Kine.  21.    Four.       29.    Twelve.  23.    Eight.      24.     Eleven. 

25.    Twelve.       26.    Ten.        80.    2ii+27+2«. 
81.    8»-38-3'-3«-3»  +  8»+3»+l. 

VnL  a.    Pages  72,  73. 

,      2+V2+V6  _      3  +  ^6+^/15 

a^b+hja-  Jdb{a  +  h)  o- 1+  Ja*-l-{-j2a {a - 1) 

.     3^30  +  6^/16-12-10^/2                ^     n/2+V3+V6 
8.     7 •  8-     2 ' 

5        4       1  9       8         1  5 

7.  ^+3«.2«+3.2  +  35.2t+3«.2»  +  2a. 

641319  145 

8.  6«-6«.28+6«.28-5«.2  +  6«.28-28. 

UlplQl  110        11  91 

9.  a«-a«6*+a«&2-...+a«6*-6*.  10.    38+38+1. 

1  IS 

U.    28-22.  7*+ 2.  7*- 7*. 

U         10        19  1       10         U  91 

12.    68+68.3*  +  68.3*+...+68.34  +  3*.  1-38+38 

584  69  17  2* 

14.    17-38.28  +  38.28-3.22  +  38.28-38.23. 

16  4       8  9       5         1 

16.     38. 28- 38.  2  +  38.  28- 3. 28  +  38.2"- 38. 28. 

1/84S91\  ns6ni6u 

16.    |/36_36  +  8«-3«+3«-lj.  17.    28  +  2* +2«+2«+2« +2«+l 


31 


8         6         1 

3« 
8 


18.    ?!±^\  19.    ^5  +  ^7-2. 


20.     V6-n/7  +  2V3.  21.     1+V3-n/2.  22.     '^  + aJ 2~  \/ 2' 

23.    2  +  ^a-sJU.  24.     3 - ^7  +  n/2 -  v/3.      26.     1+^3. 

26.    2+^6.  27.     3-2;^2.  28.     ^U-2J2, 


29.    2^/3+^5.  80.     3^3-^6.  31. 

85.     11  +  66^8.  86.     289.  87.     ^J3. 

o 
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38.*  3,^3  +  6.  39.     3.  40.     8;^3. 

41.    3+^6=6-23607.  42.    a;a  +  l+4/4  +  a;-a:4^2+4^2. 

, ^     a-1 

43.     Ba+Jly^-3a\  44-     -g-  • 

Vin.  b.    Pages  81,  82. 
1.    6-2^6.  2.     -13.  3.    e2V=i-«-2>/^. 

4.    x^-x+1.  5.    ^±^LZ^.  6.     -19-6^10. 

8  _      4.axJ^  2{Ba^--l)J^ 
^'     "29*                           *'        a2+xa    *                   **  iMl  ' 

10.  ^^ir^.  11.    \/^^.  12.    100. 

2a 

13.  ±(2  +  3^/^.  14.     ±(6-6  V^.  15.     ±(l+4^/^). 

16.     ±2(1-7^).         17.     ±(a+^^).      18.     ±{(a+6)-(a-6)^/^}. 

9  19 .  „A     4     n/6  •  «,      • 
"•    -13  +  13*-                ^^-    7'U''                    ^^-    *• 

6     6  a'+6" 

IX.  a.    Pages  88—90. 

1.    36a>  + 13a; -12=0.  2.    mnar»+(n2-m')«-mn=0. 

8.  (p«-g'«)a;*+4pga;-2)*+g'=0.         4.    «»- 14a; +29=0. 

6.  a;2  +  10a;  +  13=0.  6.    a;*+2pa;+|)a-8gr=0. 

7.  a;3+6a;+34=0.  8.    a;a+2aa;+a2+62=0. 

9.  x^+a^^2ah  +  b^=0,  10.    6a;8 +  11^3 -19a; +6=0. 

11.  2aa;»+(4-a3)x*-2aa;=0.  12.    «'-8a;a+l7a;-4=0. 

^  m  «       10  a-b 

14.  3,6.  16.    2,-  —  .  16.    ^—j-, 

9  a  +  6 

&a-2ac  &c*  (3ac  -  6«)  ._      ft«(&8-4ac) 

!»•         ca      •  "•    o7  ^*    aV • 

21.     7.  22.     -16.         23.     0.  24.    ix?-2{p^-2q)  x+p^{p*-4q)=0. 

^®-    (^)     ~^^-  ^^)       \8c»       •  27.    n63=(l+n)aac. 

28.  a  Vx2  -  (fts  -  2ac)  (a^ + c')  a; + (6»  -  2ac)2 = 0. 

29.  x^  -  4mna;  -  (m^  -  n*)* = 0. 


b.  Pages  92,  93. 

1.    2  and  -2.  6.    &a;3-2aaf+a=0. 

e.  (1,  £(£!zM(E!zi).  (2)  ?lr^±2£!.           „;  i 

^  '                       q  9.                                               o 

H.  H.  A.  34 
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c.    Page  96. 


1.     -2.  2.     ±7.  5.    (ln''l'n)^={lm'-Vm)(rm''m'n). 

7.     {aa'  -  hh'f  +  4  (/la'  +  Kb)  (hV  +  h'a) = 0. 
10.     (66'  -  2ac'  -  2a' cf = (6«  -  4ac)  (6'*  -  4a'c') ;  which  reduces  to 
(oc'  -  a'c)^=z  {ab'  -  a'b)  {be'  -  6'c). 


X.  a.    Pages  101,  102. 


1  ^  -^ 

^-    4»      2* 

2. 

=*=i.  ^1. 

3. 

'•k- 

4. 

4      1 
9'    4" 

5.    8*  2* 

6. 

1,  2a». 

7. 

26 
27, 147 . 

8. 

9       4 
13*    13' 

1     26 
*•    9'     4- 

10. 

.1    -i 
^»      32* 

11. 

2,0. 

12. 

±1. 

.3.    -4. 

14. 

±8. 

16. 

0. 

16. 

J-.460. 

17.    9,  -7,  l±^-24.  18.    2,  -4,  -l=fcV71.      19.     3,  -g,   ?— ^/-il 
ao.    4,  -l   i±^.      31.    2.  -8.  -3:.=8^6.      22.    8.  -f .    2-±|^^ 


23. 

^'3-          3        • 

24. 

'»       3  '         6       • 

26. 

".  !■  - 

4        • 

26. 

^       7     8±V416 
^'3'          6       • 

27. 

1,  8. 

28. 

S^- 

29. 

1    9    -^ 

1,  y,     g  . 

30. 

a       a 
"'2'      3" 

31. 

.4 

82. 

4   -LO 
*'       3* 

83. 

0,  6. 

84. 

86. 

1    -3±V6 
^'        2        • 

36. 

,   1     -l±^-35 
'^*3'            6 

87. 

2=fcV3.- 

-l=tV-3 
2 

38. 

2.-|.6,-|. 

89. 

3a,  -4a. 

40. 

'¥■ 

41. 

0,  1,  3. 

42. 

-1±V17      -l=fc^/2 
2*2* 

43. 

3     2 
2'   3* 

44. 

3,  -1. 

46. 

±1. 

46. 

1«. 

47. 

4. 

48. 

"'  66  ' 

Ua+Jf>)*-i  2 


'^-       3'  6 
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X.  b.    Pages  106,  107. 

K      8  .      15  „  o      8  „      97 

1.    a;=6,  -g;  y  =  4,  -y.  2.    «=2,  "jg;  y  =  7,  -j^. 
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8.  ^  =  1»  -ggi  y  =  l»  "22*  *•     a;=±5,  ±3;  y=±3,  ±6. 

5.    x  =  8,  2;  y  =  2,  8.  6.    a;=46,  6;  y=6,  46. 

7.    a;=9,  4;  y=4,  9.  8.    a:=  ±2,  ±3;  y=  ±1,  ±2. 

9.  a;=±2,  ±3;  ^=±3,  ±4.  10.     x=z^5,  ±3;  y=±3,  ±4. 

11.  x==fc2,  =tl;  y==fcl,  ±3. 

12.  a;=±V3.  ±vJ'  2/=0,  =t6y/l. 

13.  a;=5,  3,  4±  J^^;  y=3,  5,  4=i=  V-97. 

14.  a;=4,  -2,  db^-15  +  1;  y  =  2,  -4,  =1=^^15-1. 

15.  a;=4,  -2,  ds^'^l  +  1;  y  =  2,  -4,  rfc^^Hl-l. 

4      1 

16.  a;=g,   g;  y=20,  6.  17.    a;=2,  1;  y  =  l,  2. 

18.    a;  =  6,  4;  y  =  10,  16.  19.     x=729,  343;  y  =  343,  729. 

20.    a;=16,  1;  y  =  l,  16.  21.    x  =  9,  4;  y=4,  9. 

6  2 

22.    a;=5;y=±4.  23.    x=l,  ^;  y=2,^, 

24.    a;=9,  1;  y=l,  9.  26.    a;==fc26;  y=  ±9. 

26.  a?=6,  2,4,  a;y  =  l,3,  |,2. 

5 

27.  a;=±6,  ±4,  ±5,  ±2;  y=±6,  ±4,  ±10,  ±8, 


2 

13  '  ^"~^'  13 
29 


A   107  -    48 

28.    a;=4,  ^^  ;  y  =  l,  j^. 


lW-143  1^3^-143 

30.    a;=0,  9,  3;  y=0,  3,  9.  81.    a;=0,  1,  ^;  y=0,  2,  ^. 

32.    x=6,  ||,  0;   y  =  3,  -^,  -|.  33.    a;=2,4^4,2;  y  =  2,24^4,6. 


34.  ^=i'>y|;y=2,  3>y|. 


36.  a:=±3,  rfc^-18;  y=±3,  =F^/-18. 

36.  x=y=±2. 

37.  a;=0.-^^^         W^     .  ^.-p      «\/&  a\/& 

38.  x=6,  ^in^Vi).  y==a,  a(l=FV3). 

39.  :r=^'     ^(?^).«-?!!     M2^-&) 


34—2 
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40.  ar=0,  ia^T,  ±a*yi3,  ±3a,  ±a;  y=0,  ^hJ7,  ±6^/13,   =f=6,  =f36. 

2a*  a 

41.  ar=  ±1,  rfc-:— ^ ;  y=±2a,  =F— r « 

X.  c.    Pages  109,  110. 

1.    ar=±3;  y=±5;  2=  ±4.  2.     a;=6;  y= -1;  2  =  7. 

3.    ar  =  6,   -1;  y  =  l,  -6;  z  =  2,  4.    a;=8,  -3;  y  =  3;  2  =  3,  -8. 

.   .   2±^/i6i       ■      .  2TN/i6T        „      11 
6.    a;=4,  3, ^ —  ;  y=3,  4, ^ ;  2  =  2,  -y. 

6.  ar=±3;  y==F2;  2=i5.  7.    «=  ±5;  y=  ±1;  2=  ±1. 

8.  a;=8,  -8;  y  =  6,  -6;  2=3,  -3.*   9.     ar=3;  y=4;  2  =  -;  u=-. 

10.  a:=l;  y=2;  2=3.  11.    a;=6,  -7;  y=B,  -6;  2=6,  -8. 

12.  a;=l,  -2;  y=7,  -3;  2=3,   -  — . 

flft  fift 

13.  a;=4, -=-;  y  =  6,  y;  2  =  2,  -6.    14.    a;=a,  0,  0;  y=0,  a,  0;  2=0,  0,  a, 

a  V3±*y"r9  a       -  6^3=1=  ^"^ 

'*•    ^=;/3'       — 6  — ^'y=;/3'  6  ">  _ 

^_a         ^/3=fc^/-9_ 

;73'       3     **• 

16.    a;=a,  -2a,  ^| o;  y=4a,  a, ^ a; 

2  =  2a,  -4a,  (l±Ay-15)o. 

X.  d.    Page  113. 

1.  a;=29,  21, 13,  6;  y=2,  6,  8,  11. 

2.  x=l,  3,  6,  7,  9;  y=24, 19, 14,  9,  4. 

3.  a;=20,  8;  y=l,  8.  4.    a;=9,  20,  31;  y=27, 14,  1. 
5.  a;=30,  6;  y=9,  32.  6.    a;  =  50,  3;  y  =  3,  44. 

7.  a;=7jp-6,  2;  y  =  62)-4,  1.  8.    a;=13p-2,  11;  y=6p-l,  6. 

9.  a;=21jp-9,  12;  y  =  8p-6,  3.         10.    x  =  np,  17;  y  =  132),  13. 

11.  a:  =  19p-16,  3;  y=23p-19,  4.     12.    a;  =  77jp-74,  3;  y  =  3()p-25,  6. 
18.    11  horses,  15  cows.  14.    101.  16.    56,  25  or  16,  65. 

16.  To  pay  3  guineas  and  receive  21  half-crowns. 

17.  1147 ;  an  infinite  number  of  the  form  1147  +  39  x  56p. 

18.  To  pay  17  florins  and  receive  3  half>orowns. 

19.  37,99;  77,59;  117,19. 

20.  28  rams,  1  pig,  11  oxen;  or  13  rams,  14  pigs,  13  oxen. 

21.  3  sovereigns,  11  half-crowns,  13  shillings. 
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XI.  a.    Pages  122—124. 


1.  12. 

4.  6720. 

8.  6. 

12.  1440. 

16.  1140,  231. 

20.  56. 

24.  21600. 

28.  3456. 

33.  1956. 


2.  224. 

5.  15. 

9.  120. 

IS.  6375600. 

17.  144. 

21.  360000. 
145 

215  I — 

|10|15[20' 
29.     2^3040. 
34.     7. 


3.    40320,  6375600,  10626,  11628. 


6.  40320;  720. 

10.  720. 

14.  360,  144. 

18.  224,  896. 

22.  2052000. 

26.  2520. 

80.  25920. 


7.  16,  360. 

11.  10626,  1771. 

16.  230300. 

19.  848. 

23.  369600. 

27.  5760. 

32.  41. 


XI  b.  Pages  131,  132. 

1.  (1)  1663200.  (2)  129729600.  (3)  3326400. 
3.  151351200.   4.  360.        5.  72.  , 
7.  «»•.         8.  531441.      9.  p\ 


2.  4084080. 
6.  125. 
10.  30. 


12.  3374. 


13.  455.    14. 


|a  +  26  +  3c  +  d 


|a(|_6)«(Lc)»  • 
16.  67760000.    17.  1023.   18.  720;  3628800. 


11.  1260. 

16.  4096. 

\mn 
19.  127.     20.  316.     21.  ^-J=^. 

24.  (1)  f(y-i)  g(g-i)|i.  (2)  yCp-iXp-g)  g(g-i)(g-2) 


22.  64;  325. 


23.  42. 


26.  J>(i>-l)(l>-2)  g(g-l)(g-2),j^ 

6  6 

27.  113;  2190.   28.  2454. 


6  6 

26.  (2)  +  l)«-l. 
29.  6666600.     30.  6199960. 


Xm.  a.    Pages  142,  14.3. 

1.  a;»  -  15x*  +  90^3 -270a;2  + 405a; -243. 

2.  81a:*  +  216a:8y  +  216a;V  +  96a:y3  +  162/'*. 

3.  32ar«  -  ^oc^y  +  80a:'t/2  -  4SSzhj^  +  lOa:^*-  y". 

4.  1  -  18a8  +  135a*  -  540a«  +  1215a8  -  1468aio  +  729a". 
6.  x^^  +  5a;» + lOa:^  +  ^q^i  ^  5^6 + ^^ 

6.     1  -  7xy  +  21a;2y2  _  35x8^8  +  z^yAyA.  _  21a;8y«  +  7a;  V  "  ^ V- 

81a;8 


7.     16  -  48a;«  +  54a;4  -  27a;«  + 


16 


8.  729a«  -  972a» + 540a*  -  lOOa^  + 


80a^_64a  ^ 
3    27  "^  729  • 


9. 


7a;  21a;5  35a;3  35a;*  1X3^     la^ 


z' 


^"'■2"*"  4  ^    8  "'■l6'^82'^64  ■^128* 


534 


UIQHER  ALGEBRA. 


_     ^3^     32x*     20x«    „^     136 
^^-     729-^  +  ^-2^  +  4^ 


243      729 
8x*  +  64x«  • 


•  •la      7a»     7a>     36a*     ,,,„..,      . 
"•    266  +  16  +  16 +T+-r  +  ^*+^^+^+^- 

.      ,     10     45     120     210     252     210     120     46     10       1 

12.     1 +  —  -— ^  +  — r ir  +  s- 5-+-5---0  + 


a^        afi        afi 
14.     -  112640a:«. 


X' 


X        X*  X 

13.     -36760xW. 
130 

19.    ___  .  30.    -^^j-  . 

22.     2a?  (16a:*  -  20a^»a*  +  ba% 

24.     2(366-363x  +  63a;S-«S).  26.    252. 


27.     110666a*. 


30. 


88. 


189a^7        21 


8 


-=-sa 


19 


23.     84a»6«. 
7 


16 


81. 


I8' 


l!^ 


|i(n-r)  |i(n  +  r)  • 


3? 


10* 


16.     -  312x«. 
1120 


18. 


81 


a*6*. 


21.    2a:*  +  24a:S+8. 

28.     140^/2. 
429 


26.     - 


16 


14 


29.     1366,  -1366. 
32.     18664. 

|3n 


84.     (-l)** 


|n|2n* 


XTTT.  b.    Pages  147,  148. 

1.    The9'\  2.    Thel2*»».         3.    The  e***.         4.    The  10*»»  and  11*. 

5.    The3«>=6}.  6.     The  4*»»  and  6'>»=-|j.  9.    a;=2,  y=3,  n=5. 

10.  l  +  8a;  +  20a;*  +  8iC»-26x*-8aH^  +  20a:«-8x7  +  a:8^ 

11.  27a:«  -  54ax« + 117a2x*  -  116a8a:«  +  117a*x«  -  64a»a;  +  27a«. 


12. 


n 


|r~l  In-r+l 
14.     iZ 


a-r-i^n-r+l. 


13.     (-l)P 
16.    2r=n. 


|27l  +  l 


p  +  1  \2n-'p 


-l~!P-8n+l^ 


XrV.  a.    Page  155. 


1.    i  +  l^_l:,.+^^. 

*•     ^     6"*^     26^*^      126^' 

6.  1  -  a;  -  a:'  -  «  «*. 

7.  l-x  +  |a;a-|a:3. 

-  x^     s^ 

^'     ^+^+6-64- 


«      i     3        3,1, 

4.     l-2a;8  +  3a:*-4a:«. 

14 

6.     l+a?  +  2a;3  +  -^a:'. 

o 

8.     l-a;  +  ?a;2-  — a;8. 
^3         27 

10.    l-2a4-|a2-|a'». 
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18.    i(l+a-y  +  \a').  14.    ^(1  +  ^  +  1^.+!^). 

18.     -^-5^a»  1».    ^.  20.     (r  +  l)a!'. 

1  •  2  .  o  2~  It* 

11.8.S.2.1.4...(3r-U) 
as.     (-1)  gr  1^  « . 


10710 

24.     -I848a;i«.  26.     -:!^l^a:«. 

o 

XIV.  b.    Pages  161,  162. 
„,1.3.5.7...(2r-l)_,  (r+l)(r+2)(r  +  3)(r+4)., 

1-    (-1) aJHr '^^       *•    ji 

8.    (_i)^il-2.6...(3r-4)  ^  2.5.i      (3r-l)^, 

2.1.4...(3r~5)    a;»»-  1.3.5...  (2r-l) 

2.5.8...  (3r-l)    ^  (»  +  !)  (2n  +  l) ...  (r^.n+1)       x** 

^^'  ^  ''  ^^'  \r_  •a«'-+ 

13.    The3«».  14.    The  5*.  15.    The  13'»».  16.    The  7*>». 

17.     The  4*>»  and  5*'*.         18.     The  3«*.  19.    9*89949. 

20.    9-99333.  21.     10-00999.         22.    6-99927.  23.     -19842. 

23a; 


24.     1-00133.  25.     -00795.  26.     50009G.  27.     1- 


l("-S)- 


6   • 


5x  15  343 

28.     ^(1  +  :^).     29.     1--Q--  80.     j-g^;.  81.     1-220^' 

32.    |-^a;.  36.     l-4a;  +  13a;a.  86.     2  +  ^a;  +  ^a;». 

XIV.  c.    Pages  167—169. 
1.    -197.  2.    142.  3.    (-l)'*-^ 

4.     (-l)»(na  +  2n  +  2).  6.    \/8=(l-|)"   • 
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'•  (i-ir=*'(^-ir-   "•  — • 


|2n 

14.    Deduced  from  (l-a:»)-(l-x)»= 8a: -3x».  16.    (1)    46.     (2)     6661. 

18.    (1)    Equate  ooefficienta  of  a;**  in  (1  +  x)""  (1  +  a;)-i = (1 + a;)*-^ 

(2) .  Equate  absolute  terms  in  (1+a;)*  ( 1+-)     =a;2(l+a?)*-«- 

80.    Series  on  the  left  +  ( - 1)*  q^^ = coefficient  of  «2n  in  (1  _  a;2)-J. 
1      |2n 

[Use(Co+Ci+c,+  ...cJ*^-2(coCi+CiCj+...)=Co2  +  c,»+c,«+...c^»]. 


XV.    Pages  173,  174. 


1. 

-12600. 

a.    -168. 

3.    3360 

6. 

-9. 

6.    8086. 

7.    30. 

9. 

-10. 

10.     -|. 

11.     -1. 

18. 

69 
16* 

14:   -1. 

16     ^^^ 
16.      g-. 

17. 

1  -  2a;5+4«»+ 6a:*- 20«". 

18.    16  fl-? 

4.    -1260a«6»c*. 
8.    1906. 

16.    1-l^-lx^ 


18.    16(l-|a:»  +  3ar*+^a:«-|a:7  +  |a:8^. 


XVI.  a.    Pages  178,  179. 

1.     8)  6.  2.     2,  —  1.  ''     ""  "ft" '  ""  9  *         ^     ~"    '   "  5  ■ 

_44  216,7^42 

^'  3'  "6"  5*      2*  "2*     ^*    3'        '      3'   8* 

2  3 

8.    61oga+91og6.  9.    gloga+^logft. 

10.     --loga  +  glog6.  11.    -gloga-glogft. 

7  1 

12.     -=o  log  a -log  6.  13.    ^loga,  14.     -61ogc.  16.     log  3. 

loga-logft'  "    21oga  +  31og6* 

logg+logb  a;=i?5^    v=-^-^^. 

^®'    21ogc-loga+log6*  log  a  '^        log  6 

1  1  V  log  (a -6) 

22.    Jaga:=g(a  +  8b),logv=i^a-^l>V  ^.    V^^^a^cbr 
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XVI.  b.    Pages  185,  186. 

1.  4,1,2,2,1,1,1. 

2.  -8821259,  2*8821259,  3*8821259,  5*8821259,  6*8821259. 

8.  6,  2,  4,  1. 

4.  Second  decimal  place ;  nnits'  place ;  fifth  decimal  place. 

5.  1-8061800.        6.    1*9242793.        7.    1*1072100.  8.    2*0969100. 

9.  1*1583626.      10.    -6690067.        11.    -3597271.  12.    -0563520. 

13.    r*5052973.      14.    -44092388.      16.    1*948445.  16.    191563-1. 

17.    1*1998692.      18.    1*0039238.       19.    9076226.  20.    178-141516. 

21.    9.        23.    301.        24.    3-46.      26.    4*29..      26.    1*206.    27.    14*206. 

38.    4-662.  29.    »=,     i°«f    „;  y=,      ^"^ 


log3-log2'  *    Iog8-log2" 
81og3-21og2  log3  „     ,  „.^, 

»"•    ^=4li^Fr[^) '  y=4(log3-log2)  •  ^^-    ^^^^^ 

88.    i?^,=  1781;  4^^=6-614. 
2  log  7  log  2 

XVn.    Pages  195—197. 

1.    log. 2.  2.    log, 3 -log. 2.  *6.    -0020000006666670. 

9.    <?*'*- c«^.  10.     *8450980;  10413927;  1*1139434.    In  Art.  225  put 

n=50  in  (2) ;  7i=10  in  (1);  and  w=1000  in  (1)  respectively. 

12.     (-1)»-^ — —  x^,  13.     ^ ^ ^— a;**. 

^  (^     {2xf     (2x)*  (2x)^         ) 

"•   ^"i2"^^"T6"^-'*"^"'^>''j2;'^-  ^®-  rri+i<>8*(i-^)- 


24.    -69314718*,  1*09861229;  1-60943792;    a= -log.  ^1-^]  = -105360516; 
5=  -log,  (l-^^  = -040821995;    c=log,  ^1  +  ^^  = -012422520. 

XVm.  a.    Page  202. 

1.    £1146. 14«.  10c2.         2.    £720.  3.    14*2  years. 

4.    £6768.  Is.  l%d,         6.    9*6  years.  8.    £496. 19^.  4|<f. 

9.    A  little  less  than  7  years.  10.    £119. 18«.  5|d. 

XVm.  b.    Page  207. 

1.  6  per  cent.  2.    £3137. 2«.  2|<2.          3.    £110. 

4.  3  per  cent.        6.  28f  years.          6.    £1275.              7.    £926.  2«. 

8.  £6755. 13«.       9.  £183. 188.        10.    3^  per  cent.    11.    £616.  9^.  liJL 

18.  £1308.128.4^(2.  16.    £4200. 
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XTX.  a.    Paoes  213,  214. 

8.    a' +26*  18  the  greater.     12.    a^ >  or  < x'+ x+ 2,  according  as  x>  or  <2. 
14.    The  greatest  value  of  x  is  1.         15.    4;  8. 
38.    4* .  B^;  when  x=S»  23.    9,  when  xssl. 


XTX.  b. 

Pages  218,  219. 

10. 

3».5»   -          /3      V2 
2-    «  '    VsVs- 

XX. 

Page  228. 

1. 

10       9 
"T'  "4* 

2.    9;^ 

3. 

1     6 
2'  3* 

4. 

-t--  =•    •■ 

1;  0. 

6.    0;  -30. 

'■-!• 

8. 

]oga-log&.      9. 

2. 

10.    me*^.      11. 

1 

2ja' 

12. 

i-           "• 

-1. 

14.        ^^ 
a^S  +  V 

16.    Va. 

16. 

0.                      17. 

3 
2- 

X7CT.  a. 

s 
18.    e'. 

Pages  241,  242. 

1.  Convergent.  2.    Convergent.  3.    Convergent. 

4.  aj<l,  or  a;=l,  convergent;  x>l,  divergent. 

6.  Same  result  as  Ex.  4.  6.     Convergent.        7.    Divergent. 

8.  a;  <  1 ,  convergent ;  a;  >  1,  or  x = 1,  divergent. 

9.  Divergent  except  when  jp  >  2. 

10.  x  <  1 ,  or  a; = 1 ,  convergent ;  x  >  1 ,  divergent. 

11.  If  X  <  1,  convergent ;  x  >  1,  or  x = 1 ,  divergent. 

12.  Same  result  as  Ex.  11.  13.    Divergent,  except  when2>>>l. 
14.  X  <  1 ,  or  X = 1 ,  convergent ;  x  >  1,  divergent. 

16.  Convergent.  16.    Divergent. 

17.  (1)    Divergent.    (2)    Convergent. 

18.  (1)    Divergent.    (2)    Convergent. 

XXI.  b.    Page  252. 

1.  X  <  1,  or  X = 1 ,  convergent ;  x  >  1 ,  divergent. 

2.  Same  result  as  Ex.  1.  3.    Same  result  as  Ex.  1. 

4.  X  <  - ,  or  X  =  - ,  convergent ;  x  >  - ,  divergent. 

5.  x<«,  convergent;  x>«,  or  x=tf,  divergent. 
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6.    x<lf  oonyergent ;  a; >  1,  or  ^ = 1,  divergent.  7.    Divergent 

8.  a:  <  - ,  convergent ;  a;  >  - ,  or  a;  =  - ,  divergent. 

9.  « <  1,  convergent ;  «  >  1,  divergent.    If  a: = 1  and  if  7  -  a  -  /5  is  positive, 
convergent ;  if  7  -  a  -  /3  is  negative,  or  zero,  divergent. 

10.  x<l,  convergent;  x>l,  or  x=l,  divergent.    The  results  hold  for  all 
values  of  q,  positive  or  negative. 

11.  a  negative,  or  zero,  convergent;  a  positive,  divergent. 

ZXn.  a.    Page  256. 
1.    5n(4na~l).  2.    jw(n+l)(n+2)  (n+3). 

8.  j^n{n+l){n+2)(Sn+5),  4.    n«(2n2-l). 

1 

5.  5;rn(n+l)(2n  +  l)(3nH3n^l).     6.    p^=:qK 

J7.    6»=27aad,  c^=27acP,  8.    ad=bf,  4aac-6»=8ay. 

13.    ahc + 2fgh  -ap-  bg^  -  eh*=0. 

XXTT.  b.    Page  260. 

1.  l  +  3a:+4ar»  +  7a;».  2.    1  -  7a;  -  a;^  -  43aH». 

•  1.1        8,1,  .36       11,    21, 

^-  2  +  4^-8*+i6^-  *•     2  +  4^-^¥^+16^- 

6.  l-aa;+a(a+l)a;2-(a»+2a2-l)a;8. 

6.    a=l,  6=2.  7.    a  =  l,  6  =  -l,  c=2. 

9.  The  next  term  is + •00000000000003. 


11. 


a« 


(l-a)(l-a3)(l-a8) (l-a**)' 


.    Pages  265,  266. 
,         4  5  7  5  ^43 


l-3a;     l-2a;'  3a;-5     4a;  +  3'  l-2a:     1-a?* 

2  3  4  .,11  8 


a;-l  '  a;-2     a;-3*  a:     6(a?-l)     5{2a:+S)' 

6     J: 1 L_ 

a:-l     a;  +  2     (a;  +  2)2' 

o^       17  11  17 

7.    a:  -  2  + 


16(a;  +  l)     4(a;  +  l)2     16(a;-3)' 
41x  +  3       15  3a; 

O.  g%~     ^~"  ""  .      w  •  if. 


a?»  +  l       a;  +  6'  a;2+2a;-5     a;-3* 

,^5  7  13 


(x-1)*     (a;~l)8"^(a;-l)a^x-l' 
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x-1     x  +  l^{x  +  l)«     {x  +  l)«^(x  +  l)*' 
"•     FO  +  Tx)  "  3(lT4i) »    -3- (4 -7^ -'*'•) ^• 

"•    8(l-x)      3(2  +  x)'   8V^^^     V-^    J     ' 

"•       "*"3(^6)      3(x+"2)'^    ^^   3V6*^»      2'^V'^* 

"•  i~.-i'x-i42.-.^i+(--ir^-2^J^- 
"•  4ir^)^4(i'^^-^'-^<^^-^"'')-^^ 

"•  lfx^T|]^.-2-:^V^(-^)'H^-?^^^ 

2  3  2 

^*   (i-i)»"(I^«"*'r:^»  ^'''"^^^*^- 

j(a-.6)(a-c)'*"(6-c)(6-.aj'*"(c-a)(c-6)t*' 
5  2  1  2        (  6r+9) 


(2) 


(i 


_L_|._1 1 L+_i_4 

-a)«(l  +  a«aj      l  +  a'»+ia;      l  +  x     l  +  ox)  * 


^*     x{l-x)(l-x^)'  (l-x)Ml-a;     l-a:^      1  - ai^i "*"  1  - aF»+sy  • 


.    Page  272. 

2-3»        ,,  ,  o,^   ,  .         7-20!e         (27,    ,.,.8') 

3-12a;4-lla:2  i 

"•    l-fa  +  llx»-6^'(^''-»-'^+^>''''-    ••     S"-  +  2«-i;2(3»-l)  +  2--l. 

7.     (2.3«-i-3.2»-i)^-i;    2_(l.Z»^_3ilz.^), 

l-3aj  1-205 


L 
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11.  tt^  -  3m^_i  +  3m^_2  -  «n-8  =  0  •»      ~n  -  ^^n-l  +  ^U^g  "  ^^n-S  +  «n-4 = 0. 

12.  S^=Sao-^,  where  2  =  sum  to  infinity  beginning  with  {n+iy^  term. 
This  may  easily  be  shewn  to  agree  with  the  result  in  Art.  325. 

18.     (2»+l)2  +  ?(22«+i  +  l). 
o 

XXV.  a.    Pages  2V7,  278. 


1. 

8. 
3. 


2  13      16      28     323      674 
1'     6  *     7  '    13*    160*    313' 

1     2      7^       9^      43      ^     ^3 
2*    5'    17'    22*    106*    232'    1497* 

3  10     13     36     85     121      1174 
1*     3  *     4  *    11*    26*     37  *     369  ' 

1+ L  J_  J_  J_  _L  J- 1 .  y 

"^2+  2+  2+  1+  1+  2+  2*    12' 

64.-1- JLJ__L1   15J 

4+  3+  2+  1+  3*     30  • 

J- J- -L  JL_i.J_l.   i?. 
3+  3+  3+  3+  3+  3+  3*    109* 

11111111      11 


6. 
7. 


3+  6+  1+  1+  3+  2+  1+  5'   35' 

8      Jl-J- J- J-J-1.   1  9      14.   1      1      1      1    1.    264 

**•    2+  1+  2+  2+  1+  3'   19*  *•     ^"*"7+  6+  6+  iT  3*   223- 

3+  3+  3+  6+  1+  2+  1+  10'    208* 

11     44.-1.  J_l.    ?^  „      1       7       8       39       47 

^3+6+3*     60'  "•     4*    29'    33*    161*   I?4' 

16.    n - 1+7 — — iTV  / -n,-. TT  J  and  the  first  three  convergents  are 

(n+l)+  (n-l)+  n  +  1  ® 

n-1        n'       n^-n^+n-l 

1    *   n+1*  ?P»  • 


XXV.  b.    Pages  281—283. 


^'     (203)2  *^^  2  (1260)«  •  ^'    il5" 

11  11  a»  +  3a  +  3 


4. 


a+  (a  +  l)+  (a  +  2)+  a  +  3*    a3  +  3a*  +  4a  +  2' 
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XXVL    Pages  290,  291. 

1.    a5=711«  +  100,  y=775«  +  109;  a:=100,  y  =  109. 

a.    a5=519«-73,  y=465t-64;  x=446,  y=391. 

8.    a;=893t  +  320,  y=436t  +  355;  a;=320,  y=355. 

5     4 
4.    Four.  5.    Seven.  6.    =,   ^r. 

7     9 

^8117  lj.57^ 

12'    8*    12*    8*  ^^  8*    12*   8*    12* 
8.    £6.  13«.  9.    05=9,  y=8,  z=S.      10.    x=5,  y=6,  «=7. 

U.    a!=4,  y=2,  «  =  7.  12.    x=2,  y  =  9,  «=7. 

18.    05=3,  7,  2,  6,  1 ;  y=ll,  4,  8,  1,  5;  z  =  l,  1,  2,  2,  3. 

14.  05=1,  3,  2;  y  =  6,  1,  3;  z=2,  4,  3. 

15.  280t+93.  16.     181,412. 

17.  Denary  248,  Septenary  503,  Nonary  305. 

18.  a=ll,  10,  9,  8,  6,  4,  3;  6  =  66,  30,  18,  12,  6,  3,  2. 

19.  The  107^  and  104^  divisions,  reckoning  from  either  end. 

20.  50,  41,  85  times,  ezclading  the  first  time. 

21.  425.  22.    899.  23.    1829  and  1363. 


XXVIL  a.  Paoiis  294,  295. 

1       la.    ^     -L           ??  o       9-1.    1             2^^ 

^'     ^"^TT  2+     •*  15*  ^"    '*'*"4+-'  i292' 

8     2  +  -1--L      .155  4     2  +  -L-1-      .?? 

»•    ^  +  2+  4+-*  198  *•     "^^1+  4+-*  35" 

^'    ^  +  3+  6+-*  1197*  ••    "^  +  1+  1+  1+  1+  6+-*   33 

ft  _LJL_L _L      11? 

^-    ^  +  1+  2+  1+  6+  •••*    31  • 

*•       '*"1+  2+  4+  2+  1+  8+  •••*   42  • 

11          1351  fi._LJ_JLJL.         19Q 

»•    '^•*"2+  6+-*   390-  ^"'     ''"*'1+  1+  1+  10+-'   36  • 

11111       1    .  161 

11-     ^  +  1+2+2+2+1+12+*  24' 

,^11111111        263 
12.    12+=—  T-r  r-r 


18. 


1+  1+  1+  5+  1+  1+  1+  24+  *  20  • 

J__LAJL-LJl.JL    .1^ 

4+  1+  1+  2+  1+  1+  8+  •••*  65' 


14     Jl  -L-i- -L  J_         il  IK     ia.J_JL        ^291 

5+  1+  2+  1+  10+  •••*  270'  ^^*       '*'10+  2+ ••*'  4830' 

i_  J^  _L  J_  _i.  JL  i_  _L  _L   1       ??? 

"•  i+  3+  1+  16+  1+  a+  2+  3+  1+  16+ "■'  361* 
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1  1  1  1^ 

"•     (65)2*^^2(528)2-  "•     (191)2*^'*2(240)«" 

,.      4030  1677  111 

"•      40r-  ^'     433"-  ^^'     2+2T2+" 

.1J_11  111 

^-   *+ri:i+ 1+ iT-  ■^'*"2T3+ rr*" 

_.  .  1  1  JL^       1  1  1  1  OK  /1ft 

2*-    *  +  3+3+-*  1+  2T3T3T  3T-'  '^ 

26.    Positive  root  of  a;* + 3aj  -  3 = 0.      27.    Positive  root  of  Bx^  -  10a;  -  4 = 0. 

28.     4/^2.  80.     ^. 


1.    a+ 


[.  b.    Pages  301,  302. 
Ill  8a*  +  8a»  +  l 


2.    a-l-i 


2a+  2a+  2a+  ***'      8a'  +  4a 

1111  8a2_8a+l 


2+  2(a-l)+  2+  2(a-l)+  **"       8a-4 


1111  2a2_l 

8.    «-l  +  i^  2(a-.l)+  1+  2(a-l)+-*'      2a 

-Jl-J__L.J_      .  8a2  +  8a  +  l 
'*'2a+  2+  2a+  2+  "•*     8a2  +  4a    " 
1111  2a262  +  4a6  +  l 


6.    a+ 
6.    a-l  + 
7. 


6+ 2a+  6  + 2a+ "••       2al^  +  2b     ' 

1111  2an-l 

i+  2(n-l)+  1+  2(a-l)+ •**'      2n 
432a«+180aS  +  15a 


144a*+36a2+l 


Page  311. 


1.  a;=7  or  1,  y=4;  a;=7  or5,  y=6.  2.    a;=2,  y  =  l. 

8.  a;=3,  y  =  l,  11;  a;=7,  y=9,  19;  a;=10,  y=18,  22. 

4.  aj=2,  3,  6,  11;  y  =  12,  7,  4,  3.         5.     a?  =  3,  2;  y  =  l,  4. 

6.  a? =79,  27,  17,  13,  11,  9;  y=167,  51,  29,  19,  13,  3. 

7.  a;=15,  y=4.  8.    a;=170,  y=39. 

9.  a;=32,  y=5.  10.    a?=164,  y=21.  11.    a;=4,    y  =  l. 

12.    2a;=(2+V3)'»+(2-V3)'*;  2^3  .  y=(2+/v/3)»»-(2-V3)*;  n  being  any 
integer. 

18.     2a; =(2+^5)*+ (2 -^S)**;  2^5  .y  =  (2+^/5)"-(2-^/5)'»;  n  being  any 
even  positive  integer. 

14.    2a; = (4  +  ^/17)*  +  (4  -  ^17)* ;  2 ^17 .  y = (4 + Jll)^  -  (4  -  V17)'» ;  n  being 
any  odd  positive  integer. 

The  form  of  the  answers  to  15 — 17,  19,  20  will  vary  according  to  the 
mode  of  factorising  the  two  sides  of  the  equation. 
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15.  x  =  m^-Sn^,  y  =  m^-2mn,  16.    «=- wi*  +  2mn  +  n*;  y=m^-n', 

17.  «=s2inii,  y  =  6m«-n«.  18.     63,  62;  19,  16;  13,  8;  11,  4. 

19.  m^-n*;  2mn;  m^  +  nK  20.    m^-n^;  2mn  +  nK 

21.  Hendriek,  Anna;  Claas,  Gatriin;  Cornelius,  Geertroij. 

XXIV    a.    Pages  321,  322. 
1.    ^n(n+l)(n+2)(n  +  3).  2.    gn(n+l)(n+2)(n  +  3)(n  +  4). 

3.  i(3n-2)(3n+l)(3n  +  4)(3n  +  7)+j|  =  j(27n»+90n*+45»-60). 

4.  j(n  +  l)(it  +  6)(n  +  7).  5.    5(n  +  l)(n  +  8)(n+9). 
6.     :,  ;  1.  7. 


n  +  1'     •  3n  +  l'   3'  . 

o      1  1  1^1  1 


12     4(2«  +  l)(2n  +  3)'   12*  *"     24     6(3n  +  l)(3n+4) '   24" 

,^    6  2n  +  5  5  „      1        1  2  1 

^"•4     2{n  +  l)(n  +  2)'   4*  6     n  +  3^(n+3)(n  +  4)'    6" 

^^-     !-nT2^2(n.MHn4-2)>i'      ^^-     ,^,(n+l)(n  +  2)(n  +  3)(2n  +  3). 

14.    in2(n«-l).  15.    ^(n-l)(n  +  l)  (n+2) (2n  +  l). 

16.    :^  (n  + 1)  (?i  +  2)  (3n3  +  36n»  +  151n  +  240)  -  32. 

(n-l)n(n+l)(n+2)  n(n+l)(n+2)        n 

^^*  6(2n+l)  •  "•  3  ^Ti" 

,^     n(n+3)     3        2                  1  -^  ,        1 

19.     — ^-s — ^+H s-/— r^iw sv.  20.    n  +  l- 


2     w+2     (n+l)(n+2)'  '^'    "^*     n+1" 

.  b.    Pages  332,  333. 

1 
3 


1.    3n2+n;  n(n+l)2.  2.    6n2+3n;  ^n(n+l)(6n+7). 


8.  n^{n  +  l);  j^n(n  +  l)(n  +  2) (3n  +  l). 
4.  -4n2(n-3);  -n(n  +  l)  (n2-3n-2). 
6.    n(n+l)(n+2)(n+4);  2^ri(n+l)  (n+2)  (n  +  3)(4n+21). 

1  +  x^  l-x  +  Qa^'-23fi  2'-x  +  aP 

1-a?  l  +  lLr  +  llgg+g^  9 

••    (1+^)^'  ^°-  (T:^^?  "•    4- 

12.    g.  13.    3.2n  +  n  +  2;6(2n-l)  +  !L(!^) 
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14.     n3-(n  +  l)2;  :^(3ii3  +  2n8-15?i-26).        15.     3«-i  +  n;  ^*'  +  ^°+^-l^ 

16.  2*+i-n«-2n;  2'»+2-4-^n{n+l)  (2n+7). 

D 

17.  3--l  +  ^«(n  +  3);  ^  (3«« - 3)  +  ^^^^^l^Lti) _ „. 

1-x"       ru;**  1-a;**         nx^        n(n+l)a;** 

on      1        1        1  -,      tt-1    4'»+i     2 

^®-     ^"^TT*2^'  n  +  2-~r'*'3' 

n{n  +  l)  (3n8  +  27w^  +  58n+2)                  n (n  + 1)  (12n8  +  33w2  +  Sin  +  8) 
22.  jg  .         23.  g^j . 

„^     w(n  +  l)(9w^  +  13w+8)  ok      ^     ^  1 


12  '22    1.3.5.7 (2n  +  l)" 

2«+i 

26.     1-^ J5.  27.     (na-n  +  4)2"-4. 

n  +  2  ^  ' 

98       (n^l\  3»»+l4.8  29       --  ^'^'^ (2n+l) 

28.     (n     1)3      +3.  29.     ^      2.4.6 (2n+2)- 

^'     ^Ti*^**-  '^'    4~2(n+l)(n  +  2)'3^- 

82.     ^-:^.  33.     1-        ^  +  ^  ^ 


2       n  +  2*  (n  +  l)(n+2)  •2'»+i' 


XXIX.  c.    Pages  338—340. 
1.    i  (««-«-«) -a;.  2.     1+— log(l-«). 


4^"^      ^        "^    ^"^     ''  '•     (r-2)|r-r 

5.     (l  +  a;)e*.  6.     i^LiilT.  7.     1. 

8.    n(2n-l).  9.    0.  10.    4. 

U.    log.2-|.  12.    3(e-l).  18.    fi«-log(l  +  a?). 

.^.     n'     w<^     n''     n^      n        .^v    ^^     '*^     7n*^     7n*     n' 
W.     (1)     y+2  +  2""'6'*"42-     ^^^     8'*"2'"*'12  "24  ■^'W- 
16.    15e.  17.    (1)    n  +  1. 

^'    2\      l  +  n  +  nV       ^'  n  +  1 

20.    <^-^'log(l+4:)-?^.  81.    n  (n+1)  2-8. 

H.  H.  A.  35 
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1.     8,  6,  15,  42. 
T.     23. 


ZZZ.  a.    Pages  ^iS,  349. 

3.     1617,  180,  1859.        f .     48. 
33.     8987. 


XXX.  b.    Pages  356— 35a 


20.    x  =  139t  +  61,  where  I  is  an  integer. 


a.    1  + 


1    1 


X-  4+  x' 


XXXL  a.    Pages  367—369. 

18.   1 ;  it  can  be  shewn  that  q^ 


xxxn    a.    Pages  376,  377. 


■I  I 

h 
+ 


1.  (dJ;   (2)^. 

5.  2  to  8. 

iA  2197 

^^'  20826 • 

^•'  4166  • 


2. 


6. 


_8^ 
663* 
4 


270726 • 
11.     962  to  716. 
n  (n  - 1) 


1 
^'     66* 

8.     43  to  34. 


14.     l 


-     8- 
9.     36  :  30 
2 


15. 


7  • 


17. 


(m+n)  (wi+n-1) ' 


xxxn.  b.    Pages  383,  384. 


1. 

6. 
10. 
16. 


1. 


86-               ^• 

16 
6625' 

3      ^2 

4      ^^ 
*•     21- 

72                ^ 

289  • 

(1) 

2197 
20826 ' 

«!!■ 

.      4651 
®-    V776- 

209 
'•    343 

~.                11. 

91 
216 

• 

»•;;■ 

14       ^^ 
"•    256- 

"•     32- 

10     12      9 
87'  87'  87* 

17. 

22     13 
36'  36* 

18.    n- 

-3  to  2. 

18  to  5. 

30. 

46927 
60000* 

mnm 

c.    Pages  389,  390 

2183 

8126  *           ^* 

5 
16* 

'■i 

4.    Florins. 

'i 

17».  2f«.      7. 

4 

68* 

**     27- 

9;    11  to  5. 

»■  I 
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11.     A£5\  B  £11. 


12. 


W 


14.     (1) 


250 
7776' 


(2) 


276 
7776* 


27' 

15.     4<2. 


13.     4|  shillings. 


16.     7. 
4 


17.     M+-7n. 


.  d.    Pages  399,  400. 


1. 

6' 

2. 

6. 

2 

n(7i  +  l)- 

6. 

10. 

1 
8* 

11. 

15. 

£8. 

17. 

3      ^ 

11 
''•     15* 


36* 
32 
41' 
40 
41- 
n-1       

Tfin  —  1        7W71  —  TTl  —  1 


12. 


11 

60' 
n-1 


2  4 

8.     28,  3(2. 


13 

18.  n- 


13.     £1.      14.    (1)|;   (2)1. 


1.     7  to  6. 


6.     1:7: 


XXXn.  e.    Pages  405 — 408. 


2. 


126* 


•  6  •  \fij  '  (e)  •  ve)  • 


9    1? 

*•    28' 


10. 


343 

1695* 

25 


14       1       -i  le 

"•     168*    126*        ^'    216* 

140 

141* 


20.     One  guinea.     22. 


28.     7. 

4 


1 
29.     7. 
4 


3. 


12393 
12500* 


5. 


275 
604 


16  1 

7.    ;rr .  8.    6 ;  each  equal  to  ^ . 

21  o 

^^  .    ^  ,    169     ^   155 

11.     11  to  5.  13.    ^-;B,— . 


17. 


149 
2401* 


18. 


33       2. 
1000'    60* 


23.    ^  ^ V  ^^  shillings.        26.     15  to  1. 


1265        5087 
^®*    1286'  *'6144- 


31. 


(W- 


32.    If  6>s >  t^6  chance  is  1  -  3  f j  ; 

If  &<^ ,  the  chance  is  ( )  . 

2  \    a    J 


.  a.    Pages  419,  420,  421. 

1.     7.  2.     0.  3.     1.  4.     ahc  +  2fgh-ap-bg^-ch\ 

5.     l  +  x^  +  y*  +  z^.  6.    xy.  7.    0.  8.    4a6c.  9.    0. 

10.    8.  11.    3a6c-a«-63-c3=0.  13.     (1)   a:=a,  or6;    (2)  aj=4. 


30. 


b*-\-c^       ah  ac 

la       e^+a^       he 
ea         ch       a2+6» 


22.    \^{\*  +  a^  +  b*  +  ey. 


86—2 
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27. 


«rmi 

nani 

i  is  equal  to 

a*    a 

1 

X 

1 

-2x 

ar« 

• 

6«     h 

1 

1 

-2y    y« 

c*     c 

1 

1 

-2«     f« 

u 

w' 

v' 

=0. 

28. 

U      V)' 

v' 

9 

u 

tr' 

v' 

a 

w' 

V 

u' 

w'   V 

u' 

tc 

'      V 

u' 

b 

v' 

u' 

w 

v'    u' 

w 

v' 

tt' 

w 

e 

a 

b 

e 

0 

.  b.    Pages  427,  428. 

1.     1.  2.    0 ;  add  first  and  sQOond  rows,  third  and  fourth  rows. 

8.    (a +  8)  (a -1)3.  4.    a2  +  6«  +  c«-26c-2ca-2a6. 

6.  6 ;  from  the  first  column  subtract  three  times  the  third,  from  the  second 
subtract  twice  the  third,  and  from  the  fourth  subtract  four  times 
the  third, 

^  ^/,     1      1     1      1\ 
\      a     b     c     dj 

7.  -{x+y  +  z)  (y  +  z  - x)  [z+x -y)  {x+y - z). 

8.  (a.-6j,+c.)'.  9.    a*.  12.    .=j*-Z|)I^-),  *e. 

a(a-b){a-'C)'  {a-'b)(a-c)  {a-d)*  ^°* 

XXXIV.  a.    Pages  439,  440. 

1.  -102.  2.     8a +  6  =  27. 

8.  x^-2x^  +  x  +  l;   -16a;+ll.  4.     a=3. 

5.  X-*  +  5a;-'*  +  18a;-«  +  5^-7 ;  147a;-*  -  356a;-«  +  90a;-«  +  432a;-^ 

6.  (6-c)(c-a)  (a-6)  (a  +  6  +  c). 

7.  -{b-c)  (c-a)(a-b)  {b  +  c)  {c  +  a)(a  +  b), 

8.  24atc.  9.     {b  +  c)(c  +  a)  {a  +  b), 

10.  {b'-c)(c-a)(a-b)(a^  +  l^  +  c^  +  bc  +  ca  +  db), 

11.  3abc(b  +  c){c  +  a)(a  +  b),  12.     12abc  (a  +  b  +  c). 
18.     80a6c(a2  +  62  +  c2). 

14.     3(6-c)(c-a)(a-6)(a;-a)(a;-6)(a;-c). 

X 

29.     2. 


28. 


80. 


{x-a)(x-'b)  (x-c)' 

{p-x){q'-x) 
(a  +  x)  (b+x){C'\-x)' 


31.-1. 


32.     a  +  b  +  c  +  d. 


6.     0. 
28.     (a^-hbc)  (b^+ca)  (cHab). 


XXXrV.  b.    Pages  442,  443. 

7.     A=:ax  +  by  +  ayf  B  =  bx-ay, 
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XXXIV.  c.    Pages  449,  450. 


1.    a?+aJ3r*  +  ay2=0. 
4.    y^=a(x-Sa), 


2.    x  +  a^O. 
5.    a«-a«=l. 


3.    aP-\-y*=c^. 
6.    x^+y^=2a*. 


9.    a*-4ac»  +  36*=0. 


8.    y'-4aa;=/e2(a;  +  a)«. 
10.    a*  -  2a«62  -  6*  +  2c4 = 0. 


^    +T^  +  T-^  +  ;r^,=l.     12.    6a«6»=6c«. 


1  +  a  '  1  +  6  '  1  +  c  '  l+d 
13.    a&  =  l  +  c. 

15.     (a  +  6)t-(a-6)§=:4ci 

17.     a6c  =  (4-a-6-c)«. 

20.    c«(a+6-l)2-c(a  +  6-l)(a2-2a6  +  6a-a-6)  +  a6=0. 

22 


14.     a«  +  68  +  c«+a6c=0. 

16.    a*+b^  +  c*±2abc  =  l, 

18.    a^  -  4abc  +  ac'  +  463  -  6«c» = 0. 


(a-6)cr+(a-c)6g      {b-c)ap+(b-a)cr     (c-a)bq  +  (c-b)ap 

1 

""  bcqr + carp  +  abpq  ' 


23. 


ab'  ~  a'b  ac'  -  a'c  ad'  -  a'd 

ac'  -  a'c    ad'  -  a'd + 6c'  -  6'c     bd'  -  b'd 
ad'-a'd  bd'-b'd  cd'-c'd 


=0. 


XXXV.  a.    Pages  456,  457. 

1.    6a^-.13«»-12a;«  + 39a; -18=0.        2.    a;«  +  2a;«-lla;*-12ic«  +  36a;«=0. 

8.    a:«-5a:*^-8«*+40a:«+16aj2-80a;=0. 

4.    rr*-2(a2  +  6«)««  +  (aa-62)«.  5.    1,3,6,7. 


«      3        3        1 
••     2*  "2*  " 

9.     -|,  -2,4. 


12. 


8        2    1 


9*      3*2" 
15.     -4,  -1,  2,  5. 

20.     -2g,  -3r. 


7-    2'   2'   "^• 
3        3    1 
^^'     "2*  "i'S* 

13     i    i    ? 
"•    4*  2*  4' 

16.    g,g,2,  3. 


8.     6,  2,  |. 

11.     ±^3,  ?,  -i. 

4    8 
14.    ^,  g,  ldb^2. 


17. 


19.     (1)    -  6g  ;    (2)  1 . 
21.     2g8. 


4        3        6 
3'      2*      3* 


XXXV.  b.    Pages  460,  461. 


*•  ^»      3*  2        * 

8.  -1±V2,  -1±n/^. 

5.  -1,  ±/v/3,  1±2,/^. 

7.  a;*-8a?*+36=0. 


2.  -|,  -|,2±V3. 

4.  =fcV^,  -2±V^ 

6.  x*-2a^  +  25=0, 

8.  ae*-vl^-^. 
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f.  **-10j:*+1=0.  10.    x*-10tF»-19tr«  +  480x- 1392=0. 

11.  x*-6x»  +  18x*-26x  +  21=0.  U.    ««-iat«  +  88ap*+l!«xa+ 144=0. 

IS.  One  poeiiive,  one  negative,  two  imitginary.  [Gompaxe  Art.  554.] 

15.  One  positive,  one  negative,  at  least  four  imaginary.  [Gompare  Art.  S54.] 

If.  Six.  17.     (1)  M=r;  (2)  j>»r=g«.        90.    «*-2pr. 

n.  pq-r,  22.     —-3.  23.    pq-^r. 

24.  j>r-4t.  26.    p*^4p^q  +  2q*  +  4pr-4s, 

XXXV.  c.    Pages  470, 471. 

1.  jr*-6ar»+16ar«-12x  +  l.  2.     a;*-37j:>- 123a: -110. 

8.  2x*  +  ar»-x»-8x-20.  4.     x*-24x«-l. 

10.  2,  2,  -1,  -3.  11.     1,  1,  1,  3.  12.     3,  3,  3,  2,  2. 

1=1=  yrs  i±J~3  ,A    1   1   1 

13.  -2,  2        »         2        *  2'  2*  2* 

15.  1,  1,  1,  -1,  -1,  2.  16.     ±^3,  ±^3,  l±^/^. 

17.  a,«,  -a,&.  18.     *  ^^,  — ^  ;   ±^-.  _^^^ . 

If.  0,  1,  -|,  -5;0,  1,  -|.  -|.     20.    n'V»-2=-^n(^_2)n-2. 

22.  (1)    -2;     (2)    -1.  27.     6.  28.     99,795. 

XXXV.  d.    Pages  478,  479. 

I.  y»-24|/3+9y-24=0.  2.    s/^-5i/5  +  3|/«-9y  +  27=0. 

8.  1,  1,  -2,  -^.  4.     3±2V2,  2±V3. 

5.  1,  2 ,  — 2~  *  -^t  ^»  2»  2*  2^      **^"^' 

7.  4,  2,|.  8.     6,3,2.  10.     ^,1,  -^.  >|. 

U.  y«-2y  +  l=0.  12.    y*-42/2  +  l=0.        13.    y'-7y3  +  i2ya_7y^0 

14.  |/«  -  60y*  -  320t/8  -  717y2  -  773y  -  42 = 0. 

15.  l/»-^  +  ^-T=^-  "•     |/*  +  ll2/H42y3  +  572/«-l3y-6O  =  0. 
17.  y»-8y2  +  19i/-15=0.  18.    t/*  +  32/3  +  4y2^.3y  +  i_Q 

19.  |/'  +  33y'  +  12|/  +  8=0.  20.    ri/S  +  A;g2/''  +  A^  =  0. 

21.  y»-gV-25^V-'^=0.  22.    ry^-qy^-l=0. 

28.  ry»  +  g(l-r)y«  +  (l-r)»=0.  24.    y^-2qy^+qh/  +  r^=0. 

25.  y»  +  3ry9  +  (2'+3r2)y  +  r8=0. 

26.  r»y»+3ry+(3r3  +  3«)ry+r(r«  +  238)=0.  28.     ±1,  ±2,  5- 
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\  e.    Pages  488,  489. 

1.  5,  -^=^y~^.  2.     10,  -5±7V^.         3.     4,  -2±6V^. 
4.     -6,  3±4V'^.  5.     -j,^^y^.  6.     11,11,7. 

^-  -J' -'^l^-      *•  4,-1, -|(3±v::3r). 

10.     4, -2, -1±V^.  11.     ±1, -.4±^/6.  12.     1,2,-2,-3. 

13.     l±^/2,  -  1± V^-  14-     If  - 3,  2±V5. 

15.    2,2,|,J.  16.     1,  4±V15,  -^-^. 

17.     -4,-4,-4,3.  18.     g»  +  8r2=0;|,  =-?^^. 

22.     -2±^6,  ±^2, 2±^2.     23.     «8y4+^g(i_g)jy2^y.{l_g)3y  +  (i_g)4=o. 

26.     2±V3.  26.     ^±!^, 

28.  a;<-8a:8  +  21a;2-20a;  +  5=(a;2-6x  +  5)(a;2-3a;+l);  on  putting  a;=4-y, 
the  expressions  a;2-5a;  +  6  and  a^-3a;  +  l  become  y^-Sy  +  1  and 
y^-5y  +  5  respeotively,  so  that  we  merely  reproduce  the  original  equation. 

MISOELLANEOUS  EXAMPLES.    Pages  490—524. 

2.  6,  8.  8.     Eight. 
4.     (1)     l±^/6;  1±2V5. 

(2)    a:  =  l,  y  =  3,  z=  -6;  or  x=  -1,  y=  -3;  5!  =  5. 

6.     (1)     1,    -  s r .     (2)   3.     7.    First  term  1 ;  common  difference  ^ . 

9.      -{ab  +  a-^-^).  10.     ^.  13.    ^,  7  minutes;  B,  8  minutes. 

14.     a2  =  62=c^ 

'       d  XV 

^       a  +  b  +  c  c-a     a-b 

where  ifc'a  (a^  +  63  +  c^  -  6c  -  ca  -  a6) = d. 

16.  One  mile  per  hour. 

/K  —  Ax  /2x  —  3  36 

17.  (1)   (6  +  <;)(c  +  a)(a  +  6).     (2)    ^ -^+ ^ -^.       u.    -^  ;  2268. 

X..    (1)  ^-i^.  

/ —         o;  y  /       ab 

(2)  ^=y=  ±^a6 ;    ^^^  =  7:^3^26)=  *  V  b^+ab-a'' 

M.    I«t5;nme.  28.    i{(l  +  2+8  +  ...  +  »)»-(l»+2»+3»+ ...+»')}. 
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M.    Wa««  15$.;  kwf  M.  S.    6. 10. 14, 18. 

St.    jt=8*,  y=4*,  *  =  5k;  wha»4»=l,  lotiiat  4=1,  •#,«•#«.        ».    4a0. 
n.    Either  33  hAlf-«rowns,  19  ihillingi,    8  fompeony  pieces; 
or  37  baU-erowDS,    6  shUliiigs,  17  fouipeiiiiy  pieees. 
as.    a=G,  fr=7.  3S.     40mmuteflw 

37.     ^ .or 1^  .    [x*-x-5(«*+x  +  l)=0.] 

x-4 

38.  a=8;  ;,.  40.    The  first  term. 

x-o 

l  +  45V+9«Ai*+aV 

4,.    (1)  3,  -2,  -iW-g^^    [Add  x«+ 4  to  each  side.] 
(2)  x=l,    -5,-1.      0,      0; 
x=l,   -i.      0,   -1,      0; 

z  =  l,   -5,      0,      0,-1.  47.    5780. 

48.     150  persons  changed  their  mind;  at  first  the  minority  was  250,  the 
majority  350.  50.    936  men. 

/*v   ^    2*-l         ,-.       ad -be 
^ '     '  2^+1         ^ ' a-b-c+d 
[Fnt{a'-c){b-d)  =  {{x-c)-{x-a)}{{x-d)-(x-b)};  then  square.] 

R.      A        161  lu.  2&Va  2aV& 

30  ^a+,Jh*  ^a+^b 

68.     (1)  1.     (2)  ±4;^2[puttingx*-16=y*,wefindy*-16-4y(i,2-4)=0.] 
60.     <lZ£)^niales;   (^ff)^  females.  83.    0,  a  +  6,    ^. 

64.    Common  difference  of  the  A.  P.  is ^ ;  oonmion  difference  of  the  A.P. 

n-1 

which  is  the  reciprocal  of  the  H.P.  is  -^-7 :n  •    [The  »^*'  term  is 

a6  (n  - 1)      *■ 

a(n-r)  +  6(r-l)     .,     ,  .  iwh  i.         •  ab(n-l)         _ 

-i ^ — f^ '- ;  the  (n-r+l)"*  term  is  —. J — j-r^ — -, .] 

n-1  ^  '  a(n-r)  +  b(r-l)  ^ 

68.    19.  69.    £78. 

1±^^      -1±V^ 


70.    0, 


2        '  2 

[(a  +  6)«-a«-t»=3a6(a  +  6),  and  (a-6)»-a»+6»= -3a6(a-6).] 


9S 
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«.    (1)  --g=-614.  (2)  .=  .?(JZ^)=.X.139. 

73.    7,  2.  74.    8  hoars. 

80.    a=3,  6=1.      81.     [Put  aj-a=i4  and  y-6  =  i;.]      82.    x=3.      84.    126. 

85.  Sams  inyested  were  £7700  and  £3500:  the  fortane  of  each  was  £1400. 

86.  503  in  scale  seven.  91.    25  miles  from  London. 
^-6    1  15=^6^31                3    25=1=10^31  /5       98  i 

100.     Generatmg  fanction  is  -^ ^^  ;  sam=  -^ — ^ — \ —  —  • 

n*»»  term=  {2*»+(  - 1)*}  x*»-^ 
107.     a'-' + 6  -  c2  -  d.  108.    12  persons,  £14. 18«. 

109.     (1)  j:=a,  y=6,  i=c.      (2)  j:=3,  or  1;  y=l,  or  3. 

117.     (1)  j:=a,  y=6;  a;=a,  y=2a;  x=2&,  y=6. 
(2)   a;  =  3or  1,  y=2,  «=1  or  3; 

-l=fcN/29  „  -1tn/29 

(2)    g(^*-l)^       ^       {x**+g+x»*+^-(n+l)^g^+(2w«+2w-l)a?-n8}. 

(2)  a;=0,  y=0,  2=0;  a;=db2,  y=±l,  i;=±3. 

13a;  -  23 lOx-l     ,      r+4 

^     3(a;2-3a?-l)      S(x^  +  x  +  iy  "  2r+^  ' 

125.     1=1;  scale  of  relation  is  1  -  a?  -  2a;2 ;  general  term  is  {  2^'  +  (- 1)**"^}  a;*~^« 

127.  (1)  x=-6,  2;  y  =  9,  -3.  (2)  «  =  -;  y=^. 

128.  (1)  ^^     (2)^.  129.     12,  16;  or  48,  4. 
ISO.     (1)  x=±7. 

(2)  -  =  |  =  i=  ±-4-  ,  where  k^=^2h<^c^+2c^a^+2a^b^-a*-h*-c\ 
183.     11,  r-1.  134.     384  sq.  yds.  136.    a=  ±2,  6=3,  c=  ±2. 

m.    (i)^=*;7-2.  J'==^;f2-   (2)   =^^^2' *\/l5- 

188.     £3.  2«.  at  the  first  sale  and  £2.  12a,  at  the  second  sale.  ^ 
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189.     (1)  ^n(n+l)(2n+l).     (2)    in(n  +  l)(n  +  2)(3n«  +  6n  +  l). 
(3)  in(«  +  l)(4n-l). 

141.  (1)  x  =  l  or  -g-;  y=3  or  y . 

(2)  X,  y,  z  may  have  the  permutations  of  the  values  3,  5,  7. 

142.  y»  +  gy»-g«y-g»-8r=0. 

1«.     (l)^(f:i;l)-    »    .       (2)      3  +  1^-167.' 


(3)   2»+i  +  5n(n  +  7)-2.  144.     2  (6»  -  <P)  =  3  (62  -  c^)  (6  -  a). 


145.    -2,  -2,  -2,  |. 


11,13,16,17,19,21,23, 
14, 15, 16, 17, 18, 19, 20, 


miles, 


146.  A  walks  in  successive  days  1,  3, 5,  7,  9, 

-Bwalks  12,13, 

so  that  B  overtakes  ^  in  2  days  and  passes  him  on  the  third  day;  A 
subsequently  gains  on  B  and  overtakes  him  on  f  s  9^^  day. 

147.  d^Lz^,  148.    -(a  +  6  +  c),   -(a  +  wfe  +  w^c),    -  (a  +  w^fc  +  cue). 

150.  n"*  term  is  ^(^**"^*)  a^n-i .  g^nj =A-B, 

a  —  o 

.  a(l-  «a"x*)      a^x  (1  -  a"~^x**~^) 

where  A  =  —^ -\ i-; r^ ,   and  B  denotes   a  corre- 

1-ax  (1  -  ax)^ 

sponding  function  of  B. 

151.  qy^  -  2phf^  -  5pqy  -  2jp»  -q^=0. 

153.     (1)    -7,  ^^^1^.     (2)   ±1,    ±3,4.  154.     3  days. 

1  1         5  rb     /_  RQ 

IW.     (1)   2  '  -  i2 '  21"^  •     f  ^^^^  "  ^^  (^^^  "  ^)  (^^^  "  ^)  ^^^^  "  '^J  =  ^2^-1 

(2)  1±^19.    [_g-g  =  -  +  ---.J 
157.    22  years  nearly.  161.     44  hours. 

162.  (1)  a;2=y2=^Ii^'';  a;=±l,   ±2;y==F2,   =f1;  a?= -y=  ±^3 

(2)  x=ifc(6*  +  c*-a262-aV),  Ac,  where  2*2 (a«+6«+c«- 30252^2)  =  i. 
[It  is  easy  to  shew  that  a^x  +  b^  +  ch=:0,  and 

ah/  +  h^z  +  ch;=x^  +  y^  +  2^-Sxyz=a^z  +  h^x+ch/,] 

163.  2(a  +  6  +  c)a;  =  (6c  +  ca+a6)±/y(6c  +  ca  +  a*)2-4a6c(a  +  6  +  c). 
[Equation  reduces  to  (a  +  b  +  c)a^-{hc  +  ca+ ah)  x  +  abc= 0.] 

164.  (1)    in(n  +  l)(n  +  2){3n  +  13).     (2)  2€-6. 
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166.  (1)  x= ^   ^    a,  y  =  — -.     [Eliminate  x.] 

l  +  hJ'—S    1—    /  —  3 
(2)  a;,  y,  z  are  the  permutations  of  the  quantities  2, ^ , ^ . 

167.  (x  +  y  +  2)«=3fc2.  168.     2.  169.    x»  +  y^+2»-3a:yz. 

170.     He  walks    3|  miles,    drives    7^  miles,    rides    10  miles  per  hour. 
-4B  =  37i,  BC  =  30,  C^  =  16  miles. 

172.     (1)  «=13  or  10,  y  =  10  or  13. 

^'  a-c        "       d-c  a-b  a-b 

174.     £3200.  176.     ry^  +  Sry^  +  (3r-p^)y  +  r^=0, 

177.    p=^{ac^  bd)  (eg  ±^fh)  +  (be  =f  ad)  (fg  =f  e^ij ; 
g  =  (6c  =F  od)  (e^  ±/%)  -  (oc  ±  bd)  (fg  =f  «^). 

X7a  .=6.  -5;  li±V-H^^  zii^s 

[Put  x-y=i4  and  a:y=t;,  then  m*  +  2v  =  61,  tt(61+t;)  =  91.] 
182.    8987.  183.     y^  -  by^  -  acy  -  c^ =0.      -1,  -2,  -i     ^^^. 


1+  /  —  3   1_   /  — 3 

186.  (1)  «,  y, «  are  the  permutations  of  the  quantities  1,  — ^ —  , ^ . 

187.  Conservatives;  English  286,  Scotch  19,  Irish  36,  Welsh  11. 
Liberals ;  English  173,  Scotch  41,  Irish  68,  Welsh  19. 

191.  (1)  7,  9,  -3.     (2)  2±J~Sy  -2±V^. 

192.  2a^=a  +  b  +  -^  ;     ^K=^-^^~  -^  -  201. 

902.     64,    -26,   U^mJ-1.  304.     ^-^ ,    _^-jt_L_J_  . 

206.    i 5^ 5-  •  207.    81  years  nearly. 

209.    7  Poles,  14  Turks,  15  Greeks,  24  Germans,  20  Italians. 

2      4        2x 

4 

(1  +  x) 


m+n- 

2 

\m-l   n 
4«+i  +  4(- 

-1* 
-  l)»+i 

310.    I  -  I- ^f  log  {1+x). 

1  4-4-  33*  4-  T^ 

313.    (1)    jn(n+l)(n+2)(n+8);        (2)      j''^'  ;        (3)    28. 


SIS. • 

97 


316.     .=a*^<^!±4<^!±^).  Ac.  317.420. 

'y  a*  +  a        ' 
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f  =«,  4,    -6,  -4; 

i«5.  $,   -5,   -5. 

*^^«(6-tf)     hie-a)     e{m-b)     ^ 

iHw«(ft-c)(«-«)(«-6)X=tf*-K6a+c»-»c-€«-«k 

9M.    IdeidfM,  Up^  aOdwep.    fl».  lim  ]»(-^^'* — Ijf  =«;  coiiTBfgent, 
tm,    Sca]«    of    rdaium    is    l-llr  +  32x*;     x*  tam^|  {4»-i-l>8^i}; 


*•       8    ^    7       a' 

3ta.    tf»+ft»+c»=a*(6+c)  +  6»(c+a)+c*(a+6). 

836.    (1)  (l-«)*5=l  +  4x+j5«-(ii  +  l)»x«  +  (3ii»+6««-4):c^i 

-  (3ii»+3ji»-3ii+l)x^+«»r»+«. 

1  1 

*^  8~(n+l)»(n+2)»' 
1  +  a^x* + a V + a*x" + a»«" + d^j^ + a}*z^ + a^^a:* + a*'*** + a*«*. 


8t7.     8honni51min.  140.    2or~x.  948.     -140. 

844.    8,4,5,6.  846.     a»(c»-3d»)*=(aJ»+2d»)  (a6«-d>)«. 

847.    2,  6,  1,  8.  ^^'     ]^- 

846.    (1)  2»H-i-2-|n(n+l)(2n+l). 
2*H-i  2 

*^^  (n  +  l)(n  +  8)"8* 

,„,  l-a?»*+i     2(l-2'»aj»)     ,  .  l-x"+i     2  (1  -  2*+i  «•+!) 

(8)  -= +  -\ — j-»--  when  n  is  even;   -:j +  -^ — ^j-^ — -' 

^  '     1-x  l-4«'  1-x  l-4a:* 

when  n  is  odd. 
860.    (1)  «s=y=«s=0  or  5.    If  however  x^+y*+z^+yz+zx+xy=iOf   then 


(2) 


8 

4;.t-y  +  x=s-a,  and  the  solution  is  indeterminate. 


a(-a-\-b+c)     b(a-b+€)     cia  +  b-^c) 


=*=  J(-a  +  b  +  c)(a-b  +  c){a-\'b'-e)'  ; 

-  {Ax+By-\-Cz)(-  Ax  +  By  +  Cz){Ax-By  +  Cz)(Ax+By-Cz)  wheie        j 


Am  Ja(6-c),  dto. 


1. 
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* 

256.  (1)  x=l,  w,  w'; 

y  =  l,  «>,  w; 

(2)  «=3,  or  7  )      «=6,  or  -4  ) 
y  =  7,  or  3  )     m=4,  or  -  6  ) 

257.  To  at  least  3r  -  2  places.  258.     Tea,  28,  6d. ;  Coffee,  Is,  Sd, 
262.    2q*-Qpr  +  24s,               263.     11  turkeys,  9  geese,  3  dncks. 

266.     (1)  X,  y,  z  have  the  permutations  of  the  values 

a,    ia(6-l  +  V62-26-3),    ^  a(6-l- ^^"^-26-3). 

(2)  a;=i/  =  ^  =  l;    «= =^ — ;  Ac.  267.    0. 

*'        *^  a  —  o  —  c 

268.  16  Clergymen  of  average  age  45  years  ; 
24  Doctors  of  average  age  35  years ; 
20  Lawyers  of  average  age  30  years. 

269.  {aoa2  -  "i')  («2«4  -  V)  =  («i<^  ~  ^Y  J 

or  a^a^^ + 2a^a^a^  -  a^  -  a^a^  -  a^ = 0. 

270.  j;==fe    .  ,  Ac.        M=J=— 7==,  &c  273.     c"*, 

274.  (1)  fl-?Vog(l-^)-2.     (2)-^|l-, iv/    ■^m     /    ■    i  ' 

\      a?/  ^'a-1   (       (a+l)(a+2)...(a+n)) 

275.  (1)  ff=|,    |,    2; 

y=-l,    --,    -1; 

_.     3      3 
«-^»    4*    4* 

(2)  aj=±4,  y=±5,  m=±2,  v=±1. 

276.  a24.52+gS  +  ^^X.  277.     -JPi'  +  SpiJPa-Spj- 
279.    ^,  6  birds;  B,  4  birds.         281.    2. 

287.     a,   -5a,    -5a.  289.     .,=  J|^^li|LZ|4^ 

291.    ^  worked  45  days ;  2?,  24  days;  O,  10  days. 
294.     (6>  +  c2-a2)  (a^-fea  +  c*)  (a^  +  fea-cS). 
800.    Walked  3  miles,  worked  4  hours  a  day ; 
or  walked  4  miles,  worked  3  hours  a  day. 
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